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This thesis explores the utilization of game theory and nonsmooth functions to enhance
the accuracy of epidemiological simulations. Traditional sensitivity analysis encounters
difficulties when dealing with nondifferentiable points in nonsmooth functions. However, by
incorporating recent advancements in nonsmooth analysis, sensitivity analysis techniques
have been adapted to accommodate these complex functions. In pursuit of more accurate
simulations, evolutionary game theory, primarily the replicator equation, is introduced,
modeling individuals’ decision making processes when observing others’ choices. The SEIR
model is explored in depth, and additional complexities are incorporated, leading to the

creation of an expanded SEIR model, the Be-SEIMR model.



ACKNOWLEDGEMENTS

I am deeply grateful to my mother and father, whose unwavering support has been
invaluable during my pursuit of a master’s degree. To my best friend, your encouragement
and camaraderie have made this journey more joyous. And to my soon-to-be wife, your
love and support has been vital in my success. Thank you all for standing by me. Their
unwavering support has been instrumental in my success.

I extend my deepest appreciation to my advisor, Dr. Peter Stechlinski, for his
invaluable guidance during the course of this thesis. Working with him has been a truly
wonderful experience. In moments of conceptual challenges, he consistently provided
assistance and offered words of encouragement, helping me navigate through difficulties
and persevere in the face of setbacks.

I extend my gratitude to Dr. David Hiebeler and Dr. Brandon Lieberthal for their
contributions as members of my thesis committee.

Lastly, I am indebted to my friend, Philippe Nzarama, whose encouragement and

support ensured that I stayed on the path to completing this journey.

i



TABLE OF CONTENTS

ACKNOWLEDGEMEN T TS e ii
LIST OF TABLE S e v
LIST OF FIGURES ..o vi
Chapter
1. INTRODUCTTION Lo 1
2. MATHEMATICAL BACKGROUND ... 7
2.1 Preliminaries and Notation ............. i 7
2.2 Generalized Derivatives Theory........ ..o 10
2.3 ODE Theory . ..o 19
2.4 Evolutionary Game Theory ...... ..o 30
2.5 Mathematical Epidemiology ........... ..o 38
3. BE-SEIMR MODEL FORMULATION ... e 52
3.1 Base Model .. ..o 52
3.2 Adding a Behavioral Component ................ooiiiiiiiiiiiiiii i 54
3.3 Adding Medical Intervention Component ..., 67
4. ANALYSIS OF THE BE-SEIMR MODEL ... 79
4.1 Stability Analysis: Calculation of the Basic Reproduction Number ............. 79
4.2 Sensitivity Analysis: Derivation of the Sensitivity Equations .................... 88

il



4.3  Local Sensitivity Analysis ..........oooiiiiiii 97

4.4  Semi-Local Sensitivity Analysis: Exploring Different Behavioral and

Medical Intervention SCENarios ................cooiiiiiiiiiiiiiiiiiiiiniiiaaaia. 104

A5 DISCUSSION ..ttt et e 115

D, CONCLUSION Lo 117
REF E R E N CE S e 123
APDPENAICES . . .. 124
Appendix A. Ry FOR INTERMEDIATE MODELS ... 125
A.1 SEIR Model R Formulation ......... ... ... ... .. 125
A.2 Be-SEIMR Model Without Vaccination Rq Formulation ......................... 126
Appendix B. BE-SEIMR SENSITIVITY ANALYSIS ... 130
Appendix C. BE-SEIMR MODEL COMPARISON ... ... 135
BIOGRAPHY OF THE AUTHOR ... 136

v



3.1

3.2

3.3

3.4

LIST OF TABLES

Parameter values for Covid-19. ........ ... i 53
Behavior parameter values for Covid-19.................. ...l 64
Hospitalization parameter values for Covid-19................................ 76
Vaccination parameter values for Covid-19. ........ ... ..., 77



2.1

2.2

2.3

24

2.5

2.6

2.7

2.8

2.9

2.10

2.11

3.1

3.2

3.3

3.4

3.5

LIST OF FIGURES

Solution of the PIVP ... . 23
Solution of the nonsmooth PIVP with changing py. ......................... 27
Solution of the nonsmooth PIVP with changing po. ........................ 27
Simulation of the replicator equation with slow dynamics. .................. 37
Simulation of the replicator equation with fast dynamics.................... 37
Simulation of the SEIR model. .......... ... . 40
Daily infected population net change............. ... ... ... 41
Simulation of SEIR with Rqo > 1... ... 46
Simulation of SEIR with Rqo < 1. ... 46
SEIR simulation for sensitivity simulation. ...................... ... 51
Sensitivity simulations for SEIR. ............ 51
SEIR simulation with parameters from Acuna-Zegarra [1]................... 54

Simulations of the SEIR model with behavior components, high k

Simulations of the SEIR model with behavior components, very low

Eand high mu,. ..o 67

Flow Diagram of Be-SEIMR ... .. ..., 75

vi



3.6

3.7

3.8

3.9

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

4.11

Be-SEIMR simulations with high social cost................................ 76

Be-SEIMR simulations with low social cost. ..., 76
Full Model Simulations and Death Toll ..., 77
Full Model 2 Simulations and Death Toll...........coo .. 78
Simulations of the SEIMR model with varying Ry given . ................ 87
Simulations of the SEIMR model with varying Ro given . ................ 87

Simulations of the lexicographic sensitivity functions for the

susceptible compartments. .......... . 99

Simulations of the lexicographic sensitivity functions for the exposed

COMPATtINENES. .o 99

Simulations of the lexicographic sensitivity functions for the

symptomatic infected compartments. ............. ... 100

Simulations of the lexicographic sensitivity functions for the

hospitalized infected compartments. ......... ... ... ... 100

Simulations of the lexicographic sensitivity functions for the

quarantined infected compartments. ............ ... 101

Simulations of the lexicographic sensitivity functions for the

asymptomatic infected compartment and the recovered compartment...... 101

Simulations of the lexicographic sensitivity functions for the game

theory compartments. .......... . 102
Graphs of h(p, k) for different variables and all parameters. ................ 102
Graphs of h(p, k) for different variables and all parameters. ................ 103

vil



4.12

4.13

4.14

4.15

4.16

4.17

4.18

4.19

4.20

4.21

4.22

4.23

4.24

4.25

4.26

Graphs of h(p, k) for different variables. .................. 103

Graph of h(p) = 37=, tif |S¥(t)|dt for all parameters. ...................... 104
Simplified parameter influence levels. .............. ... .. .. ... ... ... 105

Graphs of h(p) = Y77, ttof |Sy(t)|dt with the parameters given in

Figure 4.14. oo 106

Parameter influence levels given by ﬁ(p), with the same reference

parameters as Figure 4.14 but with an increased ¢ value. ................... 107
Be-SEIMR simulations to accompany Figure 4.16............................ 108

Parameter influence levels given by ;l(p), with m,, = 0.7, m, = 0.3

A & = 0.0, o 109

Parameter influence levels given by ;l(p), with m,, = 0.7, m, = 0.3

AN & = 0.0 o 109

Parameter influence levels given by ;L(p), with m,, = 0.7, m, = 0.3

And k= 0.0, ..o 110
Be-SEIMR simulations with m,, = 0.7, m, =03 and k=0.1. .............. 111
Be-SEIMR simulations with m,, = 0.7, m, = 0.3 and K =0.5. .............. 111
Be-SEIMR simulations with m,, = 0.7, m, =03 and k=0.9. .............. 112

Parameter influence levels A(p), with low medical intervention values

where w = 0.01, § = 0.01667, S, = 0.001, H, = 0.001. ......ovvvvereeen... 113

Parameter influence levels A(p), with low medical intervention values

where w = 0.1, 6 = 0.0083, S, = 0.1, He = 0.1 o\ovieeeeiiei 113

Parameter influence levels le(p), with high medical intervention values

where w = 0.4, 6 = 0.01667, Sy = 0.4, Hy = 0dvr'ovooeeeeei e 114

viii



4.27 Parameter influence levels h(p), with high medical intervention values

where w = 0.1, # = 0.01667, S. =04, H.=04..........coiiiiiiiiii .. 114
Al Simulations of SEIR submodel.. ... ... 127
A2 Simulations of Be-SEIMR submodel ... 129

X



CHAPTER 1
INTRODUCTION

Disease has wielded a profound influence on the course of human history. In antiquity,
it often assumed the role of a divine force, revered as a deity by certain cultures or dreaded
as a harbinger of pestilence, carried by the arrows of gods. As the world transitioned into
the Renaissance era, the devastating impact of disease became painfully evident. The Black
Death, a merciless scourge that claimed the lives of at least a third of Europe’s population,
stands as a somber testament to this era’s vulnerability [23]. Similarly, the introduction of
smallpox to the Americas decimated millions of indigenous people, altering the course of
civilizations, sometimes eradicating these civilizations entirely [13]. Amidst the horrors of
the Black Death, humanity’s initial response was to ward off the perceived threat of
miasma, or "bad air", through the use of aromatic substances enclosed in the infamous
plague masks. During this period, hospitals served as grim waiting rooms for impending
death, devoid of the treatment environments we recognize today [24]. The tide eventually
turned as scientific understanding advanced. Miasma theory gave way to the revolutionary
germ theory, unveiling an invisible realm teeming with microscopic viruses, bacteria, and
fungi as the true culprits behind these afflictions. This pivotal shift marked the inception
of a new era in disease-fighting, one characterized by relentless innovation and adaptation.

Advancements in our understanding have propelled us to a stage where we possess the
capability to foresee the trajectory of disease within a population, employing intricate
mathematical models. This journey commenced in 1760 when the pioneer of mathematical
epidemiology, Daniel Bernoulli, conceptualized the first model [28]. The trajectory of
progress continued with subsequent contributions from luminaries like Kermack and
McKendrick, who further expanded the boundaries of this field, leading to monumental
advancements [30]. These scholars made the crucial insight that an epidemic outbreak can

be predicted based on a certain ratio of parameters in the mathematical model [21].



Emerging into the early 20th century, the advent of compartmental models marked a
pivotal juncture, igniting an exponential surge in their application [28]. These models have
emerged as indispensable tools, wielding their predictive power across an array of diseases,
encompassing afflictions ranging from measles and chickenpox to pertussis, smallpox,
rabies, and sexually transmitted diseases, among a myriad others [20].

In March 2020, the world bore witness to a major event as Coronavirus 2019 (Covid-19)
swiftly transformed into a pandemic of unparalleled magnitude in the modern era. Prior to
the discovery of a vaccine capable of halting the virus’s spread, populations had to solely
rely on plethora of disease mitigation strategies, each aiming to curb the spread of sickness.
Across the globe, a multitude of mathematical models emerged, each rooted in its distinct
set of assumptions, all aimed at illuminating the optimal course of action in the face of this
viral adversary. Recent times have witnessed endeavors to systematize the construction of
mathematical epidemic models [14], an endeavor undertaken with the intention of fostering
the swift generation of models while concurrently mitigating the risk of compromising
quality, reducing the total time it would take to create a model while keeping them
accurate.

The central objective of this thesis revolves around the development of innovative
mathematical epidemic models, integrating the realms of game theory and nonsmooth
ordinary differential equation (ODE) theory. Our focus is sharply honed on infusing the
model with the human decision making processes. This pivotal aspect enables us to
accommodate the dynamic interplay between conventional behavior and disease aversion
strategies within individuals. While Covid-19 stands as the cornerstone that motivated this
thesis, our intent is to construct a versatile modeling framework capable of analyzing other
diseases.

This thesis adds two major components to standard epidemic models: limited
intervention resources and behavioral dynamics. Wang et al. [45, 43| introduce

nondifferentiable, or nonsmooth, minimum functions to address the challenges posed by



constrained hospital and vaccine resources. By embracing these principles, Wang’s
contributions unveil an understanding of limited hospital capacities and constrained
vaccine distribution, crucial aspects that mirror real world dynamics with finite resources.
To introduce a heightened level of realism, we integrate human decision-making into
epidemic modeling. This endeavor can take the form of segmenting populations into
distinct groups, each characterized by varying probabilities of making specific decisions.
Noteworthy examples that delve into this include works by Cai et al. [10], Ye et al. [46],
and Vardavas et al. [40]. Furthermore, the spectrum widens as we examine scenarios where
external influences prompt individuals towards certain choices. This dimension is explored
in the studies by Bootsma and Ferguson 7|, as well as Bentley et al. [5]. In this thesis, a
pivotal tool in capturing the dynamics of imitation is the replicator equation, introduced as
"evolutionary dynamics", by Hofbauer and Sigmund [22]. The essence of the replicator
equation is rooted in the notion of individuals or groups copying the behaviors of other
successful groups. This mechanism draws inspiration from observations wherein a group
assesses the outcomes of another group’s choices and, based on the results, individuals
migrate between behaviors, emulating the more successful strategy. The replicator equation
orchestrates a consensus or flocking behavior, mirroring the employment of ODEs akin to
the compartmental models ubiquitous in epidemiology. Behavioral dynamics have been
considered in epidemic modeling, such as by Bauch in [3] and Bauch and Bhattacharyya in
[4].. These studies delineate the dynamics of individuals oscillating between their regular
lifestyles and disease-avoidance behaviors. In this vein, the works of Poletti [35] and
Schecter [37] investigated a similar approach to epidemic modeling. Notably, Poletti’s
framework lays the foundation for the subsequent replicator equation featured in this thesis.
At the heart of mathematical epidemiology lies the well-known Kermack-McKendrick
model, often referred to as the SIR model. This model serves as the fundamental
framework on which we build, aiming to capture a wider range of situations than the SIR

model originally accounted for. This expanded framework introduces new aspects tailored



to the dynamics of Covid-19. For instance, we consider an incubation period, where
individuals are affected by the virus but are not yet contagious, a concept supported by
findings in [47]. Within this model, we also introduce a distinct compartment for
hospitalizations, acknowledging the significant impact the virus has on some individuals
[17]. Additionally, we incorporate a quarantine compartment to represent individuals who
actively avoid potential contagion [29]. We further divide the group of infected individuals
into two categories: symptomatic and asymptomatic [16]. We integrate compartments for
vaccinations, a crucial strategy that contributes to reducing infection and mortality rates,
as discussed in [8] and [27]|. To introduce a dynamic layer of imitation dynamics, we draw
from Poletti’s work [35], which we adapt with the use of nonsmooth functions. In
summary, this thesis amalgamates various insights to create a robust and flexible
framework. Rooted in the SIR model, we enhance it by incorporating extensive variables,
imitation dynamics, and intervention constraints.

With the new model in place, we perform a comprehensive analysis of this expanded
model, with several key objectives in mind. Firstly, we use real world data to investigate
the dynamics of our model. Secondly, our focus shifts towards analyzing the model’s
intrinsic dynamics. We calculate the basic reproductive number, a metric that uniquely
quantifies a disease’s infectiousness, for a submodel in which imitation dynamics are turned
off. In this submodel, disease avoidance strategies will not be utilized It reveals the extent
to which an infection would propagate within a fully susceptible population if a single
infected individual were introduced. This critical value provides a lens through which we
can grasp the inherent contagiousness of the disease. Although this model is rooted in
Covid-19, we aimed to build a flexible framework that extends its applicability to other
diseases. To this end, we compare our submodel basic reproductive number with those
calculated for various other diseases, as documented in Earn et al. [33]. This comparative
analysis will shed light on the relative contagiousness of different diseases and provide

valuable insights. Lastly, a sensitivity analysis is conducted. This comprehensive



examination encompasses a majority of parameters, allowing us to discern the system’s
sensitivity to each parameter’s variation. This undertaking provides insights into how the
model responds to changes in different parameters, elucidating the robustness and fragility
of the system.

As previously mentioned, our intention involves incorporating nonsmooth,
nondifferentiable minimum and mid functions into our model. Classical sensitivity analysis
relies on smooth functions, but given our context, this requirement presents challenges.
While smoothing functions can approximate nonsmooth functions, they come paired with
error functions that may lead to inaccuracies, particularly in the intricate landscape of our
model. In addressing these complexities, we turn to Clarke’s set-valued generalized
derivative theory [11]. This theory operates with locally Lipschitz continuous functions
instead of necessitating continuously differentiable functions. Elements of the Clarke
derivative provide local first derivative information, proving especially useful within
nonsmooth scenarios. The Clarke derivative encompasses useful calculus properties like the
mean value theorem and the inverse function theorem. However, the calculus rules, such as
the product rule, only hold as inclusions in most cases, and the computation of the
elements can be challenging. Recent advancements in nonsmooth analysis have brought
solutions to these challenges. Lexicographic derivatives, pioneered by Nestorov [31], bear
strong resemblance to Clarke Jacobian elements. Moreover, lexicographical directional
derivatives |2, 26| offer a systematic and accurate approach for computing lexicographical
derivatives. These innovations have paved the way for nonsmooth ODE systems [25] to
uncover generalized sensitivity functions suitable for locally Lipschitz continuous
functions—a significantly expansive domain. This inclusion of locally Lipschitz continuous
functions accounts for C1, piecewise differentiable, and convex functions. Leveraging
lexicographical sensitivity theory, we are poised to analyze our expanded epidemic model,
even in instances where points of nondifferentiability arise.

The thesis will be organized into the following structured chapters:



e Chapter 2 will lay the groundwork by providing essential background information. It
will delve into crucial concepts such as generalized derivative theory, nonsmooth ODE
theory, game theory, and the SEIR model. These concepts serve as the building

blocks for the subsequent chapters.

e Chapter 3 will constitute a pivotal section wherein the expanded SIR model takes
shape. The additional components introduced, including the incubation period,
hospitalization and quarantine compartments, different categories of infection, and
vaccination compartments, will be detailed. This chapter aims to provide a
comprehensive understanding of how these elements interact and shape the model’s

dynamics.

e Chapter 4 will focus on the rigorous analysis of the model. It will encompass the
computation of the basic reproductive number—an indicator of the disease’s
infectivity— for the SEIMR submodel along with a comprehensive sensitivity
analysis. These analyses will offer insights into the model’s behavior, its

responsiveness to various parameters, and its practical implications.

e Chapter 5 will bring the thesis to a close, summarizing the findings and insights
derived from the preceding chapters. Concluding remarks will be made, highlighting
the significance of the study’s outcomes. Furthermore, potential avenues for future
research directions will be suggested, aiming to spark further exploration and

refinement of the developed model.



CHAPTER 2
MATHEMATICAL BACKGROUND

2.1 Preliminaries and Notation

For this section we will be considering an open set £ C R" and a function f : £ — R™

unless stated otherwise. We also let

Iy
T2
X = (Il)"' ,fL’n) =
Ty,
and given a function, f,
f1(x) fi(zy,...,zp)

fx)=| ¢ | =

£, (x) fo(xe, ... xp)
Definition 2.1.1. (Lipschitz Continuity). A function f is called Lipschitz continuous on E

if there exists some constant L > 0 such that for all x,y € F,

[f(z) = £(y)ll < Lllz =yl

The function f is said to be locally Lipschitz on E if for each x; € E there is an

e-neighborhood, N (x;) C E and a constant L; such that for all x,y € N.(z;),
[£(z) — £(y)I| < Lillz — y].
If f is C' on E, then f is locally Lipschitz on E.

Example 2.1.2. Let f: R — R be defied as f(z) = |3x + 2|. Then we have that by the

reverse triangle inequality

|f(x) = f(y) =13z = 2| = [3y — 2|| < |32 — 2 — (3y — 2)| = 32 — 3y| = 3|z — y|.



Therefore for L = 3 our condition holds and f must be Lipshitz.
If a function f is locally Lipschitz on E, then f is also absolutely continuous.

Definition 2.1.3. (Absolute Continuity). Let E C R be a connected set. A function
f: E — R" is called absolutely continuous on E if for any compact subinterval Y C E, and
every € > 0 there exists 6 > 0 such that for each finite sequence of pairwise disjoint
subintervals {[a;, b;] :i=1,...,q,q € N} of Y satisfying !, (b; — a;) < ¢ then
q

D IE(b) — £(a)| <e.

i=1
Definition 2.1.4. (Partial Derivative). Given a multivariable function, f : R" — R™, the

partial derivative of £ with respect to x; is,

of . (e, by ) — f(x, L Ty)
ox; h—0 h '

(2.1)

When taking the partial derivative with respect to z; all other variables, z; j # 7, are

treated as constants.

Definition 2.1.5. (Directional Derivative). Let £ be a continuous mapping. Then the

directional derivative of f at x in the direction d € R" is

£(z: d) = lim L= 0D — (@)

al0 «

We say f is directionally differentiable at x if f'(x; d) exists for all d € R", further we say

that £ is directionally differentiable on E if it is directionally differentiable for all x € E.

Definition 2.1.6. (Gradient). Given a function, f : R™ — R, the gradient V f : R" — R"™

defined at a point x* = (z3,...,x%) € R™ is,

Vi) = N (2.2)



If we have multiple functions, fi,..., f,,, we can find a more complicated gradient

called the Jacobian.

Definition 2.1.7. (Jacobian Matriz). Given a function f: R™ — R™, the Jacobian matriz

evaluated at x* is,

(@) o git(a)
Jf(x") =
(@) oo ge(a)

Definition 2.1.8. (Continuously Differentiable). For some function f, f is continuously

differentiable (C*) if the Jacobian matriz exists and is continuous on a neighborhood of x*.
Definition 2.1.9. (C') A function, f, is C* on E if fis C! for allz € E.
If fis C! then f’(x;d) = Jf(z)d and f is locally Lipschitz on E.

Definition 2.1.10. (Convez). E is convex if for any x,y € E, the line segment connecting

x and y is also fully contained in E, that is X € [0, 1],
A+ (1-NyekFE

for all X € [0,1]. A function £ is called convex if its domain is a convex set and for all x,y

in the domain and all X € [0, 1],
fz+ (1 —N)y) < M(x)+ (1 —Nf(y).

Many sets are not convex, but they can be converted into convex sets using the convex

hull.

Definition 2.1.11. (Convex Hull). The convex hull of E is E. where E. the smallest set
such that E C E. and E,. is convex. If there is another convex set E! such that E C E!

then E. C E!. If E is a finite set then the convex hull is,

|2 |E|
conv(E) = {Z AN | Z)‘i =l e E,N>0,Vi=1,2... |E|}.
i=1 i=1

9



Definition 2.1.12. (Piecewise Differentiable [38]). A continuous function £ is called
piecewise differentiable, PCY, at x € E, if there exists a neighborhood N C E around x and

a finite collection of continuously differentiable, C*, functions on N, Fy = {f1,...,fx} for

somek €N, f;: N > R"™ foralli €1,...,k, and
(y) € {£(y) | i € [1,K] NN, vy € N},
f is said to be PC' on E if f is PC! for all z € E.

Example 2.1.13. Let f : R? — R be defined by f(z) = min(z?,y—1). When 2> =y—1, f
is nondifferentiable. Note that f is PC with neighborhood N = R? and selection functions
fii(a,y) = 2® and fo: (v,y) >y — 1.

2.2 Generalized Derivatives Theory

The following material is from Clarke [11], unless stated otherwise.

Definition 2.2.1. (B-Subdifferential). Given a locally Lipschitz continuous function f that
is differentiable at each point in E\Zg, with Zg having Lebesque measure zero, the Bouligand

subdifferential, also referred to as the limiting subdifferential or limiting Jacobian, is,

an($)

={Hc R™"| lim Jf(xy)) = H for some seq. {xu)} s.t. lim ;) = @, 2, € X\ Z¢, Vi € N},
1—00 1—00
With the B-subifferential we can introduce Clarke’s generalized derivative.

Definition 2.2.2. (Clarke’s Generalized Derivative). The Clarke generalized derivative,

sometimes called Clarke’s Jacobian, of f at x is,
of (z) = conv(dsf(x)).

In other words, the Clarke generalized derivative is the convex hull of the Bouligand

subdifferential as defined in Definition 2.2.1. If f is C! at x, then

10



0f (x) = 0pf(x) = {Jf(x)}, that is all the sets would be singletons, which would result in
the classical derivative, the Jacobian. The Clarke Jacobian is a generalized derivative that
not only can handle nonsmooth objects, such as the absolute value function and max/min
functions, but it is also equipped with helpful calculus properties such as the chain rule,

mean value theorem and inverse function theorem.

Example 2.2.3. For this example we will be looking at f(x) = |x|. We can see that the
limiting derivatives would be Og f(0) = {1, —1}. If we were to take the convex hull of these

we would get the interval [—1,1]. This means that the Clarke Jacobian is 0f(0) = [—1,1].

To recap, the Clarke Jacobian is used to describe the nearby derivative behavior of
functions at points of nondifferentiability. If f is C' then f'(x;d) = Jf(x)d. A C" function
is a strong condition, as such, a more easily found condition, lexicographically smooth, can
typically be used in its place. However, it is difficult in general to calculate Clarke Jacobian
elements [2|. Motivated by this difficulty Khan and Barton [26] built the lexicographic

directional derivative, bared on lexicographic differentiation [31].

Definition 2.2.4. (Lexicographically Smooth Functions [31]). Let £ be a locally Lipschitz
continuous function. Then f is lexicographically smooth, or L-smooth, at x € E if it is

directionally differentiable at x and if for any k € N and M= [m; --- my] € R™¥,

fO R 5 R™: d— f(x; d),

z,

—h

RS R™ - d— [£9) ] (my; d),
£, R" = R™ : d — [£)]'(my; d),

z,

(5 R = R™: d— [£50) (my; d),

z,

are well defined. We call the sequence above the homogenization sequence. The function f

1s called L-smooth on X if it is L-smooth at each point ¢ € E.

11



If a function is C*, PC*, convex it is L-smooth, and if a function is an integral or
composition of C', PC' or convex functions then it is also L-smooth [31]. We call M the
directions matrix. Each column of the directions matrix corresponds to a direction around
the point and each step in the homogenization process changes the direction in which we
probe. At a nondifferentiable point, we probe the nearby area to find derivative
information to better understand what is going on when we cannot differentiate. If the

columns of M span the space then we get the following [31].

Proposition 2.2.5. (/31]) Let f be an L-smooth function and M € R™* have full row
rank. Then the final differentiation of the homogenization sequence, fgz)vp m definition

2.2.4 1s linear.

Example 2.2.6. Let £ : R? = R to be f(xy,23) = 22 + x3. We will also let the directions

matriz be

mi1 Mo
M= [ml mz] _
maz My
Taking the first directional derivative in the direction d = (dy,ds) at " = (x7,z3) = (1,1),

we would end up with:

£ 1(dy, do) = £'(2; (di, do))
f(z" + ad) — f(z*)

= lim

al0 (6%
g B 0d)® + (@5 + adp)® — (0 + 25°)

al0 «

.2+ 20xid) 4+ @+ B+ 25 4 20mads + aPdy — 17 — 18P
= hﬂ)l

« (0%

= 227dy + 2x5d,

= 2d; + 2d,.

12



Therefore fiB?M(dl, do) = 2dy + 2ds. Since fis C' we can also solve this with:

(0) 1o * dl dl
foopa(di, o) = £'(2"; dy, do) = JE (") = |227 213 = 2d; + 2d,.

ds dy
For the next step we find fg?M, which from our definition is
£ ae(dy, d2) = [£7)3,]'(my: d)
— lim fm*’M<m1 + Oéd) — fz*7M(m1)
al0 (0]
— lim 2(m1 + O./dl) + 2(m2 + adg) — (2m1 + 2m2)
N al0 [0
. 2my + 2ady 4 2me + 2ads — 2mq — 2my
= lim
al0 [0
. 2ady 4 2ad,
=lim ——=
al0 o

= lim 2d; + 2d,
al0

= 2d1 + 2d2

Repeating this process reveals that fﬁ)’M(dl, dy) = 2d; 4 2ds. Note that M does not play a

role here because f is C'.
With the concept of L-smooth in place we can now find lexicographical derivatives.

Definition 2.2.7. (Lexicographical Derivative [31]). Let £ be an L-smooth function and
M € R™* be a full row rank matriz. Then the lexicographical derivative, L-derivative, of f
at T s

Jof(z; M) = J£5,(0,) € R™ ™,

The choice 0,, can be swapped out with any v € R", since J f,(ckﬁ/[ has constant entries.
We can note that the mapping f,((klz/l is influenced by the choice of M. As such, different

acceptable choices of M can result in different L-derivatives.

Definition 2.2.8. (Lexicographic Subdifferential [31]). Let £ be an L-smooth function, then

the lexicographic subdifferential, L-subdifferential, of £ at x is given by
Opf(x) = {Jpf(2; M) : k € N, M € R™*_ M has full row rank},

13



and represents the set of all possible L-derivatives.

When evaluated at a point of nondifferentiabilty, the L-subdifferential is a nonempty
and non-singleton set. Elements of the L-subdifferential are related to the elements of the

Clarke Jacobian.

Proposition 2.2.9. ([31, 25]).Let E C R" and let f: E — R™ be L-smooth. Then
L-derwatives of f are identical to Clarke Jacobian elements with matriz-vector products

such as

{A1v: Ay €0 f(x),d e R"} C {Ayv: Ay € 0f(z),d € R"}.
If £ is PC1, then we have that
ILf(z) C Opflz) C Of(x).
A useful tool to find L-derivatives is the lexicographical directional derivative.

Definition 2.2.10. (Lezxicographic Directional Derivative [26]). Let f be an L-smooth
function and let M= [my --- my] € R™*. Then the lexicographical directional

deriwative, LD-derivative, of £ at x in the directions given by M 1is

f'(z; M) = [0, (m1)  £0,(me) - £5 (my)].

Oftentimes, kK = m = n and M = I, where I is the identity matrix, but it is not

required. When k£ = 1, M would be a single column vector and
£(x, M) = £3,(m;) = f'(x;m,).
Therefore if kK = 1, then the LD-derivative gives the classical directional derivative.

Theorem 2.2.11. (Connection between L-derivatives and LD-deriwvatives[26]) Let £ be an

L-smooth function and M = [my; -+ my] € R™* be a full row rank matriz. Then

f'(z; M) = J f(x; M)M

14



or equally,
Jof(z; M) = f'(z; M)M . (2.3)

where M s the right inverse.

The above theorem implies the importance of the LD-derivative, since a related
L-derivative can be easily calculated using an LD-derivative as long as the directions matrix
is full row rank. As such M is often chosen to be I and even further, since in this case,

M = M implies that the LD-derivative is also an L-derivative. If all the requirements in

Theorem 2.2.11 are satisfied and f is C*, then Theorem 2.2.11 gives the special case of
f'(x; M) = Jf(x; M)M.
Example 2.2.12. For this example we will be looking at the function
g:R* = R: (21, 29) = |21 + o).
The function g has the set of nondifferentiability,
Zy =A{(x1,3) 1 v1 = —x2}

and essentially active selection functions

Eg(®) € {x1 + 22, — (21 + 22)} = {91 (@), 52(@) }-

Since this function is PC*, we can find the Bouligand subdifferential and the Clarke
Jacobian. We have that the Jacobians of the essentially active functions are

Jgi(x) =1[1 1] and Jgo(x) = [—1, —1] therefore Opg(x) = {[1 1],[-1 —1]}. From here
we can find the convex hull of Ogg(x) to find that the Clarke Jacobian is

{la 1—a]|ae[-1,1}. Let ¢y = (1,—1) € Z, and let the full row rank directions matric
be M= 1,. We will find an L-derivative of g by first finding an LD-derivative as suggested

i definition 2.2.11. First we find the two recursive directional derivatives of g. For the
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first directional derivative of g at xy we have

9(xo + aldy, ds)) — g(xo)

£ 4(d1, dy) = lim

%o al0 o
:hmuyumg+@4+a¢ﬂ—u—u
al0 «
N TG
al0 (e
— lim aldy + ds
al0 o

= lim |d; + dy|
al0
= |dy + da.
In the direction (1,0) as given by the first column of the directions matriz M, we have that
£ (my) = [1+0] = 1.
The next directional derivative is found recursively giving us,

:vlo),M(dlv d2) = [f;ig?M]/(ml; (dh d2)
(14 ady) + (0 + ady)| — |1+ 0]

= lim
al0 (0%

_ hm |1 —f-Oédl —|— O[d2| — 1
alo a '

Since o | 0, the number 1 is the dominating term in |1 + ady + ads| and a positive result

would be found as the limit is taken. Therefore,

1 d dy — 1
Cblo),M(dladQ) :hﬂ} ra 11:& 2 = dy + d.

With the above and given the second column of M, we have that,

1
JMmﬁ:L

With both directional deriwatives found we can make the LD-derivative of £ at xy in the

directions given by M to be

£ (2o; M) = [fo) (i) fo) pa(ma)] = 1 1].
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Then from the LD-derivative, can use the inverse of M = I to make an L-derivative
Jif(zg; M) =11 1I"'=[1 1].

Since L-derivatives are all Clarke jacobian elements, as seen in proposition 2.2.9, this
means we can use L-derivatives and LD-derivatives to find information on nonsmooth
functions. In order to find nonsmooth derivatives we must first understand lexicographical

ordering.

Definition 2.2.13. (Lezicographic Ordering). Let a, b € R¥ be vectors. Then a is
lexicographically less than b, written a < b, if a; < b; for the first index
ie{1,2,...,4,...,k} such that a; # b;. We say a is lexicographically greater than b,
written a = b, if a; > b; for the first index i € {1,2,...,i,...,k} such that a; # b;. If

equality is possible, = and < can be used.

A helpful way to think of lexicographical ordering is to compare it to alphabetical
ordering. Given the two words grove and gross, we know gross comes before grove in the
dictionary because we compare the first letter that is different, in this case s and v, and it
does not matter that, after that comparison, e in grove comes before the second s in gross.
Similarly given two vectors, [I —2 6] and [I —2 4] we look at the first numbers that

are different between them. Since 6 > 4 we can conclude
1 -2 6]>[1 =2 4]
For a couple more examples we can see that

1 -2 6]<[1 4 -—2]

2 4 6]=[1 6 97

With the notion of lexicographical ordering we can now introduce the functions Imax

and lmin; for more details see Khan and Barton [26]. Much like max and min these
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functions output either the lexicographical greatest or lexicographical least input. For

example,

Imax([1 —2 6],[1 4 —2])

1 4 —2

Imin(2 4 6,[1 6 97)=[1 6 97

We can also take the Imax and Imin of matrices. With matrices, Imax and Imin compare
each row of the matrix and output the lexicographical max or lexicographical min from

each matrix. As an example,

2 3 1 -1 2 3

Imax , =
-1 2 -1 4 -1 4

We can also introduce the functions slmax and slmin, or the shifted lexicographical max
and the shifted lexicographical min. These take the form of a left shift of the Imax and

Imin functions. Using some previous examples,

slmin([2 4 6,[1 6 97))=1[6 97

2 31 |1 -1 3

slmax , =
-1 2 -1 4 4

The LD-derivative of a minimum, or maximum, function composed with C* functions

along matrices (M, N) € R** |2] is

(mino(f, g))'(x,y; (M, N)) = slmin([f(x,y) Juf (x,y)M + Jyf(x, y)NJ,

[8(x,y) Jxgx,y)M+ Jyg(x,y)N]).

The function fsign is important in the calculation of an LD-derivative of absolute value,

and outputs the sign of the first nonzero entry. If all entries are zero, then it outputs zero.
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For example,

fsign(0,—1,4) = —1
fsign(2, —6,—-7) =1
fsign(0,0,0,4) =1

fsign(0,0) = 0.

The LD-derivative of the absolute value function with a directions matrix

M=[m; ... my)eRYFis

abs’(x; M) = fsign(x, my 1, ..., my ) M.

2.3 ODE Theory

Unless stated otherwise, these definitions and theorems below are adapted from Perko

[34]. In this section, we use the notation & = %

In this part we consider the following ODE system

x = f(t,x), (2.4)
X(to) = Xp-
Where x = (z1,...,2,) is the state variable vector, ¢ is the independent variable and

f:FE x E, — R" with open sets Iy C R and E, C R", and initial values t, € E; and

Xg € E,.

Definition 2.3.1. (Solution of an Initial Value Problem). A solution to the initial value
problem (IVP) of the form (2.4), on the connected interval T C E; is some function (t)

such that,
i. x(t) is differentiable on T,

ii. x(t) € B, for eacht e T,
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iii. x(ty) = xg with to € T, and
. x(t) =£(t, z(t)) for each t € T.
An IVP has a unique solution if f is sufficiently regular.

Theorem 2.3.2. (Fundamental Existence-Uniqueness). Let xy € E, and let f be locally
Lipshitz on E; x E,. Then there exists an € > 0 such that the IVP (2.4) has a unique

solution x(t) on the interval [ty — €, 1y + €].

In many cases where an IVP has a solution, it can be incredibly difficult to find
analytically using standard methods. As such we also can figure out the long-term

behavior of DEs by analyzing equilibria.

Definition 2.3.3. (Equilibria). A point * € E is called an equilibrium point, or a critical

point, of x = f(x) if f(z*) = 0.

Not only do equilibria tell us when an ODE is unchanging we can also use equilibria to

find out the behavior of initial values around them.
Definition 2.3.4. (Stability [34]). Given the equation & = f(x), the equilibrium, x* is

o stable, if for each € > 0, there exists a 6 > 0 such that

|lzo — || <0 = ||z(t) — =*|| <€ forallt >0

e asymptotically stable if the equilibrium is stable and there exists & such that

lzo — || <0 = limy 00 2(t) = &
o unstable otherwise.

For the definition of stable, we must acknowledge the potential case of finite time blow
up. If this were to occur we can rescale time with some 7 = at, allowing for global
solutions and avoiding finite time blowup. Nonlinear equations are generally difficult to

analyze when trying to figure out the nearby behavior, while linear equations are simple.
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In order to utilize this simplicity we can linearize nonlinear equations around equilibria and

find accurate nearby information.

Definition 2.3.5. (Linearization). The linearization of (2.4) at an equilibrium x* is the

linear system, & = Jf(x*)x.

The further away a solution is from the point of linearization the more inaccurate the
information is, however in the local neighborhood the information is accurate. After

linearization, we can find the behavior of nearby initial values.

Definition 2.3.6. (Hyperbolic Equilibrium). An equilibrium point z* is called a hyperbolic

equilibrium point of (2.4) if none of the eigenvalues of Jf(x*) have zero real part.
Definition 2.3.7. An equilibrium point x*

e is called a sink if all of the eigenvalues of Jf(x*) have negative real part.

e is called a source if all the eigenvalues of JE(x*) have positive real part.

e is called a saddle if it is a hyperbolic equilibrium point and if J£(x*) has at least one

positive and one negative eigenvalue.

If the equilibrium point, x*, results in a sink, then x* is asymptotically stable. If x* is a
source or a saddle then x* is unstable.

We will now define a parametric initial value problem as

x(t,p) = £(t, p,x(t,p)), (2.5)

x(to, p) = fo(p)

where x = (z1,...,x,) is the vector of state variables and p = (p1,...,pm) is the vector of
parameters. We also suppose that f : By, x £, x E, — R", with F;, E,, I, open, and
fo : B, — B, with E; open, where F; C R, F, C R? and £, C R".
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Definition 2.3.8. (Sensitivity Functions). Let x(t, p) be a solution of the parametric IVP
(2.5) on the interval [to,t1] and for p in the neighborhood of p* € E,, the

forward-parametric sensitivity functions are

S, (1) = §—§<t,p*> e R,

where p* € E, are some chosen parameters of importance.

Sensitivity functions help figure out the importance of parameters in an IVP. If a
system has two parameters p; and ps, these sensitivity equations inform us which
parameters, when perturbed slightly, cause a more drastic change to the solution of the
system. With how helpful these equations are, once again we would like to easily check

whether they are possible to find or not.

Theorem 2.3.9. Suppose f : £y x E, x B, — R" and f, : £, = E, are O, lett; >ty and
suppose there exists a unique solution of the IVP, x*(t) = x(t, p*), on [to,t1] C E; and for
p = p*. Then the solution x(t, p) is C' with respect to p near p = p*, i.e., the sensitivity
functions in Definition 2.5.8 exist. Moreover, the sensitivity functions are the unique

solution of the sensitivity system
S, = Jof(t, p", (1)) + JE(t, p*, 2°(t)) S,
Sz (to) = Jo(p*)

on the time span [to, 1], where J,f and J,f are partial Jacobians with respect to p and x

respectively.

Example 2.3.10. For this example we look at the non-linear parametric IVP,
@(t, p) = «(t, p)™*
z(0,p) = p2

with parameters p = (p1,p2). Once again, since this equation is separable we can find the

closed form solution

(t,p) = 17”{/}9%"” —pit +t.
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Therefore we can calculate the sensitivity function by differentiating the closed form

solutions by p1 and py. This will give us,

B 1-p1 L= n(=pittpy P 4t) —py "1 In(pa)—t
@(t p) = (Pt + o " )™ (T T e 0
op" (pittph " 4 T
p5t

Then once we choose our reference parameters of p* = (2,1) we have that

a;g(t - t+ (t—1)In(tH) 1
op P (—t+1)2 (—t+1)2]"

3.5

0.5

. i | . . . . .
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
time [t]

Figure 2.1: Solutions of the system with different values of p*. p* = (1,.5) in yellow,

p* =(2,1) in red and p* = (3,1) in blue.

Once again with different choices in parameter p*, long term behavior of solutions
change. In order to calculate the sensitivity equations we first define f(p,x) = z* and

fo(p) = p5. Then we have that

Jpf(p,x*) = [P In(z") 0]
Jof (p,2") = [pr™™i™]

Jfo(p") =10 1].
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Then by substituting into the sensitivity system we have

S, = [95'*1"T In(z*) 0]+ [p’{x*pﬁffl]sx

S.(0)=1[0 1].
We then split up the vector-valued IVP into

SP = o™i In(z*) + pia*i=tSP, SP(0) = 0,

SP? = piaPiTlsr SP2(0) = 1.

Further we can plug in our closed form solution 17”{/}9;171)T — pit + 1t for x* resulting in

. ¥ *_* pl ¥ *_* ¥ *_*
Sp= pi/pzl Plopit+t In(’ pi/pgl P pit+t) + i pi/pzl M pittt

Sgl(()) =0,
: N e pi—1
SP2 = pi g Do pl—p{t—l—t Sh2
S72(0) = 1.

Then once we plug in reference parameter p* = (2,1) then we find that

. 1 1 2
P1 2] 1
S = (o) I ) + ()%
S7H(0) =0,
. 2
P2 P2
SP2(0) = 1.
These can be independently solved to get
t+ (t—1)in(-L
(—t+1)2
1
P2 (1)
=y

which matches up with the sensitivity functions we found earlier.
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Once again utilizing L-derivatives we can also find sensitivity information of parameters
of nonsmooth functions. We will be following a similar evolution as before, where at first
we introduced L-derivatives then LD-derivatives, however we will be looking at
lexicographical sensitivity functions and then lexicographical directional sensitivity

functions. First we must define L-smooth dependence of parameters.

Theorem 2.3.11. (L-Smooth Dependence on Parameters [25]). Given the IVP (2.5)
suppose that f : Ey x E, x B, — R" and fy : £, = E, are L-smooth on their domains.
Then there ezists €,0 > 0 such that the IVP has a unique solution x(t, p) on [to,ts], with
to + 0 =ty, for each fized p € N.(p*), and x(t, p) is L-smooth with respect to p on N(p*)

for each fized t € [to,to + I].

With L-smooth dependence on parameters, we can now introduce the lexicographic

sensitivity functions.

Definition 2.3.12. (Lexicographic Sensitivity Functions). Given the IVP (2.5), the
lexicographic sensitivity functions associated with a solution at chosen reference parameters,

p* € E,, ¥ = z(t, p*) of the IVP, are

S.(t) = J[z(t,-)](p*; M) € R™™1,
for some M € R™F with full row rank.

Lexicographical directional sensitivity function are easier to calculate and can be

converted into the lexicographical sensitivity functions.

Definition 2.3.13. (Lexicographical Directional Sensitivity Functions). Given the IVP
(2.5), the LD-sensitivity functions associated with a solution x(t, p) of the PIVP, if they

exist, are
X(t) = [=(t,-)) (p"; M) € R

with p* € E,, as chosen reference parameters.
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Similarly to before, finding the LD-sensitivity functions require certain criteria to exist.

So we define not only their existence criteria but also their calculation.

Theorem 2.3.14. (Ezistence and Calculation of the LD-Sensitivity Functions [25]).
Suppose that £ : B, x E, x E, = R"™ and f, : £, = E, are L-smooth on their domains and
given ty > to, there exists a unique solution of the IVP (2.5) on [to,tf] C Dy. Then the
solution x(t,p) is L-smooth with respect to p near p = p*. That is, for any matrix

M € R™*  the LD-sensitivity functions in definition 2.3.13 exist, are absolutely continuous

and are the unique solution of the LD-sensitivity system

X(t) = [£)'(p", a(t, p"); (M, X(1))),

X(to) = f5(p"; M),
on the time interval [to,ts] where £, : (p, x) — £(t, p, ).

Even though calculating LD-sensitivity functions is easier, we still get more information

from the L-sensitivity functions. We can easily convert between the two using the below.

Theorem 2.3.15. (Existence and Calculation of the L-Sensitivity Functions). Suppose
that f : By x B, x B, — R™ and f, : E, — E, are L-smooth on their domains and given
ty > to and that M € R™* is full row rank. Then the results of Theorem 2.5.11 hold, both
the L-sensitivity and LD-sensitivity functions exist, and for some fixed t on the time

interval [to,t¢], the L-sensitivity functions can be calculated as
S.(t) = X(t)M ' € R"™*1,
where M~ is the right inverse of M.

Remark 2.3.16. If f and fy are C* on their domains and M = I then we have that

So(t) = Jela(t, ))(p* 1) = X()I " = [a(t, )] (p" 1) = g—;(tp*)-

Therefore the result is the classical, smooth, sensitivity equations.
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Example 2.3.17. Let

i(t, p) = min(p; — 1,2°(t, p))

z(0,p) = |p2

with reference parameters p* = (1,0).

200 -

150 -

100 -

50 -

Figure 2.2: Solutions of the system with different values of p;. We have p, = 1 for all and

p1 = —2 in black, p; = 1 in cyan and p; = 5 in red.

60

Figure 2.3: Solutions of the system with different values of ps. We have p; = 2 for all and

p2 = —2 in black, p; = 1 in cyan and p, = 5 in red.
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Since we have the reference parameter we can solve for x*. At the reference parameters

we have that

&(t, p*) = min(0, 2%(t, p*))

z(0,p*) =0.
Since 22(t, p*) > 0, min(0, 2%(¢, p*)) = 0 giving us

(t,p*) =0

z(0,p) =0

which can be easily solved to find x* = 0. To build the sensitivity system we introduce

directions matriz

M, mi1 Mi2
M: =
M, ma1 Ma2
and L-sensitivity matriz S, = [SP*  SP2]. Then following along with definition 2.3.13, we

choose u(p,z) = py — 1 and v(p,x) = 2°. Then we have that

X = slmin([u(p*,x*)  Jpu(p*,x") M, + Jp,u(p*, x*) M, + Ju(p*, x*)X],
[o(p™,27)  Jpyo(p®, 2") My + Jp,0(p", &%) My + Jov(p™, 27) X])
= slmln([p’{ —1 1[m171 mljg] + 0[m271 mQ,Q] + O[Xl Xg],

*2

K5 011 maia] +0[ma1  mas] + 227[SPY SP2]])

=slmin([p} =1 [m;; m,)],[x? [Xi X))

== slmln([pi -1 my mlyg], [X*Q 2X*X1 2X*X2])
Then at the chosen reference parameters p* = (1,0),

X =slmin([0 m;; mo),[0 0 0]).
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Then for the initial conditions we have that

X(0) = fsign(ps, Jp(p2)M)Jp,(p2) M
= fsign(p5, [0 1]M)[0 1]M

— fsign(pj, My) My,
Once again at p* = (1,0),

X(0) = fsign(0, My) M,
Therefore we have at p*,

X =slmin([-1 my; myo),[0 0 0])

X(0) = fsign(0, My) M.
If we choose M = I, we get that
X =slmin([-1 1 0,1 0 0)=[1 0

and

This gives us

which can be solved to get

To convert these from LD-sensitivity equations to L-sensitivity equations we need to

multiply by the inverse of the directions matriz. In our case we would have that
S,t)=Xt)M =t UM '=[t Y'=[t Ul=[t 1.
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If we choose M = —1I,
X =slmin([-1 —1 0,[1 0 0)=[-1 0
and
X (0) = fsign(0, My)M, = fsign(0,0,—1)[0  —1]=—[0 —1]=[0 1].

This gives us

X =[-1 0]
X(0)=1[0 1
which can be solved to get
Xq(t) = —t
Xo(t) =1

Then to find the LD-sensitivity function,

S.(t)=XtOM " =[-t 1M =[-t 1)(-1

I

I
~
=
—~

I
~
~

I
=S

|
=

2.4 Evolutionary Game Theory

Game theory is the study of mathematical models that try to depict rational decision
making. Traditionally, as first seen in Neumann’s On the Theory of Games and Strategies
[41], game theory was primarily used to study individuals playing various strategic games
giving their best attempt to win or get the best reward. Since then, the field of study has
expanded beyond traditional games of strategy and can be used to analyze human decision
making processes applied to many mathematical fields. Evolutionary game theory expands
game theory even further by allowing players to adapt based on the other players around
them. In the field of mathematical epidemiology, evolutionary game theory is a way to

incorporate human decision making and risk assessment into the model. Unless specified
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otherwise all definitions are adapted from Evolutionary Games and Population Dynamics

[22]. Below we introduce some terminology that will be used often in this section

e A game is a collection of circumstances that has results depending on the actions of

two or more decision-makers [32].
e A player is a strategic decision-maker within the context of the game [32].

e An action is an available choice for a player. An action can also be called a move or a

strategy given certain circumstances [32].

Definition 2.4.1. (Payoff Matriz [18]). A payoff matriz for a two player game is a
bi-matriz that shows the outcomes of both players, given their choices of action. A
bi-matrix is a matrix where each cell contains two values, where the first value corresponds

to the outcome of player 1 and the second value is the outcome for player 2.

For a two player game, a payoff bi-matrix M € R™™ would mean that player A would
have n unique actions while player B has m unique actions. Any entry m,; € M would be
an element of R?, representing the payoffs of both players given player A chose action i and
player B chose action j. We denote (m; ;)1 to be the payoff for player A while (m; ;)2
would be the payoff for player B. This can be expanded to n players, by increasing the
dimension of the bi-matrix to n-dimensional and allowing the individual entries of the

matrix to be elements of R™.

Example 2.4.2. Below is the payoff matriz for a game of Rock paper scissors between two

players.

Rock | Paper | Scissors

Rock | (0,0) | (0,1) | (1,0)

Paper | (1,0) | (0,0) (0,1)

Scissors | (0,1) | (1,0) | (0,0)
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In this game we can see m; ; € R* because there are two players. An element my o means
that player A chose strategy 1, rock, while player B chose strategy 2, paper. This choice of
strategies resulted in 0 points for A and 1 point for B. We can also see in this example that

since the players have the same strateqy options, this results in a square matrix.

Definition 2.4.3. Given n + 1 vertices, sq, ..., Sn, such that s; — sg,...,S, — So are

linearly independent, the simplex, S, is determined by

Sy ={0pso+ -+ + Opsg | Zei: 1 and 0; > 0 for all i.
i=0
The n-simplex, S, is a closed and bounded subset of R™. S,, contains all vectors with

non-negative entries that sum to one. In other words, given an n-dimensional space, the
n-simplex, S,,, is an n-dimensional polytope, a geometric objects with flat sides, which is

the convex hull of the n 4+ 1 chosen vertices.
Example 2.4.4. Some examples of simplexes are as follows:

e In 1 dimension the simplex is the line segment {x | x € [0, 1]}.
e In 2 dimensions the simplex is a triangle {(x,y) |z +y < 1,z,y € [0,1]}.

e In 8 dimensions the simplex is a tetrahedron {(z,y,z) |z +y+ 2z < 1,z,y,z € [0,1]}.

Definition 2.4.5. (Pure Strategy). Given a set of actions, {x1, -+ , .}, a pure strategy is
when a player only chooses a single action from the set to implement and never deviates.

In any given game there will be finitely many actions.

Since we define a pure strategy as a singular action, an action will be referred to as a
strategy and a set of actions will be called a strategy set. We will use the terms strategy

and strategy set from this point onward, unless action is needed to prevent confusion.

Example 2.4.6. In the case of rock paper scissors our set of actions is rock,paper,scissors.
Therefore there are three pure strategies, which are to always play rock, paper or scissors.
In the case listed in definition 2.4.1 where our strategy set is {x1,--- ,x,} , there are n

pure strategies which are to always use action x; for some 0 < i < n.
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Definition 2.4.7. (Mized Strategy). Given a strategy set, {x1, - ,x,}, a mized strategy is

when a player picks multiple actions and assigns a probability of use to each

(P1,---,pn) € [Ovl]n'

A pure strategy can be seen as a special case of the mixed strategies where p; = 1 for
some ¢ and p; = 0 for j # ¢. Mixed and pure strategies can also be seen as points on a
simplex, where the pure strategies correspond to the vertices, and mixed strategies
correspond to the edges and interior space. Any given mixed strategy p = (p1, -, Pn)

corresponds to a point in the simplex .S, such that,

Su=1{p=(p1, - .pa) €ER"p; >0and Y p;=1}.

Definition 2.4.8. (Expected Value). Given an ny X ng payoff matrix M, and mized

strategies p for player A and q for player B, then the expected value for player A is,

ng Ny

Ea(p,q) = Z Z(mz‘,j)lpi%‘- (2.6)

j=1 i=1
Recall we denote (m; ;)1 to be the payoff for player A while (m; ;)2 to be the payoff for

player B.

Example 2.4.9. Define the payoff matrixz for two players A and B,

M= (074) (87-2) (272) (27)

(-4,10) | (3,0) | (4:4)

with maixed strategy probabilities,

Then,

EA(P,Q) = 0(.5)(:2) + 8(.5)(.:3) + 2(.5)(.5) + —4(.5)(.2) + 3(.5)(.3) + 4(.5)(.5) = 2.75

Ep(P,Q) = 4(.5)(.2) + —2(.5)(.3) + 2(.5)(.5) + 10(.5)(.2) + 0(.5)(.3) + 4(.5)(.5) = 2.6.
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This means with the given mixed strategies we expect player A to average 2.75 points per

round and player B to average 2.6 points.

Definition 2.4.10. (Nash Equilibrium). Given a strategy set x = {x1,...,x,}, where z; is
a percentage of play, a Nash equilibrium is a collection of pure strategies &* = (x;, - - - , x;)

each corresponding to a player P;. The Nash equilibrium has the property that no player P;
can improve their expected value by choosing a strategy different from xy, k # i, as long as

every other player P; adheres to xj. Formally this means that

for all x*, 2’ € x.

Before going into an example of a Nash equilibrium, when doing classical game theory,
we assume players are playing rationally. A player’s goal is to get the most payout or to
win the game, as such once a player chooses a strategy they will not change strategies

unless the game is changed or a better strategy is discovered.

Example 2.4.11. Consider the following payoff matrix,

b | by
ar | (2.2) ] (1.3) (2.10)

as | (3,1) | (5,5)

From the perspective of player A, if player B chooses strategy by, player A will want to
choose strateqy as. If player B chooses by, then once again player A would choose ay. This
would mean player A has no incentive to choose strategqy a; and therefore would only choose
as. From the perspective of player B, we can see by would be the optimal strategy. This

means that the Nash equilibrium is

T = (ag,bg). (211)

34



Definition 2.4.12. Given two players, A and B, each with mized strategies, P} and P}, a
mized Nash equilibrium is (P}, Py), such that if either player changes strategies to any

P} # P} and Py # Py,

(P}, Ph) < Ea(P;, Pj), (2.12)
Ea(P), P5) < Ea(P;, Pj), (2.13)
Ey(P}, Pp) < Ep(P3, Py), (2.14)
Es(Pl, Py) < Es(P}, Py). (2.15)

Example 2.4.13. Looking back at the payoff matriz for Rock paper scissors as seen in
Ezample 2.4.2 the mized Nash equilibrium would be (P}, P}), where
Pi =Py =(1/3,1/3,1/3).

Definition 2.4.14. (Fitness). Given a population of competing individuals of type I,

where a type corresponds to a mized strategy, in a population of composition @),
Q= (111, p21s, . . . puly) (2.16)
where p; 1s the frequency of I;, p; > 0 for all v and
Y op=1, (2.17)
i=1
then the fitness of type I; is
W(IL,Q) =Y x;Er, (11, 1;). (2.18)
j=1

Definition 2.4.15. (Evolutionarily Stable). A population consisting of P-types, individuals
using strateqy p, will be evolutionarily stable if, whenever a population of L-types, using
strategy 1 is introduced, the P-types have higher fitness than the L-types. This means that
for all P # L,

W(L,Q) < W(P,Q). (2.19)
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A mixed strategy p is said to be evolutionarily stable if, whenever all members of the
population use it, no other mixed strategies 1, when introduced, can survive. This means
that proportion of those using 1 will eventually drop to zero until those using p take up the
entire population.

The replicator equation is a differential equation that allows for a fitness function to be
considered in the distribution of mixed strategies. Instead of fixing a certain proportion of
the population to a given strategy, it allows for players to replicate and switch to different

strategies. Traditionally the replicator equation is written as,

T = [ fi(x) — (%)), (2.20)

where z; is the proportion of the population using strategy i, x = (xy,--- ,x,) is the vector
of strategies being used by the population, f; is the fitness of the strategy i users and ¢(z)

is average population fitness and can be written,
o(x) = x;fi(x). (2.21)
j=1
Example 2.4.16. Consider two types of players, A and B, using mized strategies P, and
Pg. Also assume that across the entire population, 0 < k < 1 is the proportion of the
population in A and (1 — k) is the proportion of B. Finally assume that W (A, Q) = w, and
W (B, Q) = wy. Then,
x=(k,1—k), (2.22)
o(z) = k(wy) + (1 — k) (wp) = kw, + wy — kwy,. (2.23)
Then the replicator equations take on the following forms:
11 = k[w, — (kw, + wp — kwy)] = k(1 — k) (wy + wy),
Ty = (1 —k)[wp — (kw, + wy — kwy)] = —k(1 — k) (wa + wp).

Observe that, 1 = —x5. When dealing with two group populations this will always be the
case because of symmetry. See Figures 2.4 and 2.5 for simulations of the replicator

equation over a span of 200 days.
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Figure 2.4: Here we have k = 0.1, w, = 1/3 and wj;, = 0.3146. Since w, > w, we can see that
the population starts to migrate to x;, but as more people join x; the rate at which people

are joining slows down. After 200 days, x1 has yet to take over the entire population.
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Figure 2.5: Here we have k = 0.9, w, = 0.1 and w, = 0.9. This time w, > w,, however
the difference in w, and w is much more significant than the previous graph. As such the

population is shifting to x5 at a faster rate. At day 10 the entire population is 5.
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2.5 Mathematical Epidemiology

This section is adapted from Brauer [9]. In mathematically modeling an infectious
disease, a popular approach is to split the population into different compartments. A

standard epidemic model is the SEIRS model,
Susceptible — Exposed — Infected — Recovered — Susceptible,
given by the following ODEs:

S=uS+E+T+R)—BSI+(R—puS (2.24)

E =S —0oE — uE

I =0F —~I—ul

R=~I —(R—uR
where the state variables S, E, I, R correspond to the proportion of the population who are
susceptible, exposed, infected and recovered. There are also parameters 3, o, v, ¢ and p,
where [ is the average rate of contacts sufficient for infection, ¢ is the mean incubation
rate, v is the mean infectious rate, ¢ is the mean waning immunity rate and p is the
natural death and birth rate. We assume that the birth and death rates are equal to allow

for a constant population, as such u(S + E + I + R) is added back into the susceptible

compartment. Each state variable translates to a proportion of the population where,
S(t)+ E(t)+ I(t) + R(t) = 1.

If we want to see an exact population value, instead of a proportion, we can multiply each
equation by our total population N. Keeping the state values as a proportion also helps

simplify the susceptible compartment into
S =p—BSI+(R—pusS.

Example 2.5.1. The details that make up the standard SEIRS model can be made clearer

with examples with parameter values in whatever units are chosen. For instance, ¢
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represents the reciprocal of the average amount of time it takes for individuals to lose
immunity. This means that recovered individuals leave the recovered class at a rate of ¢ per
unit time. If we want to look at SEIRS in terms of days, and want the waning natural

immunity period to be 30 days, then

1
— (= — ~0.033.

30 = =
30

N =

Let us say that we want to keep the units in days. We will say that we want there to be two
sufficient contacts for infection a day, a five day incubation period, an eight day infectious
period, a waning immunity period of 30 days and an average lifespan of 80 years. This will

give us

B=2
c=1/5=0.2

v =1/8=0.125
¢ =1/30~0.033

w=1/(80(365)) = 1/29200.
Once we plug these into our model we will have that

S =1/29200 — 25T + 0.033R — (1/29200)S
E =281 —0.2E — (1/29200)E
I =02F —0.1251 — (1/29200)1

R =0.125I — 0.033R — (1/29200)R.

These sorts of ODE models can be impossible to solve analytically. In order to solve them
we must solve them numerically, by stmulating them, and analyze them qualitatively. If we
assume that 90% is susceptible and 10% is exposed at the start of modeling we will have a

model
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Figure 2.6: Simulation of the SEIR model.

As we can see in Figure 2.6, the susceptible population drops quickly with a high value
of B and becomes exposed and infected. However the sick population starts to lower and due
to such a long immunity period cannot return to the peak. After the SEIR model has been
simulated, we can use the information to create other graphs to get a glimpse of different
helpful information. For example below in Figure 2.7, s a bar graph of the daily change of

the infected category.
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Figure 2.7: Net change of the infected population in population percentage per day.

As we can see the new daily infections spike in the first seven days, but after that they

start losing individuals faster than they can get more.

In a system of ODEs, equilibria are very important in figuring out behavior of solutions.
In mathematical epidemiology, two equilibria that are of interest are the endemic
equilibrium and the disease free equilibrium. The endemic equilibrium is when a disease is
always present in the population, or when E(t) > 0 or I(¢) > 0 for all t. In order to find the
endemic equilibrium for SEIRS we must first set all ODE’s equal to zero and then solve for

S,E.I and R. First we set all equations equal to zero and assume all parameters are nonzero:

O0=p—pBSI+CR—puS (2.25)
0=pSI—0oF —uk (2.26)
0=0F —~I—pul (2.27)
0=~ —-(R—puR. (2.28)

From equation (2.27) we can solve for E in terms of I:

=2ttty (2.29)
g
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and from equation (2.28) we solve I in terms of R:
I =>-—-R. (2.30)

If we take equation (2.26) and substitute equation (2.29) for E we have that

0= 55— (0+u)(v+u)]:](55_ (0+u)(7+u))'

If we were to choose for I = 0 we would find the DFE, so we will assume I # 0 such that

.o (U+sz(7+u)‘ (2.31)

0=p4S—

(0 +p)(y+n)

From here we substitute equation (2.31) into equation (2.25) for S:

0=p—

BI+(R—p

_ p__ Moy —poy(o+u)(y+p) (2.39)

oB(CH p)(o + p)(y + p) — Co*yB

(0 +p)(y+n) (0 +p)(y+n)

Now we can substitute equation (2.32) into equation (2.30) for R to get

_ po*yB(CH p) — poy(o + )y + ) (C+ )

= (T W T W0 + 1) — Co?12p

(2.33)

Then we can substitute equation (2.33) into equation (2.29) for I to get

_ 1B+ (v + ) = poy(o + p)(y + w)*(C+ 1)

b B¢+ )0+ W)y T 1) — o3P

Therefore we have that the endemic equilibrium is

(o] [ (o+)(y+1) ]
B u0276(24+#)(7+#)—u0w(0+u)('ytuf(ﬁu)
x*(S*, E*,I",R*) = (S*, E*, ", R*) = — Zﬁv(éw)(ow)(wu%w 72
I* poyB(C+Hp) —poy(o+p) (v+p) (C+p)
0By (CHp) (o) (v+u)—Co2y2 8
R* po?yB—poy(o+p) (v+u)
L L o B(CHp)(o+p) (v+p)—Co2~3 i

The disease free equilibrium (DFE) is exactly as it sounds, when there is no disease, as
such we set any infective compartments equal to zero. In the case of SEIRS, we would set

E =1 =0 and see where the rest of the population settles. Anyone in the susceptible
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category would stay susceptible since there is no infective population to infect them, while
anybody in the recovered category will eventually flow back into the susceptible category.
This makes the DFE x* = (S*, E*, I*, R*) = (1,0,0,0). More formally, we assume that

I =0. Then we can plug I into equation (2.29):

We can also plug I into equation (2.30):

Oz—CJ;MR — 0=R

Now we can plug R = I = E = 0 into equation (2.25):
0=p—pBS0)+¢0) —pS=p—pS=pl->5).
Since p # 0, S = 1. Therefore the DFE is
x* = (S*, E*,I*, R*) = (1,0,0,0).

Now that the idea of an endemic and disease free equilibrium have been discussed, one
might wonder if there is a way we can tell if our disease is going to move towards the

endemic equilibrium or the DFE. This brings us to the basic reproduction number.

Definition 2.5.2. (Basic Reproduction Number [9]). The basic reproduction number,
denoted Ry, is the average number of secondary infections produced by one infected
individual, during their infectious pertod, when introduced to a wholly susceptible

population.

The basic reproduction number can be calculated from the eigenvalue of special
matrices associated with an epidemic model. Importantly, R, specifically determines when
the DFE is going to be attractive and stable, or when it will be unstable. More specifically,
if Ry < 1 then the disease will die out (and the DFE is asymptotically stable) and if

Ro > 1 then there will be an epidemic (and the DFE is unstable).
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With variations of the epidemic model, Ry can take on many different forms. In order
to find Ry we will follow along with the process seen in van den Driessche and Watmough
[39]. Looking at the SEIRS model in equation (2.24), in order to solve for Ry we must first
reorder our epidemic model such that the infected terms come first, this changes the model

to

E =881 —oE — uE
fzaE—yI—MI
S =p—pBSI+CR—uS

R=~I —(R— uR.

Now we must find vectors F, V' and V~, where F denotes the rates of new infections, V*
denotes the rate of transfer into the corresponding compartment and YV~ denotes the rate
of transfer out of the corresponding compartment. Both V* and V'~ ignore any terms used

in F. For the above, we have that

BSIT 0 (c+pE
0 oF + u)l
F_ Ry Ry (v+n)
0 i+ CR wS
| 0 Rz (C+p)R|
We also have that
(0 +pE
+u)l —oF
poy o [T
WS —pu—CR
| (C+ )R =]
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Now we must take the Jacobian of F and V at the disease free equilibrium,

x*=(E,I,S,R)=(0,0,1,0). This gives us the Jacobians

0 BS BI 0 0
0 0 0 0 0

|
S
2
_l’_
=
(@)
o

0 0 0 O 0

(e} ) o ™
(e} =) ) e}
(e} =) ) e
[
<
—~
>
*
SN~—
I

0 0 0 O 0 0 — 0 (+up

To progress further we must find ', V and V! where F is the top left k x k matrix of F
and V' is the top left k£ x k matrix of V. We determine k£ as the number of infected

compartments. For SEIRS, we have E and I as the infected terms so k = 2. Therefore,

0 p o+ 0 1 + 0
F = V= a V= T

0 0 -0 Yt (o +m)(y+p) o  o+pu

Now we can also find

__Boe B
Fy-l = | letu)ltn) vt
0 0

The final step is to find Ry with the formula
Ro = p(FV™)

where p(FV ') denotes the spectral radius of a matrix F'V ™!, the max of the absolute
values of the eigenvalues. In our case since F'V ! is upper triangular we can see we have

only one nonzero eigenvalue and therefore

p(FV) =Ry = bo (2.34)

(0 +w(y+mp)
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Figure 2.8: R
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= 1.3617 with 8 = 0.5, 0 = 0.5, v = 0.35, o = 0.01 and ¢ = 0.5.

0.8

0.6

04r

0.2

20

30 40 50 60 70 80 90 100
t [Days]

081

0.6

04

1

30 40 50 60 70 80 90 100
t [Days]

Figure 2.9: Ry = 0.8036 with 5 = 0.5, 0 = 0.5, v = 0.6, x = 0.01 and { = 0.5.

As we can see from figure 2.8, when Rg > 1 the infected compartments asymptote to

nonzero values while in figure 2.9 when Ry < 1, all compartments go to zero except for the

susceptible compartment which converges to one. We also note that sometimes when
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Ro > 1, the disease can still die out. The Ry only captures local behavior at the DFE and
can say that it has unstable behavior. An example of when the Ry > 1 but the disease still
dies out is when the average waning immunity is prolonged, and the virus spreads rapidly
with a short incubation and infectious period. In such a scenario, the virus can exhaust its
pool of susceptible individuals, eventually causing the number of infected cases to drop to

zero. As we have done in other sections, we will be doing a sensitivity analysis with the

basic SEIR model,

S =p—BSI+(R—pS = fi(p,x)
E = B3SI — 0E — uE =: fo(p,x)
[ =0E—~I—pl = f3(p,x)

R=~I—=(R— pR=: fi(p,x).
For this model we will assume the reference parameter is
p*=(8",0",7",¢", 55, Ep)
and we will assume pu, Iy and Ry are constant. We also will define

x=(S,E,I,R),
f=(f1, fa, f3, 1),
f() - (floaf?oaf?)ovfélo)v

where fy(p) = (S0, Fo, 0,0).
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Now we can calculate

In this case,

-SI 0 0 R 00O
SI —-FE 0 0 00
pr(p7X):
0 E —-I 0 00
0 0 I —-R 00
—pBl—p 0 —pS ¢
I —0 — S 0
3 f(p.x) = g poop
0 o —Y — i 0
0 0 v =G
000010
000O0O0T1
Jfo(p) =
000O0O0O
000O0O0O

Ss SESg 5% Sy S5 sk
Sk Sy S Sy Sy Sp Sp
S, SPose 57 88 gY gk
Sr| |k S% Sk Sh SE SR

From here we plug these into the sensitivity system as

~S*I* 0 0 R* 0 O}+{—B*[*—u 0 —p*s* g*] Sx(t)
S*I* —E* 0 0 0 o}+ {5*1* —o* —pu B*S* 0] Sx(t)
0 E* —I* 0 0 0}+[0 oF =yt —p 0} Sx (1)

00 I* =R* 0 o}+{o 0 ~* —g*—u] Sx(t)
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where 5™, E*, I* and R* represent the state variables using the reference parameters. We

also have initial conditions,

or, in component form, we first have Sg,

Ss(t) = =S*(OI"(t) — (B*I"(t) + p)Ss(t) + (=575 (1))S] () + C"Sx(t),  S5(0) =0,

S§(t) = —(B°1"(t) + 1) S5(t) + (=4S () ST (t) + ¢ S(1),

S§(t) = —(B°I*(t) + ) S3(t) + (=BS*(1)S7 (1) + C*Sk(t),

Sg(t) = R*(t) — (B°I () + m) Ss(t) + (=578 (1)) S (1) + C*S(t),
S50 (t) = =(B°I*(t) + ) S5 (8) + (=5S*(£)S7° (1) + "SR (2),

S5 (t) = —(B7I(t) + 1) S5° (1) + (=B"S*(1)) ST (1) + C"SE° (t),

then, for Sg,

Sp(t) = S"(O)I7(t) + B I"(1)Sg — (0" + 1) Sg + 5757(¢) ST,

Sp(t) = —E*(t) + B°I*(£)S§ — (0" + p)Sg + B°5*(1)S7,

S(t) = B I"(1)SE — (0" + p)SE, + 55 (1) 57,

Sp(t) = BT (1)S§ — (0" + p)Sg + 55" (1) S},

SE(t) = I (1)S5" —

(0% 4 1) S50 + B*S*(t)S7°,

S (t) = 1" (1)Sg — (0" + n)Sg + B°S* ()P,
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Sp(0) =0,
SE(0) =0,
Sy(0) =0,
S5(0) =0,
Sy (0) =0,

SP(0) =1,



and for Sy,

S{(t) = oSy — (v + Sy,

S7(t) = E*(t) + 0"Sg — (7" + 1)S7,
SI(t) = —I"(t) + 0" S} — (v" + )57,
Si(t) = 0"y — (v +w)S;,
SPO(t) = 0" S5 — (7" + 1)S7°,

Sr(t) = 0"Sg" — (7" + p)Sp°,
and finally, for Sk,

Sp(t) =787 = (¢" + 1) S,

Sp(t) = 7"S7 — (¢" + 1) S%,

SK(t) = I"(t) +v"S] — (C* + p) S,
S(t) = —R*(t) +7°S§ — (" + 1) Sh,
SR (t) =757 = (¢" + ) SR,

SE(t) =7"S7° — (¢" + ) SE°,

S7(0) =0,
S7(0) =0,
57(0) =0,
S§(0) =0,
S7°(0) =0,
S7°(0) =0,
Sp(0) =0,
SE(0) =0,
SH(0) =0,
S5(0) =0,
S (0) =0,
SE(0) =0,

In Figure 2.11, we can see that for all state variables, ( exhibits the most dynamic

curves. This would mean that ( acts as the most influential parameter and when perturbed

would cause the most change. After that we can see that v would be the next most

influential overall.
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CHAPTER 3
BE-SEIMR MODEL FORMULATION

3.1 Base Model

In our expansion of the SEIR model, we want to incorporate when there are
asymptomatic individuals and will be splitting the infected compartment into two groups:
symptomatic, I and asymptomatic I4. With this split we can still keep track of the total
amount of infected individuals with Ig + 14 = I. We also need to introduce a new
parameter =, where = is the ratio of individuals who become asymptomatic. This changes

the basic SEIR model in equation (2.24) to

S = —BS[Is+ 14 +CR— S

E =38+ 14 —Z0E — (1—-Z2)0E — uE
Is = (1= E)0E — vIs — pls

Iya=Z0F —~yl — pul4

R=7[ls+ I4] — CR — uR,

where all state variables sum to one. In real world scenarios involving asymptomatic
individuals, it is possible for these individuals to become aware of their infection. However,
in our expanded SEIR model, we will make the assumption that asymptomatic individuals
remain entirely unaware of their disease until they transition into the recovered
compartment. In the SEIR model, we account for natural death, but we do not consider
death induced by the disease. To address this, we will introduce a new parameter  to
account for disease induced mortality. Since asymptomatic individuals do not exhibit

symptoms, we will assume that they do not experience an increased mortality rate while
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sick. To balance the birth and death rates, we introduce the term A, defined as follows:

With this modification, the susceptible and symptomatic infected compartments will be

updated as follows:

S =[A]—BS[Is+ I4] + CR — S,

[s = (1-E)0E —yls — pls —|d1s]|

These adjustments allow us to account for disease induced mortality and maintain a
balance between birth and death rates in the expanded SEIR model. In order to simulate

this model we will be looking at the following parameter values pulled from Acuna-Zegarra

et al. [1]:

Symbol Meaning Value

Bn Average Contacts Sufficient for Infection 0.363282

o Average Exposed Period 0.196078

y Average Infected Period 0.167504

¢ Average Waning Immunity Period 0.00273973

= Ratio of Asymptomatic Individuals 0.8787
Natural Death and Birth Rate 0.0000391389
Disease Death Rate 0.01017576

Table 3.1: Parameter values for Covid-19 from Acuna-Zegarra et al. [1].

For a comparison of the model with the present one, see Appendix C. A simulation of
the revised model is given in Figure 3.1. We can see that the disease quickly spreads, but

dies out over time due to the long immunity period.
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Figure 3.1: Here we used the parameters listed in the table above pulled from Acuna-Zegarra.

3.2 Adding a Behavioral Component

When faced with a highly severe or deadly disease, people often adapt their daily
routines to protect themselves. Some individuals choose to wear masks, limit public
outings, or engage in various disease avoidance practices. To account for these different
choices, we will introduce two distinct groups, based on people’s behavior: those with
normal behavior denoted as b,,, and those with altered behavior denoted as b,. We assume
that individuals in the altered behavior group, b,, are actively taking measures to reduce
their risk of getting sick. In light of these groups, we will divide the susceptible population,
S, into two subcompartments: S,, for individuals with normal behavior and S, for those
with altered behavior. This division is governed by the choices individuals make either
following normal routines or adopting precautionary measures. The sum of these two

subcompartments equals the total susceptible population, as expressed by the equation:

Sp+ S, = 8. (3.1)
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Considering that altered behavior aims to minimize the likelihood of infection, we assume
that individuals in the b, group experience a reduced infection rate. To account for this
difference, we define 3, as the infection rate for individuals with altered behavior b,, and
B, as the infection rate for those with normal behavior, b,,. It is important to note that [,

is less than (,,, which is equal to the overall infection rate, 3.

ﬁa<ﬁn:/6'

By introducing these subcompartments and distinct infection rates, we can better model
the impact of people’s behavior on disease transmission in our SEIR model. We will also

introduce the state variable:
Sn(t)
)= )
0= 5B+ 5.0

where x(t) represents the ratio of individuals who are susceptible and behaving normally to
the total susceptible population at time ¢. This ratio will allow us to implement the
behavioral assumptions into the model before adding the ability for individuals to switch

between the two behavioral options, b, and b,. Now, our expanded SEIR model becomes:

S=A—|5[Bux + Bu(1 — 2)](Is + L) |+ (R — S

E =8,z + (1 —2)](Is+ 14) |- E0E — (1 —E)oE — uE

Is=(1—-2)0FE —~Ig— pulg — 61,
In=Z20F —~yly— pul4

R=~[Is+ 14— CR— puR.

Here, we use z(t) to determine how the susceptible population is divided between S,, and
S, compartments. By incorporating this behavioral ratio, (), into the model, we are able
to represent the initial distribution of susceptible individuals based on their chosen
behavior. We now consider the individuals who are asymptomatic and unaware of their
sickness. Despite being able to spread the virus, they do not realize their condition and

would also go through the process of choosing between b,, and b, behavioral options. Even
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though the infection rates for asymptomatic individuals do not change, their choice to
adopt altered behavior (b,) allows them to actively reduce their chances of spreading the
virus. To account for this risk reduction, we introduce the parameter x, which represents
the extent of the reduction in their ability to transmit the virus when choosing b,. By
considering the parameter x, we acknowledge that individuals who opt for altered behavior
not only protect themselves but also contribute to limiting the spread of the virus to
others. Similarly to the susceptible group, we can split the asymptomatic infected group

into two subgroups: 14, and I4,. This allows us to represent the following relationship:
Ly, + 14, = 14,

where I4 denotes the total number of asymptomatic infected individuals. To capture the

proportion of asymptomatic individuals behaving normally, we introduce the variable y(t)

defined as:
_ I, (@)
I, (t) + I, (t)

In the expanded SEIR model, the compartments for susceptible individuals, .S, and

y(t)

asymptomatic infected individuals, 4, are composed of individuals who are
indistinguishable from each other in the population, since individuals in /4 are
asymptomatic. To address this, we assume that the initial ratios of susceptible individuals
with normal behavior, z(0), and asymptomatic individuals behaving normally, y(0), are
equal. This common ratio ensures that both groups start with the same proportion of
individuals choosing normal behavior at the beginning of the simulation. However, it is
also essential to allow for flexibility in the model. While we assume equal initial ratios by
default, we can still consider scenarios where x(0) # y(0) if necessary. This flexibility
permits us to explore different initial conditions and observe how variations in the
behavioral choices of susceptible and asymptomatic individuals impact the disease

dynamics over time. These additional considerations can be readily incorporated into the
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model:

S=A—[B,Sz+ B.S(1 — )] [Is + Ly + kIa(1 — y)] |+ (R — puS

E = 8,57 + $.S(1 — )| [Is + Lay + kIa(1 — y)]|— Z0E — (1 — E)oE — puE

Is=(1—-2)0FE —~Ig — pulg — 61,
In=Z0FE — 14— ply

R=~[Is+ 14 — CR— uR.

This lays the foundation for further exploration of individuals switching between normal
and altered behaviors, enriching the model with more dynamic scenarios. With the splits
for those choosing b, and b, in place, we can move forward with building the replicator
equations. Specifically, we will focus on the susceptible population and consider how
individuals choose their behavior with respect to infection rates. Following along with

Definition 2.4.16, we can build the replicator equation:

T =
To=1—2x
Ji==Puls
Jo=—Pals

giving us

i = x[—Buls — (—2Bls — (1 — z)Buls)]
= —2B,1s — 2(—2B,1s — (1 — 2)B.1s)
= —2B,Is + 2*Bpls + x(1 — x)B.15
= —2(1 —2)Buls + 2(1 — x)Buls
= 2(1 = ) (=B + Ba)Is,

where we only look at Ig since the population cannot recognize asymptomatic individuals

as infected. With this version of the replicator equation, all individuals would naturally
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move towards choosing S, since 3, < [3,. However, we need to provide a reason for
individuals to consider choosing b,, instead. To achieve this, we introduce several

parameters:

e k: This parameter represents the cost of choosing b,, often associated with social
costs. These costs could involve reduced interaction with loved ones, travel

restrictions, and more.
e m,: The perceived risk of developing symptoms for individuals choosing b,,.
e m,: The perceived risk of developing symptoms for individuals choosing b,.

We choose m,, and m,, in such a way that the perceived risk of developing symptoms is

greater for those choosing b,, than for those choosing b,, i.e.,
my < Mpy,.

With these values in place, we can determine the payoff values for choosing b,, and b, as

follows:

pa(t) = —muls(?),
Pa(t) = —k — mgIs(t).

These equations give us the payoffs associated with opting for b, and b, at time ¢,

respectively. Furthermore, we can express the difference in payoffs as:

AP(t) = pn(t) — pa(t)
= —my,Is(t) — [k — mals(t)]
= —my,Is(t) + k +mgIs(t)
=k + (mg —my)Is(t).
By examining AP(t), we can determine which option is more favorable at any given time ¢.
Specifically:
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e If AP(t) > 0, then b, is the more favorable option.
e If AP(t) <0, then b, is the more favorable option.
e If AP(t) = 0, then neither option is better than the other in terms of payoff.

Therefore, these values can fluctuate and after an individual chooses an initial strategy,
they may want to swap after seeing theirs is no longer superior. Under real world
circumstances, an individual can choose day by day, or week by week, whether or not they
want to partake in protective measures, however when they have made a decision for the
day, or week, we will be assuming they are stuck with their choice until the next day, or
week. In order to incorporate this, we introduce new parameters 7 and «. We define 7 as
the time unit of behavioral change, representing specific points in time when individuals
can alter their behavior and « serves as the converting constant between regular time, ¢,

and the behavioral change time unit with the following relationship:

By introducing 7 and «, we can focus our attention on the payoff values at specific time
points of behavioral change. Consequently, we narrow our lens to examine the payoff values

of the form:

pn(T) = _mn]S<T)7

Pa(T) = —k — maIs(T).
These equations provide us with the payoffs associated with choosing b,, and b, at
particular moments of behavioral change, allowing us to analyze the influence of the

perceived risks of developing symptoms, m,, and m,, and the cost of choosing b,, k, on the

decision-making process during these specific time intervals. With these in place we can
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add a second part to the replicator equation with

T = S = z(T)
LSS A
3, 3,
S Sy S+, #(7),
fl - _mn[S<T>7

f2 =—k— mals(T).

This results in the replicator equation:

Z—i(ﬂ = () [=mnls(7) = [2(T)(=mnls(7)) + (1 = 2(7))(=k — mals(T))]]

= —mna(7)1s(1) — (1) [2(7)(=mnls(7)) + (1 — 2(7))(—=k — mals(7))]
= =y (1) Is(7) + mux(7)*Is (1) — 2(7)(1 = 2(7))(—k — mals(7))

= (1) [=mals(7) + 2(T)mnls(1)] = 2(1)(1 = 2(7))(=k — mals(7))

= a(1)(1 = 2(7))(=mnl (7)) = 2(7)(1 = 2(7))(=k — mals(T))

= (1)1 = (1) [=mal(1) = (=k = mals(7))]

= a(1)(1 = 2(7)[AP(7)]

= 2(7)(1 — 2(7))[k + (mg — mp)Is(7)].

We can change the time scale from 7 to t by dividing by « and introducing the

proportionality constant p, since ‘Zl—f = j—ffl—; = j—fé to get
dx P
o) = )1 =)k + (ma — ma)Is(t)].

This gives the replicator equation of
i =a(1— ) (=B + Bu)Is + ga:(l — )k + (ma — ma)Is].

Since asymptomatic individuals have the same choice and can actively change back and

forth, we can follow the exact same process but replacing x with y to get
. P
Y=yl —y)(=Bn+ Bu)ls + ay(l —y)[k + (ma — my)Is).
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To address the fact that susceptible individuals can observe and copy the behavior of
asymptomatic individuals, and vice versa, we need to modify the replicator equations
accordingly. Instead of using the separate variables x and y, which represent the
proportions of individuals choosing normal behavior in the susceptible and asymptomatic
compartments, respectively, we will introduce a new variable, z, which represents the
proportion of individuals choosing normal behavior across both groups. Introducing this
variable will allow for individuals to emulate anyone they perceive to be susceptible, even if

they may be an asymptomatic imposter. Therefore

Sn(t) + 14, (t)
n(t) Sa(t) + La,(t) + 14,(1)
Sn(t) + 14, (t)
TS + 14t
_x(t)S() +y(t)a(t)
S(t) 4+ L4(t) ’

2(t) =

The modified replicator equations become:

= 2(1 = 2) (=B + B)ls + =21 = D)k + (my = mi) L),

§ = 21— D) (=Bu+ Bu)ls + L 21— 2+ (g —m)Is].

The similarity of these two equations is justified because, although we categorize
individuals into two distinct groups, they perceive themselves as one collective. The
transition from b, to b,, and vice versa, remains the same for both groups, reflecting their
interconnectedness and shared decision-making process. Therefore, treating them with
identical equations appropriately captures their unified behavior despite being recorded as
separate subgroups. There is an important issue that requires addressing: when the
variables x and y do not match up, specifically when xq # 19, the elimination conditions,
z(1 — z), no longer hold. In normal circumstances, if either b, or b, comprises the entire
population, it should be impossible to switch back, leading to # = ¢y = 0. This condition
arises because the model is based on imitation dynamics, and if there is nobody to imitate,

switching should not be allowed. However, we still want to account for the possibility of
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switching if semi-dominance occurs. We define semi-dominance when either the entire
susceptible population or the entire asymptomatic population has chosen a single behavior.
In the semi-dominance situation in which all asymptomatic individuals are behaving in an
altered manner, some may choose to imitate susceptible individuals who are behaving
normally, thus causing them to switch and removing the semi-dominance. In order to
address this scenario in the model, we need to introduce some additional restraints. These

restraints will be added to the susceptible equation and will take the form of
S = A—[3,S5mid(0, z, 1)+ B, Smid (0, (1—z), 1)][Ls+14mid(0, y, 1)+ I,mid(0, (1—y), 1)]+CR—psS.

We have chosen to incorporate the mid function to ensure that the populations, when
input into the model, remain within biologically and realistically plausible ranges. While
adjusting # and y to simulate indistinguishable groups, a potential issue has become
apparent. If zy # 3, and a semi-dominance situation occurs, there is a possibility that the
replicator equation may generate unrealistic values, representing a population either
exceeding one hundred percent or falling below zero percent. An illustrative example of
such a scenario is when zy = 1 and y9 = 0.5, and the strategy with higher fitness is to act
normally. In this case, our asymptomatic population, y, converges to one due to the
strategy with higher fitness favoring normal behavior. Ideally, we would want our
asymptomatic population to mimic the susceptible population, promoting a shift towards
normal behavior. However, as © = g, when y increases and approaches one, x also
increases. Given that x¢y = 1, this would cause z to exceed one, resulting in a population
greater than one hundred percent. To address this potential flaw, when incorporating x
and y back into S, we use the mid function to constrain the values between zero and one.
For the remainder of the thesis, we will set xq = 3y which avoids this issue. However, to
maintain flexibility in the model, we still allow for the possibility of xq # .

Since the infection term is quite long and muddles the equation let,

U(S, Ig, I, 2,y) = [, Smid(0, z, 1)+ L,5mid(0, (1—x), 1)][/s+Lamid(0, y, 1)+xI4mid(0, (1—y), 1)],
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making our model into

S=A—|[U|+(¢R—pus
E=|V|-Z0E—-(1—-E8)0E —uk
Is=(1-E)0E —~Ig — puls — 615
fA:EaE—fy[A—uIA

R=n~Ig+ 14 —CR— uR

&= 2(1— 2) (=B + Bu) s + gz(l — )k + (mg — my)Is]

v =21 —=2)(=Pp + Ba)ls + 22(1 — 2)[k + (mq — my)Is]|.

By introducing the replicator equation, we have enabled susceptible and asymptomatic
infected individuals to make decisions that may help protect them from the virus. Now, let
us incorporate the ability for infected symptomatic individuals to make a choice as well.
Specifically, they can decide whether they want to quarantine or not. To do this, we will
introduce a new state variable and a new parameter. Let I represent the number of
individuals who are quarantined, and let ¢ be the percentage of individuals who have the
option to quarantine and choose to do so. Including these additions into the model will
allow us to track the population of individuals who voluntarily decide to quarantine
themselves, contributing to disease containment efforts. Since the individuals who choose
to quarantine will not be able to transmit the virus to others, they will not be part of the
infection term, W. However, since they are still symptomatic and still perceivable by the
population, they should be considered in the replicator equation. This consideration leads
us to introduce a new variable, T, which represents the total population of symptomatic

individuals and is defined as follows:

Y =I5+ I
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Since individuals in quarantine are symptomatic, they will also have a disease induced

death rate, ¢, changing A to

This changes our expanded SEIR model to

S=A—-U+CR—puS (3.2)

E=V—-Z0F —(1-2)0E — uE

Iy = (1-E)oE —|¢Is|— vIs — pls — 015

Iy =Z0F —~yl s — puly

jQ = ¢[S - ’}/IQ - ILLIQ - (S[Q

R=|7[Is+ 14+ Ig]|— CR— R
&= 2(1— 2)(—B + Bo) [ T] + §z<1 — )k + (ma — mp) Y]
= 21— 2) (=B + Bu) T ]+ §Z(1 — [k + (ma — ma) Y]

To simulate this base model with behavioral components, we pull the parameter values
used in the previous subsection and introduce the parameters utilized for the game theory

and quarantine compartments. We can see the values and their sources in the table below:

Symbol Source

Ba = £,(0.631) = 0.19397 Wang et al. [44]

k= 0.631 Wang et al. [44]
¢ = 0.262 Guillon and Kergall [19]
z(0) = y(0) = 0.43 Rab et al. [36]

Table 3.2: Behavior parameter values for Covid-19.

We will also be looking at the parameters o, m,,, m, and k, but since they are unknown

values corresponding to the sentiment of individuals at different times of the disease we will

provide a few simulations with different scenarios.
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Figure 3.2: Simulations of the model in equation (3.2) with parameters listed in the tables
above and « = 7 to signify a week before behavioral changes can occur, and m,, = 0.8, m, =

0.3 and k£ = 0.7. For the death toll graph we assume an initial population of N = 26446435

[1].

It is important to provide an interpretation of m,,, m,, and k, which represent the
behavioral effects on a scale. For example, when we specify k = 0.7, it signifies a social cost
of seven out of ten. In this context, a value of seven suggests a relatively significant social

cost, but it still allows for the possibility of a more severe scenario.
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Figure 3.3: Simulation of the model in equation (3.2) with the same parameters as previously

in Figure 3.2a except with £ = 0.1.

As illustrated, the population’s perception of the social cost associated with a virus can
exert a profound influence on the death toll. In Figure 3.2b, we observe a sharp spike in
daily deaths, peaking at around 2500, and summing to 159530 when the social cost is
perceived as a seven. However, in Figure 3.3b, the peak is significantly lower, reaching only
1100, and summing to 131920 when the social cost is perceived as a one out of ten. This
stark contrast underscores the remarkable impact that a shift in social perception can have
on outcomes. Notably, in the first simulation, more than half of the individuals who
succumbed to the virus might have survived solely through a shift in societal perception.
So far we have looked at game theory values, in which the population moves towards

normal behavior, next we will look at a scenario in which they move towards altered.
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Figure 3.4: Simulation of the model in equation (3.2) with the same parameters as previously

in Figure 3.2a except m,, = 0.9, m, = 0.2 and k£ = 0.001.

In Figure 3.4a we make the assumption that a person exhibiting normal behavior has
immense perceived risk, someone using altered behavior is at low perceived risk and the
social cost of altered behavior is incredibly small. Once again we have a decrease in peak
daily death toll compared to Figures 3.2b and 3.3b. In Figure 3.4b we have a peak death
toll of only 500 with total deaths at 67691. We can also see in Figure 3.4a that the overall
infected population drops to a quarter of that in Figure 3.2a from individuals choosing to

participate in disease avoidance strategies.

3.3 Adding Medical Intervention Component

In addition to the choices individuals can make regarding avoidance practices, we want
to introduce medical intervention into the model. To account for this, we will add a new
state variable, Iy, representing the population of individuals who require hospitalization.
We will also introduce a few more parameters to capture the relevant dynamics. First, we
introduce 7 as the ratio of individuals who become sick enough to require hospitalization.

It is essential to note that while we refer to this compartment as "hospitalized," it
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essentially represents a level of sickness that demands medical assistance. Next, we define
0y, as the death rate for individuals in the hospitalized compartment, where it is assumed
that o <, to represent the higher risk of mortality for those who are hospitalized.
Additionally, we assume that individuals in the hospital will receive constant care and
recover at a fixed rate, denoted as r [45]. This constant recovery rate is only active as long
as there are hospitalized individuals. Therefore, we can represent the recovery rate for the
hospitalized population, denoted h(Iy), as follows:

T’]H for IH S Hc
h(Ig) = min(rl,,rH,) =

rH, for Ig > H,
where H, is a maximal value representing the capacity of hospitals to handle patients. By
incorporating the new state variable Iy and these additional parameters, we can account
for the dynamics of hospitalization, recovery, and potentially increased mortality in the
model. This extension allows us to analyze the effects of varying levels of sickness and the
impact of hospital capacity on disease progression within the SEIR model framework, and

results in
S=A—U+(R—puS
E=V—-Z0F —(1-2)0E — uE

Is = (1-E)oE — ¢Is — |nls|— vIs — pls — 0I5

Iy =Z0F —~yl  — puly

jH = 77[5 —h(IH) _M[H_éh[H
jQ = ¢[S —")/IQ —IUIQ —(S[Q

R=n[Ig+Is+ Io] +|h(Ig)|— (R — uR

= 2(1— 2)(—By + Ba)T + gzu — )k + (ma — m) Y],

§ = 21— D) (By+ BT+ 21— 2+ (g —m) T,
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where T = Ig+ Iy + Ig and A = i+ 6(Is + Ig) + 0ply. As we consider the dynamics of
the expanded SEIR model, it becomes evident that vaccination can play a crucial role in
disease control and mitigation. While we have introduced a hospitalization compartment to
account for the severity of sickness and medical assistance required, we must also explore
the impact of vaccination on disease dynamics. Vaccines have proven to be powerful tools
in reducing infection rates, minimizing mortality, and potentially leading to disease
eradication. Let us now shift our focus to the incorporation of a vaccination compartment
and explore how vaccination strategies can shape the trajectory of the disease within the
model. To account for the impact of vaccination in the expanded SEIR model, we need to
introduce a vaccination compartment and incorporate several new parameters. Considering
this, we will add a new state variable, Sy, representing the population of individuals who
have been vaccinated. Incorporating vaccination dynamics requires the introduction of
additional parameters: the average rate at which the vaccine wears off, 8, and the infection
rate for those who have received the vaccine, (3,. It’s important to note that 3, should
satisfy the condition 0 < /3, < B, < 8, = . Next, we define (S) to represent the
vaccination rate, where the vaccination strategy is proportional to the number of
susceptible individuals, S, as long as S < S,, where S. is a critical value based on

maximum vaccine resources, and w is a rate of vaccination [43]. This results in

wS it <8,
Q(S) = min(wS,wS,) =
wS, if S>58,

With vaccination considered, the infection term for vaccinated individuals becomes more
complex. To handle this, and to follow the scheme for the non-vaccinated group, we

introduce the variable ¢ to represent this term concisely:
Y = B,Sy[Is + [4mid(0,y,1) + kI,mid(0, (1 —y), 1)].

By incorporating the vaccination compartment, along with these additional parameters and

equations, we can analyze the effects of vaccination on disease dynamics within the
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expanded SEIR model. This extension allows us to study the potential impact of
vaccination strategies, vaccine coverage, and the wear-off rate on disease transmission and

control. This will give us,

S=A—-VU+4+(R—|Q(S)+6S,|—puS (3.3)

Sy =[Q(S) —6S, —p — uSy
E=V+[¢|-Z0E—(1-Z)0E+¢ — pE

Is=(1—-2)0FE —~lg —nlg — ¢Ig — puls — dlg

In=E0F —~I4 — pla
Iy =nlg — h(Iy) — ply — 6ply
lo = ¢Is — vlg — plg — 61
R=(Is + La + Ig) + h(Ig) = CR — pR
= 2(1— 2)(—Bn + Bu)T + 52(1 — )k + (ma — m) ]

g =2(1—2)(—Ba+B)T + 52(1 — [k + (ma — mp) Y]

An important aspect of the vaccine that we need to account for is its ability to reduce the
disease induced death rate. To represent this impact, we will introduce a parameter d,,
such that 0 < ¢, <0 <, < 1. This parameter quantifies the effectiveness of the vaccine in
reducing mortality. To incorporate the vaccine’s effect on mortality, we need to introduce
new state variables: Ey, Iy, Igy, Igy, and D. These variables will represent the
population of individuals in different states related to vaccination and disease progression.

As a result of the new state variables, some of the previous equations will need adjustments:

T =1Is+Ig+Igy+Ig+Igv+Iv,
¥ = [3,Smid(0, z,1) + 8,5mid(0, (1 — z), 1)][Is + Lamid(0, y,1)
+ kl4mid(0, (1 —y), 1) + Iy,

= B,Su[ls + Tamid(0,y, 1) + k1,mid(0, (1 —y), 1) + Iy].
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Furthermore, we want the birth rate to be equal to the death rate to maintain a constant
population. Hence, we define A as:
A=uS+S,+E+E,+Is+1s+ 1o+ Igv+ Iy + Inyv + Iy + R
+0[Is + Iq] + 0nllny + xIuv] + &Iy + Igv],

where y represents a reduction in the death rate for individuals sick enough to be

hospitalized who also have the vaccine, resulting in xd, < dp,.

Remark 3.3.1. Before proceeding with the finalized model, we discuss an alternative
methodology for dealing with differing death rates as a result of vaccination. In the above
discussion, we described our chosen approach by splitting the exposed and infected terms
into two nearly identical groups with only state variable changes and a death rate
modification. However, we need to highlight an alternative option and explain why it was
not selected for this model. Below, we present two SVIR models, each utilizing a different
method:

S=A—BS] —wS+60V+CR—puS (3.4)

V==BVI+wS—0V—pV

I =BSI+B,VI—~I —pl —6I(1=V) = 5,1V

R=~I—-(R—puR

S=A—BSI —wS+60V+CR—puS (3.5)
V=-BVI+wS—0V—puV
Is = BST —~yIg — puls — 6l
Iy = B.VI =~ly — uly = 8,1y
R =n~Is+~Iy —CR — uR.
In both sets of equations, A represents all the death terms being added back into the system.

Additionally, in the second set of equations (3.5), we define I = Is + Iy,. As we can
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observe, the first set of equations (3.4) has one fewer state variable and handles differing
infection death rates by making them proportional to the vaccinated population. However,
the choice between the two options was influenced by the situation in which a vaccine is
introduced in theof an epidemic. We assume in the initial stages of an epidemic, there is no
vaccine available. When a vaccine is introduced, there will already be infected individuals
present. The concern with using (3.4) arises when vaccinations are allowed. The death rate
term 0,1V is activated immediately, even though not enough time has passed for the newly
vaccinated group to be infected. This issue becomes even more apparent when exposed terms
are added to the model. Upon considering this issue with (3.5), we find that once an
individual is vaccinated, they must be infected and in state Iy, before the term 6, is
activated. Therefore, it was decided that (3.5), with its capability to handle this particular

real-world scenario more accurately, was the option selected for this model.
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This will give us our finalized expanded SEIR model,

S=A—U+(CR—-QS)+0S,—uS
SV = Q(S) — 0S5, — ¢ — S,
E=V—-Z0FE—(1-2)0FE — uE
Ey = —Z0Fy — (1 —E)oFy — uby
Is=(1—-2)0FE —~Isg —nlg — ¢Ig — pnls — 6lg
IV =0 —=2)cEy —yly —nly — ¢Iy — puly — 6,1y
Iy =Z0[E+ BEy] — yI4 — ply
Iy =nlg — h(Iy) — ply — oply
Iy =nly — h(IHV) — pnIHV — x6,IHV
lo = ¢Is — vl — plg — 61g

Iov = ¢Iv — vlgv — pulgv — du1gv

R=~(Is+1a+Ig+Igv + Iv) + h(Ig) + h(Igy) — (R — pR

D=A
&= 2(1— 2)(—Bn + Bu)T + gz(l — )k + (ma — m)Y]

§ = 2(1 = 2)(=Bu + BT + L2l = 2)[k + (my —my)T]
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with secondary equations,

if S <S.
Q(S) = min(wS, wS.)

if §> S,

for Iy < H.
h(Ig) = min(riy,rH.)

for Iy > H,

:L‘( [A(t
( )+ IA( )
= [8,Smid(0, z, 1) + £,Smid(0, (1 — x), 1)]

2(t) =

X [Is 4+ I,mid(0,y,1) + k[amid(0, (1 — y), 1) + Iy]

Y = p,5,[Is + 1amid(0,y, 1) + kI4mid(0, (1

- y)? 1) + IV]'

A=plS+So+E+Ey+Is+1Iv+1a+ 1o+ Igv +1Ig+ Inv + R

+ (S[IS + [Q] + (Sh[[H + XIHV] + 5v[[V + [QV]

Tzfs+fv+[H—|—[Hv+IQ—|—IQv.
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Figure 3.5: Flow Diagram of Be-SEIMR

We will call the expanded SEIR model, the Be-SEIMR model. Where Be stands for
behavioral and M stands for medical intervention. In order to simulate the Be-SEIMR
model, we will split the simulations into two parts. First we only introduce the
hospitalization category, zeroing out any vaccination parameters, resulting in the following

table of parameters:
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Symbol Source

7 = 00049 CDC [15]

r =~ = 0.167504

H.=0.00152 Block et al.[6]

op = .2 Dorjee et al. [12]

Table 3.3: Hospitalization parameter values for Covid-19.

1 0.08 3000
S —F
08 —k 0.06 —_
06 ' 2500
0.04
0.4
0.2 002 2000
0 0 =
0 50 100 150 200 0 50 100 150 200 2
§ 1500 -
g x10° 4 a
4 0.8
2 06 500 ¢
0 0.4 0
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
t = [Days]
(a) Be-SEIMR model simulations. (b) Daily death toll with N = 26446435

Figure 3.6: Be-SEIMR simulations with m,, = 0.8, m, = 0.3 and k£ = 0.7.
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08 —Rl] o015 —_
06 '
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x10° 0.43
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0 0.42
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t = [Days]
(a) Be-SEIMR model simulations. (b) Daily death toll with N = 26446435

Figure 3.7: Be-SEIMR simulations with m,, = 0.9, m, = 0.2 and k£ = 0.001.
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Finally we introduce vaccination into the model. We have the following parameters and

their sources:

Symbol Source

By = Bn(1 —.635) = 0.13259793  Braeye et al.|§|

0 = (3)(3;) = 0.0053763 CDC [15]
w = 3098 — 0.000005116 CDC [15]
Se = srmo0aos = 0.00007442 CDC [15]
x =1-0.806 = 0.104 CDC [15]
b, = x(6) = 0.0208 CDC [15]

Table 3.4: Vaccination parameter values for Covid-19.

4 . s <108 4000 ‘ ‘ Dgath % per Day ‘
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2000 -
1
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3 —_—ly 06 R -y
0.8
fav 1000
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; 02 0.6 500 |
0 0 0.4 0
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t t t Days
(a) Be-SEIMR model simulations. (b) Daily death toll with N = 26446435.

Figure 3.8: Be-SEIMR model simulations with m,, = 0.8, m, = 0.3 and k£ = 0.7.
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(a) Be-SEIMR model simulations.
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Figure 3.9: Be-SEIMR model simulations with m,, = 0.9, m, = 0.2 and k£ = 0.001.

78



CHAPTER 4
ANALYSIS OF THE BE-SEIMR MODEL

4.1 Stability Analysis: Calculation of the Basic Reproduction Number

Here we will focus on determining the basic reproduction number for the Be-SEIMR
model. A complication arises in determining the DFE for this model. Differing from the
SEIR model and the other intermediate models found in the appendix, in this case, even
when all infected compartments are set to zero, there remains the potential for individuals
to transition between compartments S and Sy. The specific compartments in focus,

following the removal of all infected compartments, are as follows:

S=A—-Q(S)+6Sy —puS
Sy = Q(S) — Sy — uSy
Q(S) = min(wS, wS,)
A= pu(S+ Sy).

In order to find when these equations are in equilibrium, we need to find S, Sy such that

Q(S) — (04 1)Sy =0

A—=Q(S)+6Sy — uS =0.

Since our total population is constant we can assume S + Sy = 1 and therefore we only
have to solve when Q(S) — (6 + 1)Sy = 0 and then solve for S or Sy using the simpler

equation S + Sy = 1. We substitute Syy = 1 — S to give us the equation

QS)—O@+p)(1=5)=0=QS)+ O+ u)S=pu+0.
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Given the piecewise nature of 2(.5), we initially consider the scenario where S < S.. In this

context, we proceed to solve the equation for S, yielding:

w0

S+O+pwS=p+0=(wH+0+pS=p+0=5=—"———
wS + (0 +p)S = p (w 1S = p y

and therefore
w

1-S=8=——.
v w0+

So when i‘gf = 5 < S. we have a DFE of
w+0+p

'Iik = (E7E’U7157IV7]Aa -[Ha ]H\/,IQ,IQV,S, SV,R,ZL‘7:I/)

9
:<0,0,0,0,0,0,0,0,0, Pt w ,0,1,1).

WwHO0+p w+60+p

Subsequently, let us proceed to the second case, where S > S.. In this situation, Q(5)
takes on the value wS,.. With this understanding, we can now proceed to solve the equation

for V as follows:

wS,
S.— 0 +u)Sy =0= -0+ p)Sy = —wS, = Sy = =
W ( 1) Sy ( ) Sy w 1% )
and therefore
w+60—wS,
1-S5y=8S=————.
v w0

Then our DFE for when ’% =5>05,1is

.ZU; = (E7 E’Ua ]Sa IV) IA7 ]H7 ]HV; ]Q, ]QV, S, SV, R, Z, y)

0_
o, L0 = wde w5 ,0,1,1>.
p+0 w0

= (0,0,0,0,0,0,0,0,

Before advancing further in the process of determining Ry, it is crucial to establish that
these two cases are mutually exclusive and collectively exhaustive. In other words, there
should be no possibility of overlap between these cases, nor can they both be false
simultaneously. This ensures the consistency and validity of the subsequent analysis. We

need to show that the two equilibrium cases

w0

- =8 4.1
w60+ p o< 5 (4.1)
% —S>8, (4.2)
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are mutually exclusive. First we will look at equation (4.1). Since w,f € R U{0} and

peRT,
w0

— < < .
w+9+M_Sc:>,u~l—9_Sc(w~l—9+u)

Now if we take a look at equation (4.2), we have that

w460 —wS.

0 >S.=>pu+0—wS.>S(u+60)=pu+0>S(v+6+p).

Hence, it can be concluded that equation (4.1) and equation (4.2) are mutually exclusive
and furthermore, at least one of these equations must always hold true. The DFEs
represented by x] and z correspond to distinct real-world scenarios. The equilibrium z7 is
relevant when the initial susceptible population Sy < S.. This circumstance arises when a
vaccine has been present in a population for an extended period. Notably, due to the
relationship 1 — Sy = Sy, this configuration implies a larger proportion of the population
has been vaccinated. Conversely, the equilibrium z7 is relevant when a vaccine is relatively
new to a population or when vaccination has not been widespread. In the period
immediately preceding the vaccine’s release or during the introduction of the vaccine to a
new region, x; becomes the more plausible option to consider. This is due to the fact that
the majority of individuals would not have been vaccinated yet. On the other hand, x;
becomes more significant in a region that has remained unaffected by the virus, and where
preemptive vaccination has taken place. In such a scenario, allowing more time for people
to receive the vaccine results in a higher proportion of the population being vaccinated,
making z7 the more realistic equilibrium. Ultimately, the distinction between zj and
allows for a nuanced understanding of various vaccination scenarios within the context of
diseases like Covid-19. With the equilibrium points established for each scenario, we can
now progress to calculate R,.

Before proceeding with the calculation of Ry, it is imperative to acknowledge the
inherent nonsmooth characteristics of the Be-SEIMR model. In calculating Rq for a

compartmental epidemic model according to the methods by van den Driessche and
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Watmough [39], the equations governing all state variables are expected to be at least twice
continuous differentiable. In this context, the involvement of non-smooth mid and min
functions in the equations for S, Sy, Iy, Igyv, and R renders them unsuitable for
straightforward analysis. However, the nonsmooth min functions appearing in the
vaccination and hospitalization compartments are locally smooth at the DFEs found above,
since the DFEs are away from the nonsmooth points of these functions, and so remain
smooth under perturbations from the DFEs, which is a requirement for a stability analysis.
On the other hand, the mid functions present within ¥ and v, which are associated with
the behavioral compartments, do experience nonsmoothness at the DFEs. Because of this,
we proceed by setting x =y = 1, so that © = y = 0 and = and y are constants, for the
remainder of this section, indicating that all individuals are opting for normal behavior.
This corresponds to considering the SEIMR submodel of the full Be-SEIMR model, with
game theory components from the model removed. In this scenario, the right-hand side
functions of the submodel are all locally smooth (at least twice continuously differentiable)
at the DFEs. Hence, we consider perturbations to all state variables except for x and v,
which will remain constant and we may use the theory from van den Driessche and

Watmough [39].

i (c+m)E ] - 0
(o4+p)Ev 0
v (vHn+o+utd) s (1-E)oE
¢ (vHntotpty) Iy (1-S)oBy
0 . (y+m)Ia i
F— 1o V- — min(rlg,rHe)+(u+6p) g Vas nls
o |> min(rigy,rHe)+(p+x0n) gy |2 v
0 (y+ut6)Ig o
0 (vtptou)lov A+CR+0Sy
min(wS,wSe)+uS min(wS,wSe)
((9;;/2591; Ly(Is+Ia+Ig+Igv+Iv)+min(rig,rHe)+min(rigy,rHe)
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This results in

(o+m)E
(o+p)Ev
(v+n+o+p+d)Is—(1-E)oE
(y+ntétptdn) v —(1-E)o By
(y+u)Ia—Ec[E+Ev]
Yy — V+ _ .min(rIH,rHC)—i—(;H-(Sh)IH—nIs
min(rigy,rHe)+(pu+x0n)Iav—nlyv
(ytu+d)lg—els
(v+utoo)Igv —¢lv
min(wS,wSe)+puS—A—CR—0Sy
(6+p)Sy —min(wS,wSe)
| ((+p)R—y(Is+Ia+I1g+Igy+Iv)—min(rig,rHe)—min(rigy,rHe) |

Upon obtaining these results, the subsequent step involves calculating the Jacobians,
evaluating them at the DFE, and subsequently deriving F' and V. Since we are fixing
r =y =1, 2 and y will be set to 0, thus keeping their values in equilibrium. Similar to

previous steps, our approach involves calculating the Jacobian matrices for both F and V.

JxF

0 0 BnS BnS ﬁnS 01,9
= 0 0 5@511 5@51) ﬁvsv 01,9
Os1 0Og1 0g1 Osy  0g;1 Ogyo

JV
- otp 0 0 0 0 0 0 0 0 0 0 0 00-
0 otp 0 0 0 0 0 0 0 0 0 0 00
—(1-2)o 0 Y+n+¢+p+o 0 0 0 0 0 0 0 0 0 00
0 —(1-B)o 0 YH+n+d+u+d, 0 0 0 0 0 0 0 0 00
—Eo —Eo 0 0 y+u 0 0 0 0 0 0 0 00
_ 0 0 —n 0 0 p+dp+r 0 0 0 0 0 0 00
- 0 0 0 —n 0 0  putxdpt+r O 0 0 0 0 00
0 0 —¢ 0 0 0 0 ytuts 0 0 0 0 00
0 0 0 —¢ 0 0 0 0 ~+p+d, 0O 0O 0 00
—p —p —p—6 —p—0y —p —p—=0p —p—x0, —p—0 —p—dy w -6 —C 00
0 0 0 0 0 0 0 0 0 —wptd 0 00
L 0 — — — —r —r — —y 0 0 ¢+p00d
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Then we can plug in both equilibrium and reduce the Jacobians down to the 9 x 9 top left

corner to obtain:

r Bn(p+60) Bn(u+6) Bn(p+6)
00 utl+9+u <:L+9+u tj+9+u 0000
B B B
00 w+7lj9‘iu w+léiu w-&iu 0000
00 0 0 0 0
F(z})= |00 0 0 0 0000 |,F(x)
00 0 0 0 0000 9
00 0 0 0 0000
00 O 0 0 0000
00 0 0 0 0000
Lo0 0 0 0 0000
* _ *
V(ap) = V(zy)
o+ 0 0 0 0
0 o+p 0 0 0
—(1-B)o 0 YA+ p+puts 0 0
0 —(1-E)o 0 Y+n+o+pu+éy, 0
= —Eo —Eo 0 0 Y+u
0 0 —n 0 0
0 0 0 —n 0
0 0 - 0 0
| o 0 0 —¢ 0
Then we also can find V1,
i 1 0 0
a
0 1 0
(1-E)c 1
ab 0_ b
0 (1=8)r 0
=1 —1( cEm) exy 0
— — a(y+p a(y+p
Ve = Vi) = | ’
ab(u+5h+r) b(u+5h+r)
0 (1-E)on 0
ac(ptxdp+7)
(1-2)oo 0 )
ab(v+p+9) b(y+p+9)
0 (1-E)od 0
L ac(y+p+dv)

with the following,

a=oc+p,  b=v+n+o+u+i,

We can also find,

FV 7 ai)

00 ﬁn(#:i;wsc) ﬁn(#:ggwsc) ﬂn(#:i;wsc) 0000

+
00 BywSe BvwSe BywSe
n+6 pnto nto
0 0 0 0
00 0 0 0
00 0 0 0
00 0 0 0
00 0 0 0
00 0 0 0
00 0 0 0
0 0 0 0 T
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
putop+r 0 0 0
0 pAxOR+T 0 0
0 0 Y4+p+6 0
0 0 0 Y+p+6y
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
1
0 P 0 0 0
1
0 0 ez e 0
— 1 0 0o —t—
c(u+xdp+r) utxSp+r
1
)
ey 00 0 0

C=7+N+o+ pu+o

1 (o+u)d

= _w + 8 + l,L (o+p)b

Bnd(1*5)0+ BndEc Bnd(1-E)o + Bnd=Ec Bnd Bnd Bnd
(c+w)(v+p) (e+p)(vn+é+u+oy) * (o+u)(v+r) Y+Hn+é+u+s v+nto+utdy v+p
ﬂvw(1_5)5+ BywEa Bow(1—=E)o + BywEa Byw Byw Byw
(o+p)(v+u) (o+p)(y+n+éd+p+ov) ' (o+p)(v+u) v+nto+p+d y+nt+édt+pt+oy vy+p

07,1 07,1 07,1 07,1 07,1
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with the following,

b=v4+n+¢+pn+0, d=p+0.

We can also find,

—1 *
FV=(z)
ﬁng(1—5)0+ BngEc Bng(1-E)c BngEc Bng Bng Bng g
1 (o+u)b (o+m)(v+r) (o+n)e (o+m)(v+u)  ytnt+é+puts c EESTERGE
= — ,B»UwSC(le)cr+ BywScEa vaSc(le)o+ BywSecEo BywSe BywSe BywSe 014
1w+ 0 (o+m)d (o+1)(v+r) (o+m)c (c+m)(v+tu) Y+tntétuts ¢ e J
071 07,1 07,1 071 071 O74

with the following,
b=v+n+toét+pu+td, c=y+tntotpto, g=p+b—-wSs

Since F'V~!(zf) and FV~'(x}) are not upper triangular we need to find the eigenvalues.

To make things easier we will generalize both FV~!(z}) and FV~'(z}) as

(o b cde 0000

f g h i
0000

0

<
]
]
]

0

(@]
(@]
[a]
(e]

00000O00O00O0O0

where a through j are placeholders. Utilizing the placeholder values we get the
characteristic polynomial:

~A(ag —aX —bf —gA+\?).
We can see that when we set this to zero, we have that A = 0, with algebraic multiplicity

seven, or

ag—aX—bf —gA+ X2 =0= X2 = (g+a)\+ (ag — bf) = 0.
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From here we can solve with the quadratic equation, giving us

(9 +a) £ /(g +a)* —4(ag —bf)
a+gi\/gZ+2ig—|—a2—4ag—l—4bf
a+gj:\/92+a22—2ag+4bf
2
a+g+./(g—a)?+4bf
5 .

A:

We can then take the spectral radius

_atg+/(g—a)+4bf
2

_atg+/(g—a)*+4bf
2 )

p(FV ™ (a]))

p(FV ™ (zy))

where for z; we have that

_ ﬁn(,u + 9)(1 — E)O ﬁn(,u + Q)EU
(c+w)y+n+o+p+0) (o4 pu)(y+p)
_ ﬁn(ﬂ+0)<1 _E)J ﬁn<ﬂ+‘9)50
(c+mw)y+n+o+p+d,)  (o+p)(y+p
e Bow(l — Z)o N BowZo
(c+mw)y+n+o+p+d)  (o+u(y+p
Bow(l = E)o BywZEc

(C+w)(y+n+o+p+0y) " (0 4+ pm)(y+p)’

g:

and for zj the placeholders as,

a = 5n(ﬂ+9—w50)(1—5)g /Bn(,u-l—@—aJSc)Ea
(c+m)(y+n+oé+p+o) (04 ) (v + p)

_ Balut0-wS)(1-E)o | Balu+0—wS.)Z0
(0 +m)(y+n+¢+p+d,) 0+ 1)y + p)

BowSe(l — =)o BowS.Z0o
(c+wy+n+té+pu+o)  (o+p)(y+p
BowSe(1 — E)o BowS.Zo

(c+my+n+od+p+d)  (o+p)(y+u)
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(a) In this figure Ry = 5.8290. (b) In this figure R = 0.2432.

Figure 4.1: Simulations of the SEIMR model with varying Ry given z;.
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t [Days] t[Days]
(a) In this figure Ry = 5.2976. (b) In this figure Ry = 0.4217.

Figure 4.2: Simulations of the SEIMR model with varying Ro given z;.

In Figures 4.1a and 4.1b, £2=25% ~ G and in Figures 4.2a and 4.2b, £f—wSe < g
0 u+o
Further in Figure 4.1a, we have that 5, =5, 8, =2, = 0.005, 0 = 0.2, == 0.2, 0 = 0.02,
v=0.03,7=0.2, ¢ =0.3, 6 =0.006, w =0.4 and S. = 0.1. In Figure 4.1b, we have that
Bn=0.5,6,=02, 4=0.001,0 =05, ==0.2,0=0.5v=0.5n1n=0.1, ¢p =0.3,
= 0.005, w = 0.4 and S. = 0.5. In Figure 4.2a, we have that 5, =5, 8, = 2, u = 0.005,
0=002=Z=02,0=0.02,vy=0.03,n=0.2, » =0.3, 0 = 0.006, w =04 and S. = 0.5. In

Figure 4.2b, 8, = 0.5, 8, = 0.2, = 0.001, 8 = 0.5, = 0.2, 0 = 0.5, v = 0.5, n = 0.1,
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¢ =0.3,5 =0.005, w=0.4 and S. = 0.7. As expected the disease dies out when R < 1

and persists when Ry > 1.

4.2 Sensitivity Analysis: Derivation of the Sensitivity Equations

We will now embark on the sensitivity analysis to ascertain the parameters that wield
the greatest influence within the Be-SEIMR model in equation (3.6). We will designate the
reference parameters as follows:

p* = (/8:’;’ /8();’ ﬁ’:? 0*7 0-*7 E>k7 /r’*’ ¢*7 7*a g*7 w*7 /r*7 k*’ mz? m:’;? 86(7 ES? xz;? y:)()' (4'3)
Additionally, we will consider the following to be constants:

C= (’%7 1,y 57 5ha 51}7 X P, & Hca ch SV07 EV07 1507 [V07 [A0> [H07 [HV07 [Q07 [QVO7 RO) (44)

We also define,

X = (S, Sv, E, Ev, Is, Iv,IA,IH,IHv, IQ, IQv, R,l’,y),

f=(fi,fo, f3,. .., fas, fra).

Where f is the right-hand side. We also choose directions matrix

miqp -0 Mig
M — : : € RI9X19.
mig1 -+ M19,19
Given the presence of a total of 14 compartments in the Be-SEIMR model, we highlight the
derivation of sensitivity equations associated with five. The remaining nine compartments
require similar calculations; however, their details will be provided in the appendix. Let us

commence by examining the susceptibility compartment, denoted as S. We will choose

S = OS(pax) + WS(p7X)
Os(p,x) = A+ 0Sy + R — 1S,

WS(pax) =-Q-U
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Here, Og represents the collection of smooth functions in the compartment S, while Wg
represents the non-differentiable, nonsmooth functions. Given the smooth nature of Og,

the calculation of directional derivatives becomes straightforward:

M
Og'(p*v X*; (M7 SX)) - JOS(p*7 X*)
Sx
M
= |p0s(p",x*) | JLO(p*,x")
Sx
M
= [013 S 015 R* 01,9 | O p+0" p pp pt6 p40o o ptdn ptSnx p+6 p+ds ptC* 00 ]
Sx

T
Syma R mio 1+ (k) Sgn +u(SE+SEL +S77)+(ut8)(S7r+577)

S5 ma o+ R mio, o (ut07)Sg? +u(Sp +SE +579)+(ut6) (575 +57%)

* * Y o y y Y Yy

S¥ma,19+R*mio,10+(pu+0 )Ss?/+M(SE0+SEQ,+Szﬁ)+(u+5)(51§+szg)
B B 8 B wyabnq T

(u+5v)(513+515v)+(u+5h)(51§+x51§‘,)+(u+4 )SE"

N (kt60) (ST 4575 )+ (ut0n) (ST +xST8 )+ () S

(+60)(SPO+ST )+t 6n) (ST X1 )+ (uH¢*) S
In the case of W, our approach involves deriving LD-derivatives of €2 and ¥
individually and, subsequently combining them to yield the final result for the nonsmooth

sensitivity equation. Let us initiate by examining the LD-derivative of (2.

Q'(p*,x*; (M, Sx)) = slmin([w*S* Jpw*S*™M + Jxw*S*S«], [w*Sc Jpw*ScM + Jxw*S:Sx])

= slmin([w*S* SM,, + w*Sg], [w*S. ScM,,])

_ 4T - .
w*S* w*S.
) S*mai + w*S§ Semai
= slmin _ ,
Yo
Smiy 19 + w*SY Semii 19
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As V¥ involves a substantial sum of terms, we break it down into the following components:
U = IgB,SMy + IaM,B,SMy + IaM,y_y 3, SMy + Iy 3,SM,
+ IsBaSMi_y + IaMyB,SMy_y + KIaAMy_yB,SMy_y + Iy B SMi_y = i ;.
i=1
where

Uy = I53,SM,

Wy = I, M, 53,5 M,

Wy = kI, My, B,SM,
U, = IyB,SM,

Vs =I5B, 5 M1

Ve = TaMyBaSM;

Uy = KIAMi_yB,SMi_,

\118 = ]VﬁaSMl—x
To simplify things, we will utilize shorthand notation, where ¥, = V!(p, x; (M, Sx)).

Uy = I156:S"M,

= U =TYBES* M, + IL6S* M, + I[85 M, + 15355 M.,

023,1 019,1
I58* M,
= |B*S*M, | Sx + M+ |\ I:8:M, | Ss+
0321
09,1 0131

Igﬁ;S*Slmid([Omo]a [X*v Sx]a [1; 01,19])
B T
BES M, Sy + 15S* Mymaq + I58: M, Se"

B S M, SY + 158" Mymy 1 + 1555 M,S%

158, S slmid([01 20], [x*, SxJ, [1, 01,19])

90



We also have that
Uy, = I3 M,3,S*M,
S Wy = Ty M, BLS* M, + ML BLS™ M, + M, B8 My + Ty M, 88" M, + Iy M, 555" M,

025,1

= Myﬂ:;S*Mx Sx + ]ZB:LS*MCCSlmld([OL?O]? [y*u SyL [17 01,19})—’_

071
0191
I% M, S* M, o )
M + | %M, 3: M, | Sx + I3 M, 35S slmid([04 5], [x*, Sy], [1, 01,10])

0321

013,1
T
I M, S*Mymy y + T3 M, B M, Se" + M, 35S* M, Sy

[4M,S* Mymiy 1o + I3 My 8: M, S + M, 5:.5% M, 5%

IZMyB:LS*SlmidQOLQ()], [X*, SX], [1, 01’19]) + IRﬁZS*MXSImid([OMO], [y*, Sy], []., 01719]).
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We also have that

\Ijg = HI:Zleyﬂ:LS*Mz

= Uj
= rl}M,_,3;S* M, + ra[}}M{fyﬁ;:S*Mw + KMy _y B S* M, + kI3 My B5S™ M, +
kIZ M, 55S* M,

0251
= | kM, _,B:S* M, | Sx + KI33,5" M,slmid([0120], [1 — ¥*, =Sy, [1, 01,19]) +

071

019,1
KIZ M, _yS* M, i i ‘ .
M + kI3 M _y B M, Ss + RIAleyﬂnSShnld([OlQO]a x*, 84, [1, 01,19])

0321
0131

T
KI5 M,y S* Myma g + KI5 My B85 M, SG + M, 35S M,S},

H[ZleyS*Mmleg -+ Iﬂ?[lefyB:LMngo + fﬂ?leyﬁ;S*MwSIyz
HIZﬁ;S*MxSImid([OLQO], [1 — y*, —Sy], [1, 01719])4—

KJIZMl_yB:LS*Slmid([01720], [X*7 SX], [1, 01719])

Following the illustration of the process for the initial three ¥; terms, we will streamline

the presentation by omitting the intermediary steps and proceeding directly to the
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conclusions. The outcome is as follows:

v, =

IsB,

and

*
kI

*
kI

v, =

B T
I5:S* Mymyy + I B M, S5 + B2S*M,SY,

+ I‘tﬁ;S*slmld([Ong], [X*, SX], [1, 01719])

B T
IES*My_ymoy + I5B: My oSS + BS*Mi_,SY,

158 My _ymaqg + 1585 My Sg + B;.S* My, ST;

*S*Slmid({OLQO], []- - X*7 _SX]7 []-7 01719])

IiMyS*My_ymay + TiM, B My, S5" + M, BiS* My _,Si"

IZMyS*MI—me,IS) + IZMyﬂz;Ml—mSg'o + MyB:S*Ml—mS}!Z

;S*Ml_xslmid([ﬂm], [y*, Sy], [1, 01719]) -+ IZMyB;S*Slmid([OLQO], [1 — X*, —SX], [1, 01719])
— T
kI3 My S*My_ymay + LMy BNy, Se™ + KMy B5S* My, Sy

HIZMl_yS*Ml_meJQ + R]ZMl—yﬁle—zSg‘O + RMl—yBZS*Ml—;vS?[Jj
BaS™ My —pslmid([01,20], [1 — ¥*, =Sy, [1, 01,19])+

Ml—y5;S*Slmid([01,20]7 [1 - X, _SX]7 [1, 01,19])
T
[ S* Mi_ymay + I3 B My, S + BES* My, STy

Iy S* My _ymoqg + Iy BiM_ S + BES* My_ STy

I‘*/ﬁ;S*slmid([Omo], [1 — X*7 —SX], [1, 01719]).
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Hence, with the LD-derivatives for all the W} terms completed, we can consolidate them by

summing them together to obtain:
U= W) 4+ W, + Wl + W) + UL+ Ug + U2+ U,
With that we can now write
Ss =04 +W,=05-Q - V.

Moving forward, our focus shifts to examining the compartment Is. Notably, the right

hand side function is smooth:
Is=(1—=E2)oF —~Is—nls — ¢Ig — pls — 01,

Given its smooth nature, the LD-derivative for this compartment can be readily derived as

follows:

Is(p™,x"; (M, Sx))

M

= Jp]S<p*7X*) | JXIS(p*7X*) S

04,1 17
(1-2*)E*
—c*E*

s
2 M
0101

0 Sx

(1-=*)o*

0
—(V N +¢" +nu+0)
09,1

(1—5*)E*m5,1—0*E*m671—Is(m771+m3,1+m971)+(1—E*)a*Sg—(’y*—i—n*-l—(j)*—i—u—&-&)sg

(1-E*)E*ms,10—0* E*mg,19—Is (m7,19+ms 19+ me,10)+(1—E*)o* S50 *(7*+n*+¢*+u+5)5?2.

Continuing our analysis, we now delve into the recovered category:

R = ’7([5 -+ [A -+ IQ + ]QV -+ Iv) -+ h(IH) -+ h(]HV> — CR — ,uR = OR(p,X) + WR<p,X).
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Similarly, we proceed to express this as a sum of a smooth and a nonsmooth function:

Or(p,x) =v(Us + Ia+ Ig + Igv + Iv) — (R — pR
Wr(p,x) = h(lx) + h(Inav).
Regarding the smooth portion, we find the following;:

ORr(p",x7; (M, Sx))

M
— * * * *
- JpOR(p , X ) | JXO(p » X )
Sx
M
= [O18 IEHIA+IG+HGy+1 —R* 09,1 | 041 v* 4 7" 004 4 —C*=pn 0 0]
Sx
* * * * * * * /8 B B B 6 * B
IS+ IR+ GGy +IV )mea— R mio 47" (Sy +87, 87, +57,+57, ) +(=C"—n)Sy

(I:;-i-[j‘—i-lé-l—lav+I‘*/)m9,19—R*m10,19+7*(57;2 +S'1;‘0/ +S?;2 +S?;g +S?2)V)+(—C*—M)Sﬁo

As for the first nonsmooth part, specifically h(Iy), the expression is as follows:
h(Ig) = slmin([r* I Jpr TiM + Jer TSy, [f*He Jpr*HeM + Jer*H S4])
= slmin([r*Ij; [01.11, I, 01 7]M + [01.7, 1™, 01,6)Sx], [f"Hc [01.11, He, 01 7]M + 0S4])
= slmin([r*I}; Tmia 1 + r*SIﬁH e Imygg + r*Sﬁ)]T, [*He Homyg -+ Hemyogo] ™).

Moving on to the second nonsmooth component, namely h(Igy ), the expression is as

follows:

h(Igv)
= slmin([r* Iy Jpr ITM + Jxr*I5,Sy], [r"He Jpr"HeM + Jxr*H Sy])
= slmin([r" Iy (01,11, Iy, 01,7]M + [018,1%, 01 5]Sx], [t"He [01,11, He, 01 7]M + 0Sy4])

B

* *qyo 1T * T
Inv Ivam,l +1*S ] 7[T H. Hcm12,1 Hcm12,19] )

In conclusion, we can express the sensitivity equation for the nonsmooth part of R as
follows:

Wg(p*,x"; (M, Sx)) = h(Iu)" + h(Igv)"
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Upon combining the smooth and nonsmooth components, the resultant equation becomes:

_ . *Tk Tk *qf * *qyo]T * T
SR = slmln([r IH IHIIl1271 +r SIH s IHmng +r SIH] s [I' HC Hcmu’l s Hcmlzlg] )
. ® Tk Tk *Qf * x*QYo 1T [.*x T
+ slmln([r IH IHVm12,1 +r SIHV R Iva12,1 —+r SIHV] s [I‘ HC HCH]1271 o Hcm12719] )
K TR TR | Tk * * *(qB B B B B * B
T+ H GGy +15)me 1 — R mao, 1+ (S,S+SIV+S,A+SIQ+S,QV)+(7c —p)Sy
+ :

(IE-HZ+15+Iav+f‘*/)m9,19—R*m1o,19+’Y*(S?g—l-S}lg+S?2+S?g+5?gv)+(—C*—#)Sﬁo
Proceeding further, we turn our attention to the sensitivities for  and y. Given the
relationship @ = g, we are afforded the opportunity to derive the sensitivity equations for

these variables concurrently. Recall
&= 2(1— 2) (=P + Bu)T + gz(l — 2k + (mg — my)Y]

where

2()S(t) +y() La(t)
S(t)+1a(t)

Y=Is+Iy+1Ig+Igv+I1og+ Iogv,2(t) =

Fortunately, the smooth right hand side function simplifies the solving process:

fis(p*,x"; (M, Sx))

r M
= pr13<P*,X*) | folS(p*7X*) S

0/4,1]

N . . . . . . 2(w*S*+I* y*)Q * 2w*<w*s*+1* y*)fz*s*ff* y*

(g(T (ma_mn)+k )+T (/Ba_ﬁn))( (S*+I§)3 +S*+[2_ (sﬁ+[:§>2 4

03,1

(L (mg—my)—Br+82)(2*)(1—2%) M

= (L (mg—my)—B5+82)(2*)(1—2%)

* ok kK2 w Kook ok | Tk KNk ok pk ok
(200" (mg =i )4+ (B~ 83) (g by gt — S At o o Ay Sx

(5¥41%)3 +s*+12_ (S+14)2
(& (mg—m3)—Br+B85)(z")(1—-2")
—Ba+83)(z")(1-27)
)
)

3
3

— — —

Kk
a n

(= )(
—m ) =B +B8%)(z%)(1—2%)
—Br+B4)(z")(1—2%)
0

(0 (m =)k )T (33 ~50) (5257

—_~ o~ —~
QR R
EEREl
Q% Q%
S* 3%

—m.

25*(S*x+12y*))
* 12
(S*+17)
212(S*z+12y*))
(8*+1%)2 _

—
o))

—
Qe

(" (mg =) +h* )T (8~ 82) (5o )
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Concerning the initial values of the sensitivity system, S(0), the initial function of the

Be-SEIMR model is:

fO(p) = (SOa Oa EO? Oa 07 07 07 Oa 07 07 07 Oa Zo, yO)

Hence, it follows that:

r000000000000000100017 r 76,1 17016,19
0000000000000000100 miz,1 o MiT,19
0000000000000000000 0 0
0000000000000000000 0 0
0000000000000000000 0 0
sonoatabatntatty by b
*- — * R—

ﬂ(p,h&)—-Jﬁ(p)hd—- 0000000000000000000 0 0
0000000000000000000 0 0
0000000000000000000 0 0
0000000000000000000 0 0
0000000000000000000 0 - 0
0000000000000000010 mig,1 - ™M18,19
L 000000000000000000 1 L mig1 - mig 19 -

4.3 Local Sensitivity Analysis

In order to implement the sensitivity system and produce simulations, we used Matlab’s
oded5 to simulate the model and coded the necessary nonsmooth functions, slmin and
slmid. As seen in equation (4.3), we have 3,,,54,0,, 0, 0, Z, 1, &, 7, (, w, T, k, Mg, My, So,
Ey, zo and yo as parameters and in equation (4.4) we have &, u, 8, op, 6y, X, p, &, He, Se,
Svo, Evo, Iso, Ivo, Lao, Iro, Lavo, Igo, Igvo and Ry as constants. Our simulations utilized

the reference parameters

p*:(/B’jL?ﬂ:?ﬁ:?e*?O_*?E*? *7¢*77*7C*7W*7r*7k‘*7m27m;7SS? g?x37y8)
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where

B = 0.363282 B = 0.19397

B = 0.13259793 0" = 0.0053763
o* =0.196078 = =0.8787

n* = 0.0049 " = 0.262

v* = 0.167504 ¢* =0.00273973
w* = 0.000005116 r* = 0.167504
m, = 0.9 m,, = 0.2

k* = 0.001 So =0.8

E; =02 zh =043

Yo = 0.43

We also used the directions matrix M = I;9 as well as constant values:

6 = 0.01017576 0, = 0.0208
0 =02 x = 0.104
p=1 a=7T
H, =0.00152 k= 0.631
Se = 0.00007442 w1 = 0.0000391389

We conduct simulations to assess the sensitivities of the fourteen state variables,
considering the specified p* and constant values. The total area under each curve provides

the primary measure of the sensitivity of the state variables to the reference parameter.
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Figure 4.3: Simulations of the lexicographic sensitivity functions for the susceptible

compartments.
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Figure 4.4: Simulations of the lexicographic sensitivity functions for the exposed

compartments.
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Figure 4.5: Simulations of the lexicographic sensitivity functions for the symptomatic

infected compartments.
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Figure 4.7: Simulations of the lexicographic sensitivity functions for the quarantined infected

compartments.
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Figure 4.9: Simulations of the lexicographic sensitivity functions for the game theory

compartments.

We further employed bar graphs to provide a succinct and easily interpretable

representation of the overall sensitivity. In these bar graphs, the height of each bar,

denoted as h, is determined by the integral h(p, k) = ftzf |S¥(t)|dt, where p corresponds to a

chosen parameter for analysis, k represents a state variable, and ¢, = 0 and t; = 200 are
the time limits, all with respect to the reference parameter p*.
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(a) Graphs of h for S, Sy, and R.

(b) Graphs of h for E and Ey.

Figure 4.10: Graphs of h(p, k) for different variables and all parameters.
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(a) Graphs of h for Ig, 14, Iy and Ig.
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Figure 4.11: Graphs of h(p, k) for different variables and all parameters.

(a) Graphs of h for z and y.

Figure 4.12: Graphs of h(p, k) for different variables.
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Figure 4.13: Graph of h(p) = 372, ti)f |SP(t)|dt for all parameters.

We can see from Figure 4.13 that ( is by far the most influential parameter. As seen in
figures 3.8a and 3.9a, the disease appears to die out due to the population remaining in the
recovered compartment for a lengthy period of time. Since ( is the reciprocal of the
average waning immunity period, or the average length of time that individuals are
naturally immune, it makes sense that altering that value would potentially cause dramatic

changes. However, due to a low Ry it could still die out after an extended period of time.

4.4 Semi-Local Sensitivity Analysis: Exploring Different Behavioral and

Medical Intervention Scenarios

Even though we pulled from real world values, as seen with reference parameters (4.3),
to simulate the parameter sensitivities of the Be-SEIMR model, we want to explore

alternative situations to see how the sensitivities may change.
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Figure 4.14: Parameter influence levels given the reference parameters from Acuna-Zegarra
[1]. These parameters are 3% = 0.363282, o* = 0.196078, v* = 0.167504, ¢* = 0.00273973
and =* = 0.8787. We also have two additional reference parameters Sj = 0.8 and Ej = 0.2

and constants § = 0.01017576 and p = 0.0000391389.

All other reference parameters are set to zero to “turn them off” in the simulation but
to still allow us to see how sensitive they are at zero. As we progress further and add back
in other parameters, we will assume all other reference parameters are zero unless stated
otherwise. Once again, ( is by far the most influential parameter. As depicted in Figure
4.15, the majority of the population transitions to the recovered category, conferring

immunity on the majority.
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Figure 4.15: Graphs of h(p) = Y7, tif |ST(t)|dt with the parameters given in Figure 4.14.

Since ¢* = 0.00273973 means that the average waning immunity period is a year,

m = 365, individuals remain in the compartment for a relatively long period of time.

If we were to change ¢ to a shorter period of time, we may find the sensitivities to be

1

30 = 0.333333, we see some drastic

different. Changing ¢ from a year to a month, (* =

changes in the sensitivity bar graphs, as seen in figure 4.16.
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Figure 4.16: Parameter influence levels given by B(p), with the same reference parameters

as Figure 4.14 but with an increased ( value.

We can easily see in figure 4.16 that even though ( is still is the most influential, the
differences between ( and the other parameters is much smaller than in Figure 4.14, where
¢ went from 30000 to 9000. This change can also be seen in Figure 4.17, where the

recovered compartment no longer consists of the majority of the population.
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Figure 4.17: Be-SEIMR simulations to accompany Figure 4.16.

For more comprehensive comparisons, we will adopt the modified one-month ( as it
facilitates a clearer range of values. In Figure 4.13, we identify the following parameters as
the next most influential after ¢: k, m,, and m,,. To further investigate their impact, we
will incorporate these parameters, along with 3,, o and p, into our model. In addition, we
will initialize the state variables xq and y with values of 0.43. We also will set
Br =0.19397, k = 0.631, @ = 7 and p = 1, while allowing us to vary m, m;, and k*. This
variation will enable us to explore how changes in these parameters affect the sensitivity

graphs.
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Figure 4.18: Parameter influence levels given by iz(p), with m,, = 0.7, m, = 0.3 and k = 0.1.
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Figure 4.19: Parameter influence levels given by ﬁ(p), with m,, = 0.7, m, = 0.3 and k£ = 0.5.
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Figure 4.20: Parameter influence levels given by h(p), with m,, = 0.7, m, = 0.3 and k = 0.9.

Comparing Figure 4.18, Figure 4.19, and Figure 4.20, we observe striking differences
among them. When £ is set to a lower value, ( remains the most influential parameter,
albeit with a reduced sensitivity magnitude, dropping to approximately 6000. In this
scenario, k, m,, and m, exhibit significant influence compared to other parameters.
However, as we increase the value of k, all parameters experience a substantial increase in
magnitude. In relative terms, when k reaches 0.9, as shown in Figure 4.20, the parameters
spike dramatically. The parametric sensitivity of ¢ reaches nearly 2 x 101°, and
interestingly, k£, m,,, and m, become the least influential among the nonzero parameters in
this particular context. Now if we lock &k = 0.5 and modify m,, and m,, we can get different
results. If we change m,, or m,, the bar graphs look nearly identical to Figure 4.19. As
seen in Figure 4.21, Figure 4.22, and Figure 4.23, Ig and 4 are incredibly small. Therefore
since the difference of m,, and m, is multiplied by T, their impact on the overall model is

much smaller than £ and the sensitivities will change much more due to k& than m, or m,,.
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Figure 4.21: Be-SEIMR simulations with m,, = 0.7, m, = 0.3 and k = 0.1.
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Figure 4.22: Be-SEIMR simulations with m,, = 0.7, m, = 0.3 and k = 0.5.
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Figure 4.23: Be-SEIMR simulations with m,, = 0.7, m, = 0.3 and k£ = 0.9.

Going forward we will be assuming £* = 0.1, m;, = 0.7 and m = 0.3. Now we would
like to reintroduce the rest of the parameters, as they deal with some form of medical
intervention. We let 3 = 0.13259793, x = 0.104, 9,, = 0.0208, d;, = 0.2, ¢* = 0.262 and
r* = 0.167504. We also change n* = 0.1 for a more populated hospitalized population. This
leaves us with H., S., 0* and w* as parameters to alter and see the results.

First we look towards a situation with low medical intervention. We have a max
hospitalization capacity and vaccine distribution of 0.001, or 0.1% of the population, a
vaccination rate of w* = 0.01, 100 people per day, and a vaccine waning immunity rate of
0* = 0.01667, 60 days. Once again we see a large spike in sensitivity values, Figure 4.24,
where the most influential parameter, ¢, is nearly at 7 x 10°. For the most part, the
sensitivities look similar to previous simulations qualitatively.

When we increase medical interventions, as exemplified in Figure 4.25, a significant
transformation becomes evident in the other sensitivity simulations. With the specific

values of w* = 0.1, #* = 0.0083, S. = 0.1, and H. = 0.1, not only does the scale of influence
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(a) Model simulations. (b) Parameter influence levels.

Figure 4.24: Parameter influence levels h(p), with low medical intervention values where
w=10.01, § = 0.01667, S, = 0.001, H, = 0.001.
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Figure 4.25: Parameter influence levels h(p), with low medical intervention values where
w=0.1,0 =0.0083, S. = 0.1, H. = 0.1.

increase once more, with the most influential parameter surging to 12 x 10® sensitivity
value, but the ranking of influential parameters also undergoes a noteworthy shift. In this
context,  emerges as the overwhelmingly predominant parameter, with Sy trailing behind
at approximately one-sixth of #’s magnitude. We now reduce 6 back to the previous value

of 0.01667 and further raise S., H. and w to see if that reduces the significance of 6.
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Figure 4.26: Parameter influence levels A(p), with high medical intervention values where
w=04,0=001667, S, = 0.4, H, = 0.4,
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Figure 4.27: Parameter influence levels A(p), with high medical intervention values where
w=0.1,  =0.01667, S. = 0.4, H. = 0.4.

When we opt to increase the parameters w* = 0.4, S. = 0.4, and H, = 0.4, as seen in
Figure 4.26, while simultaneously reducing 6* = 0.01667, an interesting pattern emerges.
The dominance of 6 persists, maintaining its position as the most influential parameter.
However, the influence of nearly all other parameters experiences a significant reduction,
with only ¢ and w standing out as exceptions, both nearly doubling in magnitude. If we

choose to reduce w back to its previous value of 0.1 we find some interesting results.
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In Figure 4.27, a noteworthy shift in parameter influence becomes evident. The most
influential parameter, 0, has its sensitivity rating decrease to approximately 15 x 10!
However, the more substantial change lies in the significant growth of w and (. The
parameter w ascends to become the second most influential, approaching roughly half the
influence of @, while ¢ nearly triples its previous magnitude observed in the context of

medical intervention sensitivity simulations.

4.5 Discussion

While conducting simulations in Section 4.3 and the simulations considering real-world
parameters drawn from Acuna-Zegarra [1] in Subsection 4.4, we consistently observed that
the most influential parameter was unquestionably (, the average waning immunity period,
which represents the duration of an individual’s natural immunity to the disease. The
second most influential parameter, when excluding the game theory sensitivities, was
~—the reciprocal of the average infected period. With the real-world values in play, we can
interpret these findings as indicating that v and ¢ hold paramount significance in
determining the persistence or eradication of the disease. In scenarios without medical
interventions or the capability for individuals to engage in disease avoidance strategies, the
fate of the disease largely hinges on these inherent disease parameters. This implies that in
the absence of medical solutions, individuals may find themselves with limited options to
evade illness, relying largely on chance when dealing with a sufficiently dangerous disease.
When we introduced disease avoidance practices into the simulations, ( remained the most
influential parameter, although its dominance was less pronounced, resulting in a more
equitable balance among the parameters. Instead of rendering other parameters virtually
irrelevant in comparison, they all assumed more comparable levels of influence. Moreover,
we noticed that changes in the value of k, the social cost associated with altered behavior,
exerted the most significant influence on m,,, m,, k, and Sy. When k was set to a high

value, indicating that people perceived disease avoidance strategies as highly costly to their
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social lives, Sy became notably influential. In this scenario, the disease transmission itself
remained relatively unaffected, but the initial pool of susceptibles, Sy, assumed greater
importance in determining whether the disease would persist or not. However, when k was
set to a low value, a contrasting dynamic emerged. Suddenly, m,, m,, and k took on
heightened significance in the disease dynamics. While ¢ and « remained the most
influential parameters, the choices individuals made in response to the perceived social cost
of disease avoidance had a more substantial impact on the disease’s survival under these
conditions. Upon the introduction of medical interventions, a striking shift in parameter
influence occurs. The parameter €, the average vaccination rate, emerges as the single most
influential parameter, towering six times above the influence of the next most important
parameter. This pronounced dominance of 6 underscores its pivotal role. As 6 correlates
with the rate of vaccination and other medical intervention strategies, it surpasses the
intrinsic dangers and characteristics of the virus itself. This leads us to a significant
conclusion, when resources are available, the wide distribution and easy accessibility of a
vaccine can have the most profound impact on the disease’s longevity and containment. In
essence, the availability and efficient deployment of vaccines can override the inherent
properties of the virus, establishing them as the primary determinant of the disease’s

outcome.
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CHAPTER 5
CONCLUSION

In this thesis, our aim was to harness the power of game theory and nonsmooth
functions to enhance the realism of disease spread simulations within populations.
Nonsmooth functions introduce a unique challenge, as standard theory falters when dealing
with points of nondifferentiability. However, leveraging recent advancements in nonsmooth
analysis, we have successfully adapted sensitivity analysis techniques to accommodate these
intricate functions.

We extended the standard SEIR model by introducing additional complexities in the
form of mortality rates, asymptomatic infections, alterations in behavior, and medical
interventions. This extended model, which we called the Be-SEIMR model, became the
focal point of this thesis. We provided simulations of the model using parameter values
from the literature [1|. Subsequently, we performed a stability analysis, a fundamental
endeavor that allowed us to determine a basic reproduction number, Ry, for the SEIMR
submodel where behavioral changes were turned off. This insight provided critical
information about the model’s potential for disease transmission. Next, we conducted a
sensitivity analysis, a pivotal step in identifying the most influential parameters within our
Be-SEIMR model. This analysis unveiled key insights into which parameters exerted the
greatest impact on the model’s outcomes and dynamics.

While conducting simulations, we observed the following key points regarding the

influence of parameters on disease dynamics:

e The most influential parameter is (, representing the average waning immunity

period, indicating its crucial role in determining disease persistence.

e The second most influential parameter, excluding game theory considerations, is «y

(average infected period), showing its importance in disease dynamics.
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Real-world values highlight the significance of v and ( in determining disease

persistence in scenarios without medical interventions or disease avoidance strategies.

In the absence of medical solutions, individuals may have limited options to evade

illness, relying largely on chance when dealing with a sufficiently dangerous disease.

Introduction of disease avoidance practices reduces the dominance of (, resulting in a

more balanced influence of parameters.

Changes in the social cost parameter (k) significantly impacts m,,, m,, k, and Sp,
with high k£ making Sy more influential and low k increasing the importance of m,,

my, and k in disease dynamics.

While ¢ and 7 remain the most influential parameters, the choices individuals make
in response to the perceived social cost of disease avoidance have a more substantial

impact on disease survival under these conditions.

Upon the introduction of medical interventions, a striking shift in parameter
influence occurs. The parameter 6, representing the average vaccination rate, emerges
as the single most influential parameter, towering six times above the influence of the
next most important parameter. This dominance of § underscores its pivotal role,

surpassing the intrinsic dangers and characteristics of the virus itself.

In summary, the analysis reveals that the influence of parameters on disease dynamics

varies depending on the presence of disease avoidance practices and medical interventions.

The parameters ¢ and  are paramount in scenarios without interventions, while 6 takes

precedence when resources for medical interventions are available. The availability and

efficient deployment of vaccines can override the inherent properties of the virus,

establishing them as the primary determinant of the disease’s outcome, ultimately resulting

in the eradication of the disease.
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The development of the Be-SEIMR model involved an expansion of the conventional
SEIR model, aiming to create a framework that closely mimics the dynamics of COVID-19
while maintaining the versatility to simulate other diseases. This approach opens up
multiple avenues for future research and exploration. Firstly, the Be-SEIMR model offers
opportunities for further expansion and refinement to address scenarios not covered in this
thesis. Future work could involve incorporating factors like viral mutations, considering
how a virus might evolve to counteract vaccines, and allowing for changes in vaccine
effectiveness over time. Additionally, the model could be extended to account for disease
spread across different regions, encompassing cities, states, or even countries, offering a
more comprehensive perspective on disease dynamics. Another avenue for future research
could involve shifting the focus away from COVID-19 and applying the model to study
other diseases, such as the common cold or influenza. This would serve as a rigorous test of
the model’s adaptability and open doors for researchers to tailor it to better simulate
specific diseases, just as we have expanded upon the SEIR model in this thesis. Finally, a
more in depth exploration into the calculation of Ry could be done. This would either allow
us to find the formula for the full Be-SEIMR model with behavior components or looking
into connecting the analysis of the SEIMR submodel to the concept of partial stability [42].
This approach would provide a more comprehensive understanding of a given disease’s risk

factors and enable a more precise determination of whether an epidemic will occur.
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APPENDIX A
Ro FOR INTERMEDIATE MODELS

A.1 SEIR Model Ry Formulation

In this appendix we will be finding the Ry for a few of the intermediate SEIR models
that were used to build the final Be-SEIMR model. First we start with a epidemic model
containing the quarantined and asymptomatic compartments.

E=V—-Z0F—(1-E2)oF — uE
Is=(1—E2)oF —ylg — ¢Is — pls — 6Ig
Iy=Z20F — vyl — puly

lo = ¢Is —ylg — plg — 8l
S=A—TU+(R—-puS
R=~(Is+Ix+1y) —CR—uR

with secondary equations

A= S+E+Is+Is+1og+R)+6(Is+ Ip)
U= 3,5l + I4)
T=1Is+ 1o

Once again we have to solve for Rg. First we find F, ¥V~ and VT,

(U] [ (c+wE 0

0 (YH+o+pu+6)Ig (1-2=)oF

0 _ (v + p)la i =oF

F = Vo = VT =

0 (v+u+d)lg ol

0 wS A+CR

_0_ (C—i—u)R i _’}/([S—F[A—F[Q)_

then we have that } )
(0 +pE

(y+o+pu+0)Is—(1—-E2)F
(+ W) — ZoF
(Y +p+0)lg — ¢ls
wS —A—(CR
| (CH+u)BR—=Is+1a+1q) |
Now that we have F and V we need to identify the disease free equilibrium. For this model
we have

a* = (E,Is, 14,1, 5, R) = (0,0,0,0,1,0)

which corresponds to all people being susceptible and all individuals acting with normal
behavior. With these pieces we can find the Jacobians, however we only need the top
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quadrant leaving us with 4 x 4 matrices,

[0 By Bu O
. 0 0 0 0
F@) =10 0 0 o
00 0 O
[ o+ p 0 0 0
o |(E=10 y+o+pu+d 0 0
Via®) = —Z0 0 v 0
0 —¢ 0 Y+p+o
- 1
o 0 0 0
V_l( ) = (o) (y+o+u+o) Y+o+u+o
x S0 0 1
E‘H‘M_)(’H‘N; YHu
(1-E)o)(¢ ¢ 0o 1
L (0+1)(Y+o+ut+0)(vHp+d)  (v+o+pu+0)(v+p+d) tayand

Then we have that

Bn (I_E)U Bn Ba 0
(+p)(v+d+p+o)  yrotptd  ytp
Fv—l — O 0 0 0
0 0 0 O
0 0 0 O

Once again, since F'V =1 is upper triangular and has only one non zero entry along the
diagonal, we can easily see that

Bn(l —Z)o
(c+w(y+o+pu+0)

p(FV™!) =Ro =

A.2 Be-SEIMR Model Without Vaccination Ry Formulation

Here we look at another intermediate SEIR model. This time we add in minimal
medical intervention with hospitalization. This model serves as the Be-SEIMR model
without vaccination and behavioral components.

E=V—-Z0F—(1-E2)0F — uE

Is=(1-2)0E —~Ig —nlg — ¢Is — pls — 6lg
Iy=Z20F — vyl — puly

Iy =nls — h(Iy) — ply — 6ply

Io = ¢Is — vl — ply — 61
S=A—V+(R—puS
R=~(Is+Ia+Ig) + h(Iy) — CR— uR
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Figure A.1: For figure (a) we have Rg = 1.263 with 5, = 0.8, x = 0.001, = = 0.2, 0 = 0.7,
v=0.2,¢ =0.3and § = 0.005. For figure (b) we have Ry = 0.4953 with /3,, = 0.5, = 0.001,
E=020=05 =05, ¢=0.3 and § = 0.005.

with secondary equations

A=u(S+E+Is+Is+1Ig+Io+R)+5Is+ 1g) + onln
Y = ﬁnS(]s-f-]A)
Y=Is+1o+ In

h(Ig) = min(riy,rH,.).

For this version of the model we have that

v (c+nE 0 T

0 (vtn+o+p+d)ls (1-E)oE

0 (v + p)1a =oF
F=10|,V = |[(up+)Ig+min(riy,rH,) |,V = nls

0 (v +u+0)Ig olg

0 wS A+ (R

L0 I (C+pkR A |Y(Is + 1a+ Ig) + min(rl,,rH,.)|

and therefore
(0 +pE
(y+n+o+p+0)ls—(1—-Z=)0F
(y+ 1) Ia—EcE
V= (~+0p) Iy +min(rig,rH.) —nls
(v +n+0)lg — ¢ls
wS —A—-(R

|((+u)R—~(Is+1a+ Ig) —min(riy,rH,)]

With these found we once again need to find the Jacobian for F and V, but we only need
to worry about the top 5 x 5 inputs of the matrix that correspond to F' and V. Given the
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disease free equilibrium,
Tt = (Ea-[Sa-[Aa-[Ha-[Q?‘S’v R717»y) = (0707()’0707170)’

we have that

0 BnS BuS 00 0 By B 00
0O 0 0 00 00 0 00
Fz)=10 0 0 0 0l()=1(0 0 0 0 0f,
0O 0 0 00 00 0 00
0o 0 0 00 00 0 00
[ o+ 0 0 0 0 ]
—~(1-2)0 vy+n+o¢+u+s 0 0 0
Vi) =| —Zo 0 v+ u 0 0 (%)
0 -1 0 pu+op+r 0
L 0 _¢ 0 0 ¥ -+ 0 + 5_
[ o+tp 0 0 0 7
~(1-2)0 y+n+é+u+ds 0 0 0
=| = 0 y+p o0 0
0 -1 0 p+o,+r 0
L0 —¢ 0 0 Y+ p+6]
Therefore we have that,
[ — 0 0 0 0 7
(1-E)o 1 0 0 0
1, o« ((’+M)(V+EZ+¢+M+5) Y+n+¢+u+d .
V) = | Gt 0 0 0
0 (#+5h+T)(71n+¢+u+5) 0 u+51h+r 0
) 1
- 0 G e B 0 P i
B (1-E)oBn + Z0Bn Bn Ba_ 0 0
(c+w)(vAnt+ot+uto) ' (o+w)(y+p)  yHntotpts  y+u
0 0 0 0
FV= = 0 0 0 00
0 0 0 00
L 0 0 0 00

Once again F'V~! is upper triangular and we can easily see it has only one nonzero
eigenvalue, therefore

(1-2)oB, Shogo

PV ) =Ro= it tntot0t0 T GrpaT )
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Figure A.2: For figure (a) we have Ry = 1.1578 with = = 0.5, 0 = 0.5, /3, = 0.8, u = 0.001,
v=0.5,¢=05 1n=0.1and 6 = 0.005. For figure (b) we have Rg = 0.6398 with = = 0.2,
oc=0.5,6,=0.5 u=0.001,y=0.5, » = 0.3, n = 0.1 and = 0.005.
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APPENDIX B
BE-SEIMR SENSITIVITY ANALYSIS

Let us now examine Sy = (S) — Sy — ¢ — uSy. Drawing from the earlier
development of the sensitivity equations for S, we are already familiar with Q(S)".
Focusing on the smooth component, we find:

OSV (p,X) = _GSV - :uSV

/ * * * * * * M
OSV(p y X ;(M7SX) = [JPOS\/(p » X ) ’ JXOSv(p » X )} |:S :|
=[000—5; 01,15 | 0 =64 01,12 | M
— v Y1,15 U112 Sx

T
—Syma1+(=0"—p)SE",

fS‘*/m4719+i79*7,u)Sg(‘)/
Subsequently, for the remaining nonsmooth component, we will investigate:

Y = B,Sv[ls + I,mid(0,y,1) + kI,mid(0, (1 —y),1) + Iy]
= 51)3‘/]5 + BUSV]Amid(O’ Y, 1) + BvSV/{]Amid(()? (]- - y)u 1) + BUSV]V-

Once more, we will follow a parallel process similar to when we derived ¥ for S. We will
start by considering;:

1 = BySvis

e = B, Sy Tamid(0,y,1)

3 = B, Sy kI mid(0, (1 —y),1)
g = BuSvly.
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From this, we can determine the expression. Similar to before, we will use abbreviated
notation, where ¢} = ¢(p*, x*; (M, Sx)),

[ SiLma + B3 1555, + BISYST

| Sy Igmaag + 851558, + BySySTe
[ Sy Lmid(0, y*, 1)ms,y + B 14mid(0,y*, 1)Sg + B5Spmid(0,y*, 1)S;"

| Sy 3mid(0, y*, 1)ms 19 + B3 Timid (0, y*, 1)Sg, + B;Symid(0,y*, 1)S7,
+ B8y [isimid ([0%], [y, Sy, [1,0")])
Z%%qmmm41_ym1mmy+mmgmmm41 y*),1)Sg" + BSprmid(0, (1 — y*),1)S)"

| Syramid(0, (1 —y*), 1)ms 19 + By k1 3mid(0, (1 —y*),1)S¢ + B;Syrmid(0, (1 — y*), 1)S7"
+ B85k simid([0%°], [1 — v, —S,], [1,0")])

[ Sy Iymay + BT e, + BiSy Sp

Yy = :

i Tpmao + BT SE, + B35 S1
Therefore
U=+ Yy
Ssy = —'(p*,x"; (M, Sx)) + Q' (p*, x*; (M, Sx)) + Of, (p*, x"; (M, Sy)).
Turning our attention to E , we have:

E=V—-Z¢F —(1-2)0E — uE.

Given that we have already LD-differentiated ¥ earlier, our focus will be on the smooth

portion:
Op(p,x)=—Z0E—-(1—-Z2)oFE —puF =-20E —0E+ZcF — ukl = —cFE — uFE

* * * * * * M

= O4(p X5 (.8) = [50s(p"x") | 10s(px7)] &

M
= [01,4 —E* 01714 ‘ 00 70'*7;1, 01’11]
Sx
[ —E*m5’1+(—a*—u)5’§n ]
—E*ms,19+(—0* —p) S

Sp = V' (p*,x"; (M, Sy)) + O'(p*,x"; (M, Sy))

Consequently:
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Moving forward, we consider:
Ey =9 —Z0Fy — (1 —E)0Fy — uEy =1 — oFy — uby

Once more, since we have already LD-differentiated 1 in the section pertaining to Sy, our

attention will be directed towards the smooth part:
Ogy(p,x) = —0Ey — By
= O, (07 (ML) = [0, (0°,x') | 505 (0 x)] |3

[01,4 —E% 01,14 ] 000 —0*—p 01710]
Sx

—Eyme14(—0* —u)Sif{/

—Ejyme,10+(—0" =) Sy,

Therefore
Spy =/ (p*, %" (M, 8y)) + O'(p*,x*; (M, S,)).

Likewise, for Ig,
Iy = (1 =E)oBy — Iy —nly — oIy — ply — 6,1y,

the equation is smooth and leads to straightforward solution.

' (MLS) = [l (0x) | v(ox)] g

[014 (1-E")E}, 0By I, —Ij; —I} 01,10 | 00 0 (1-E*)0* 0 —(y"+n"+¢"+u+6u) O1s | [S 1
X

(1-E*)E}ms1—o*Efme1—Iy (m7,1+m8»1+m971)+(1_E*)U*ng _(7*+n*+¢*+u+6)S?V

(1*5*)E€m5,19*U*E€/m6,19*IV(m7,19+m8,19+m9,19)+(1*5*)U*S%DV *('Y*+77*+¢*+,u+5)5?8.

Once again, we encounter a scenario characterized by smooth dynamics:

Iy =Z0[E + Ey] — yI4 — pl 4.

This can be solved to find:
)

IA(P*a X*; (M, Sx)) = [Jp[A(p*> X*) | JxIA(p*a X*)} |:S
E70" E70* 00 =" —p O16 ] |:Sx:|

[0174 EX(E*+Ej) o*(E*+E{;) 00 —I} 019 |00

EX(E*+E{, )ms,1+0* (E*—i—E{‘/)ms,l—I:‘mg,l—l—E*U*Sg—i-E*U*ng—i—(—’y —,u)S?A

E*(E*+E})ms,19+0* (E*+ B3 Ymg 10— mo,19+E*0* SW +E*a*5%2/ +(—v*—u)S§’2
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As we shift our focus back to the non-smooth realm with I, the expression is as follows:

jH = 77]5 — h(IH) — M]H — 5h]H
= —min(r[H,rHc) +7]IS — /JJ[H — 5hIH
=W(p,x) + O(p.x)
WIH(p7X) = _min(T]H7THC)
Ory(p,x) =nlsg — ply — 01y

For the smooth part we have that

OIH (p,x) =nls — plg — ol

/ * * * * * * M
01, (0" ' (ML 8:0) = [0, (07 x) | 501, (077 | &1
M
Sx

= [01,6 I5 0112|014 7* 00 —pu—6p 01,6] |:

Igmza+n SISJF(*H*%)S[H

I§m7,19+77*550+(—u—5h)550

For the nonsmooth part, our approach mirrors the calculation previously performed in the
sensitivity derivation for R, albeit with a sign change. Hence, we have:

- - . * T * *qf * *qyo]T * T
SIH = —slmln([r IH IHmm,l +r SIH cee IHm1271 +r SIH] s [r HC Hcmm,l cee Hcm12719] )
Igmr 40" ST +(=u=01)S7,,
+ :
Tgma 191" Sy +(—p=0) Sy

Much like its unvaccinated counterpart, gy also falls into the non-smooth category. In
this instance, we select:

jHV =nly — h(Igy) — plav — XOnlny
= —min(rly,rH.) + nly — plyy — xonlgy
= Wiy, (P, %) + Oryy (P, %)
Wiy (P, x) = —min(rly,rH,.)
Oty (P, X) = nlv — pluy — XOnlny-

For the non smooth part W (p,x) we have that

Wi, (", x") = —slmin([1" Iy Jpr'TuM + Jer ISy, ["He - Jpr*HM + Jyr"HeSy])
= —slmin([r*Ifyy [0, iy, O7]M 4 [0%, 1, 0°]S, ], [*H, [0, H,, 07]M + 0S,])
g

Inv
[T*Hc Hcm12,1 Hcm12,19]T)-

Yo ]T

= —slmin([r*Iy  Ifjymigg +1°S Lymigy + 1Sy

)

133



For the smooth part we have that
/ * * * * * * M
b (075 (M,829) = [0 (0°,x7) | 201, (0] |3

* *
= [01,7 I 01,11 | 015 n* 00 —pu—x6pn 01,5] S
X

Iyma 140" Sy, +(=p=x0n)S7,, .

Fymz,19+0* S7) +(—n—x0n) S

Igy
Therefore
. o . * T * *qf * xqyo 1T [.x
Sty = —slmin([r*l}; Ijfymog +1 Sty 00 lpymiza +1 SIHV] [r*He Hemyog

* * ﬂ ﬁ
Iym7,14n0" Sy, +(=n=x01)S7,,,

_|_

vo | )
Iym7,1940" S0 +(=p=x0n)S1 .,

The quarantine categories exhibit smooth behavior, with the initial one being:
Io = ¢lIs — I — uly — 61
and can be easily solved resulting in
Tl X' (ML8) = [Jpla(p'ox) | Jelofpx7)] g1
= [OL7) I5 —If 01,9 | 01,4 6" 014 —7*—p—6 014 [ISVIX]

Igmg,l—lémg,l-i-(ﬁ*S?S—i-(—’y*—u—&)SIBQ

1§m8,1971§m9,19+¢*5'?g+(f'y*f,uf5)S}Jg.
The second quarantine category is

lov = oIy — vlgy — plgy — d,1ov

and can be easily solved resulting in
!/ * * * * * * M
T (075 (U,84)) = [pl(p°,x7) | oy (o)) [

=[00000001; —15V000000000ooooowoooo—w*—u—évooo][

B

If/ms,l—lévmg,l-&ﬂ‘)*s?v+(—'y* —,LL—J)SIQV

Iéms,lg—févmg,m-l—(ﬁ*s?‘g +(—7*—M—5)S;}gv-
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APPENDIX C
BE-SEIMR MODEL COMPARISON

We have opted to draw parameters from Acuna-Zegarra et al. [1| due to the noteworthy
parallels between their non-vaccination model and our initial base model. Here we present

their model:

. I I
szuN—(ﬁsLNﬁf“‘)S—ﬂs+aRR
E:(W)S—ME—UEE

Is = popE — pls — ala
jA: (1—,0)O'EE—,[LIA+O£A]A

R = Ozslg - 9015]5—|—(J4A[A —[LR—O’RR
D = (9&5[5.

In order to get a better understanding of their model we must make a few modifications.
As a preliminary step, we must adjust the outputs of their system. We will transform the
exact values representing individuals within each compartment into proportions of the
population, ranging from zero to one. We will then change their naming conventions to
match our own, ensuring consistency in terminology. This results in their model becoming:

S = —SBa(ls + 14) — S + (R

E=8B,(Is +I,) — uE — oE

Is = (1=E)0E — pla = vla

Iy =50FE — pls+ 14

R=~lg—6Ig+~I4 — nR — (R

D = 6Is.
While there exist a few minor disparities between the Acuna-Zegarra model and our model,
they are of minimal consequence. One such difference is their choice to direct disease
related deaths out of the recovered compartment instead of Ig. However, it is important to
note that these two flows are identical in value and lead to the same ultimate outcome.

The other minor distinction lies in their omission of adding disease related deaths back into

the model as births. Given the relatively large population values they employed
N = 26446435 [1], the impact of this omission on the overall model dynamics is negligible.
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