The University of Maine

Digital Commons@UMaine

Electronic Theses and Dissertations Fogler Library

Summer 8-18-2023

A Vector-valued Trace Formula for Finite Groups

Miles Chasek
University of Maine, miles.chasek@maine.edu

Follow this and additional works at: https://digitalcommons.library.umaine.edu/etd

b Part of the Algebra Commons

Recommended Citation

Chasek, Miles, "A Vector-valued Trace Formula for Finite Groups" (2023). Electronic Theses and
Dissertations. 3843.

https://digitalcommons.library.umaine.edu/etd/3843

This Open-Access Thesis is brought to you for free and open access by DigitalCommons@UMaine. It has been
accepted for inclusion in Electronic Theses and Dissertations by an authorized administrator of
DigitalCommons@UMaine. For more information, please contact um.library.technical.services@maine.edu.


https://digitalcommons.library.umaine.edu/
https://digitalcommons.library.umaine.edu/etd
https://digitalcommons.library.umaine.edu/fogler
https://digitalcommons.library.umaine.edu/etd?utm_source=digitalcommons.library.umaine.edu%2Fetd%2F3843&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/175?utm_source=digitalcommons.library.umaine.edu%2Fetd%2F3843&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.library.umaine.edu/etd/3843?utm_source=digitalcommons.library.umaine.edu%2Fetd%2F3843&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:um.library.technical.services@maine.edu

A VECTOR-VALUED TRACE FORMULA FOR FINITE GROUPS
By
Miles D Chasek
B.S. Mathematics, Chadron State College, 2019

A THESIS

Submitted in Partial Fulfillment of the
Requirements for the Degree of
Master of Arts

(in Mathematics)

The Graduate School
The University of Maine

August 2023

Advisory Committee:

Dr. Andrew Knightly, Professor of Mathematics, Advisor
Dr. Jack Buttcane, Assistant Professor of Mathematics

Dr. Tyrone Crisp, Assistant Professor of Mathematics



A VECTOR-VALUED TRACE FORMULA FOR FINITE GROUPS
By Miles D Chasek

Thesis Advisor: Dr. Andrew Knightly

An Abstract of the Thesis Presented
in Partial Fulfillment of the Requirements for the
Degree of Master of Arts
(in Mathematics)
August 2023

We derive a trace formula that can be used to study representations of a finite group G
induced from arbitrary representations of a subgroup I'. We restrict our attention to
finite-dimensional representations over the field of complex numbers. We consider some
applications and examples of our trace formula, including a proof of the well-known

Frobenius reciprocity theorem.



DEDICATION

To Ru, with love.

i



ACKNOWLEDGEMENTS

I thank my advisor, whose instruction, guidance, and support made this thesis possible. |
thank my advisory committee for their many helpful comments. And I thank my fellow
graduate students in the Department of Mathematics & Statistics. Their collective support

has helped me in more ways than I could ever enumerate.

il



PREFACE

It is well-known that the trace of a square matrix is the sum of its diagonal entries and,
equivalently, the sum of its eigenvalues. This equality is perhaps the most simple example
of a trace formula, which is the equality of a linear operator’s trace expressed in two
different ways.

The Selberg trace formula, introduced in [Sel56], is commonly used to study linear
operators on complex-valued functions of a group GG. However, as it was originally
presented in [Sel56], the Selberg trace formula considers the more general setting of
vector-valued functions. One can find a detailed exposition of the vector-valued case in
[Hej76]. While [Hej76] explains in detail the analysis that was omitted in [Sel56], it
assumes a comprehensive understanding of linear algebra; consequently, much of the
algebra underlying the vector-valued case is implicit. Our goal in this thesis is to explain
the linear algebra of the Selberg trace formula, and for this it is enough to focus on the
simplest case of a finite group.

We consider the representation 7, of a finite group G induced from an arbitrary
finite-dimensional representation 7 of a subgroup I'. If we denote the space of 7 by V', then

7, defines a group action of GG on the space vector-valued functions,

C(r)={p: G-V |plg) =1(V)e(g)VyeT, g € G}.

The group action is given by right translation. That is, if ¢ € C'(7) and g € G, then
[7-(9)¢](z) = ¢(xg) for all z € G. For a complex-valued function f: G — C, we define the

linear operator 7.(f) : C(1) — C(7) by the linear combination

m(f) = fl9)m(9).

geG

Our formula examines the trace of 7, (f). It is derived using only basic results from linear
algebra and representation theory.
In the last few decades, several authors have examined analogs of the Selberg trace

formula for finite groups. It is well-known that the Selberg trace formula, when applied to
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a finite group, yields the Frobenius reciprocity theorem. This is mentioned in [Art89]. The
finite group case was examined in detail by [Ter99], deriving the trace formula for 7. (f)
where 7 is the trivial representation of I'. In this case, m.(f) is a linear operator on the
space of complex-valued functions {¢ : I'\G — C}. Later, [Yan06] derived a trace formula
for 7, (f) where 7 is the trivial representation of I' on a finite-dimensional complex vector
space W. Here, 7,(f) is a linear operator on the space of vector-valued functions

{¢ : T\G — W}, which is isomorphic to a direct sum of dim W copies of {¢ : '\G — C}.
The trace formula we present in this thesis was left as an exercise in [Whil0, p. 8], though
to our knowledge, it has not been derived anywhere in the published literature.

The first two chapters of this thesis provide some relevant and well-known background
on the theory of group representations. Chapter 1 reviews the most basic results and
definitions from representation theory. Along the way, we also prove some simple results
that will assist us in deriving our trace formula. In Chapter 2, we introduce the group
algebra and examine its properties and applications in representation theory. In Chapter 3,

we derive our trace formula and conclude with some examples and applications.
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CHAPTER 1
REPRESENTATIONS OF FINITE GROUPS

In this chapter, we review some basic definitions and results from representation theory.
We will restrict our attention to representations of finite groups on finite-dimensional
complex vector spaces. In Section 1.1, we provide the definition of a group representation
and consider some examples. In Section 1.2, we examine the notion of equivalence between
two representations. Section 1.3 examines how representations can be combined to form
new representations. Sections 1.4 through 1.6 examine how a representation is decomposed
into subrepresentations, and the extent to which this decomposition is unique. We then
conclude by examining how a representation of a finite group gives rise to representations
of subgroups and ambient groups.

Many of the results and definitions in this chapter are from [FH91] and [Ser77]. Our
treatment of intertwining numbers in Section 1.6 and our construction of the induced

representation in Section 1.7 are both adapted from unpublished notes by Rogawski.

1.1 Definitions and examples

Let V' be a finite-dimensional vector space over the field of complex numbers. The
general linear group of V' is the set GL(V) ={T: V — V | T is a bijective linear map}
with the operation of function composition. We verify that GL(V') is indeed a group.
Suppose S, T € GL(V). Since S : V — V and T : V — V are bijective, it follows that

SoT:V — V is also bijective. Furthermore, for any v,w € V and o € C we have
S(T(v+ aw)) = S(T() 4+ T(aw)) = S(T(v) + aT(w)) = S(T'(v)) + aS(T(w))

since S and T" are both linear. Therefore SoT : V — V is a bijective linear map and
GL(V) is closed under function composition. The group operation is associative because
function composition is associative. The identity element in GL(V) is simply the identity

map idy (v) = v, and since each S € GL(V) is bijective, there exists a bijective map

1



S71:V — V such that SoS™! = 5710 S =idy. To show that S~! is linear, note that
S7Hw) + aS H(w) = S (S (S’l(v) + aS’l(w))) =S v+ aw).

Hence GL(V) is a group under function composition.

Let G be a finite group with the operation G x G — G given by (g, h) — gh. Suppose
that p : G — GL(V) is a group homomorphism. If e € G is the identity element in G, then
p(e) is the identity map idy : V — V and for any v € V' we have p(e)(v) = idy(v) = v. If
g,h € G, then [p(g) o p(h)] (v) = p(gh)(v) for all v € V. Hence, a group homomorphism

p: G — GL(V) defines a group action of G on V. We formalize this notion as follows.

Definition 1.1. Let G be a finite group. A representation of G is an ordered pair (p, V),
where V' is a finite-dimensional complex vector space and p : G — GL(V) is a group
homormorphism. We call V' the representation space of G, and dim V' the dimension of the

representation.

Given a representation (p, V') of a group G, we may refer to p as a representation of G if
the representation space V' is understood from context. Likewise, we may refer to V' as a
representation of G if the homomorphism p : G — GL(V) is understood from context. We

conclude this section by considering some examples.

Example 1.2. Let G be a finite group. The map p : G — GL(C) defined by p(g) = id¢ for

all g € G is a group homomorphism, which we call the trivial representation of G.

Example 1.3. Let G be a finite group, and let C[G] denote the space of complez-valued
functions on G equipped with pointwise addition and scalar multiplication. We define a

map R : G — GL(C[G]), where R(g) : C[G] — C[G] is defined by

[R(9)¢)(z) = ¢(xg)

for all p € C[G] and = € G. Then (R,C[G]) is a representation of G, which we call the

right reqular representation of G.



Proof. Clearly R(g) is a linear map for each g € G: if p,9 € C[G] and A € C, then we have

for all x € G,

[R(g9)(p + A)|(z) = (¢ + M) (zg)
= p(zg) + M (zg)
= [R(g)pl(z) + A[R(9)¥](x).

Now observe that R(g)R(g~") = R(¢~")R(g) = idcg), so R(g) is invertible for each g € G.

To verify that R is a group homomorphism, let g, h € G and note that

[R(gh)¢](z) = p(zgh)
= [R(h)p](xg)

= [R(g) o R(h)p](z)

for all z € G. Hence (R, C[G]) is a representation of G. O

1.2 Intertwining operators and equivalence of representations

The purpose of this section is to examine the notion of equivalence between two
representations of a finite group G. We begin by defining the notion of an intertwining
operator between two representations, which is analogous to a homomorphism between two

groups.

Definition 1.4. Let (p, V) and (o, W) be representations of a finite group G. A linear

map 1T : V — W is called an intertwining operator if

Tp(g)v = o(g)Tv

forall g € G and all v € V. That is, T': V — W is a linear map that makes the following

diagram commute for all g € G:

S

T
—

%
2
NS

v
p(g)l
%

S

—_
T
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The set of all intertwining operators T': V' — W is denoted Homg(V, W), or Homeg(p, o) if

the underlying vector spaces are understood from context.

Suppose (p, V) and (o, W) are representations of a finite group G. If T': V' — W is an
invertible intertwining operator, then 7'(V') = W is a relabeling of the vectors in V', and

the group actions defined by p and o are essentially identical. This motivates the following.

Definition 1.5. Let (p, V) and (o, W) be representations of G. We say that (p, V) and
(o, W) are equivalent and write (p, V') = (o, W) if there exists a bijective intertwining

operator T': V. — W.

Lemma 1.6. Let G be a finite group. Then Definition 1.5 gives rise to an equivalence

relation on the set of representations of G.

Proof. Suppose (1,U), (p, V) and (o, W) are representations of a finite group G. We must

show that

I

(1) (p, V) = (p,V);

I

(2) (p,V) = (o,W) if and only if (o, W) = (p,V);

I

(3) (1,U) = (p,V)and (p,V) = (o, W) implies (7,U) = (o, W).

For the first claim, it is easy to show that (p, V') = (p, V) via the identity map idy : V' — V.
For the second claim, suppose (p, V) = (o, W). Then there exists an invertible linear

map T : V' — W such that Tp(g)v = o(g)Tv for all g € G and v € V. Because T is a

bijective linear map, it has an inverse 7! : W — V which is also linear. It follows that, for

any g € G and any Tv =w € W,
T o(g)w =T o(g)Tv =T 'Tp(g)v = p(g)T ™ w.

Thus, 77 : W — V is a bijective intertwining operator and we have (o, W) = (p, V).



For the final claim, suppose that (7,U) = (p, V) via S : U — V and suppose
(p, V)= (o,W)viaT:V — W. Note that T'o S : U — W is a bijective linear map

because S and T are both bijective and linear. Now for any u € U and g € G, we have
TST(y)u=Tp(y)Su = o(g)TSu.
Hence (7,U) and (o, W) are equivalent. O

If Vand W are complex vector spaces, we let Hom(V, W) denote the set of C-linear
maps V' — W. It is easy to show that Hom(V, W) forms a complex vector space, with
addition and scalar multiplication defined pointwise. We conclude this section by proving

the following result.

Proposition 1.7. Let (p, V) and (o, W) be representations of a finite group G. Then

Home (p, o) is a subspace of Hom(V, W).

Proof. Let S, T € Homg(p, o) and let A € C. Clearly Homg(p, o) € Hom(V, W) because
each intertwining operator in Homg(p, o) is a linear map from V' to W. Note also that
S+ NXTI':V — W is a linear map since .S and 7" are both linear. Now for any v € V' and

g € GG, we have
(S +AT)p(g)v = Sp(g)v + AT p(g)v = a(g)Sv + Ao(g)Tv

because S and T are intertwining operators. Now recall that o(g) € GL(WW) is a linear

map, whence
a(g)Sv+ Ao(g)Tv = 0(g)Sv + o(g)ANTv = o(g)(S + A\T')v.

Thus, S 4+ AT is an intertwining operator and Homg(p, o) is a subspace of Hom(V,W). O

1.3 Operations on group representations

Our goal in this section is to explain some common linear algebraic operations defined
on representations of finite groups. Much of the information in this section can be found in

[FHO1]. For definitions and results from linear algebra, we refer to [Rom08].
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1.3.1 Direct sums of representations

Suppose (p, V') and (o, W) are representations of a finite group G. Recall that the direct

sum of V and W is the complex vector space
VeW={(vw)|veV,weW}
with addition and scalar multiplication defined by

(v1,w1) + (v2, wa) = (V1 + Vo, Wy + Wo)

Avy, w1) = (Avg, Awy)

for all (vy,wy), (vg, wy) € V@& W, and A € C. The representations (p, V') and (o, W) give

rise to a representation of G on the space V & W in a natural way.

Proposition 1.8. Suppose (p, V') and (o, W) are representations of a finite group G.
Define the map (p@ o) : G — GL(V @& W), where (p@®o)(g): VW — V& W is given by

[(0 & o) (9)](v,w) = (p(g)v, o (g)w)
for all (v,w) e Ve W. Then (p® o,V & W) is a representation of G.

Proof. Let g € G. Clearly (p & o)(g) is a linear map since p(g) and o(g) are both linear.

Furthermore, we have

[(p®a)(g)llp®o)g )] =idvew =[(p@0o)(g )] [(p®c)(9)]-

Thus (p @ 0)(g) is an invertible linear map for each g € G. Now for any g, h € G and
(v,w) € V& W, observe that

[(p® o) (gh)](v,w) = (p(gh)v,o(gh)w)
= (p(9)p(h)v,a(g)o(h)w)
= [(p @ a)(9)l(p(h)v,o(h)w)

=[(p®a)(9)](p& o) (h)](v,w).
Hence (p® o) : G — GL(V & W) is a group homomorphism, as needed. O

6



Remark. By a simple inductive argument, if (p1, V1), ..., (pn, Vi) is a finite collection of

representations of GG, we obtain a representation @, p; : G — GL(@}_, V;) by defining

(D pi) (9)](vi)iey = (pi(g)vi)iy

for all g € G and (v;), € B, V;.

1.3.2 Dual representations

Before we define the dual representation, we recall some relevant definitions and results
from linear algebra. Let V denote a finite-dimensional complex vector space and suppose
X ={zy,...,x,} is a basis for V. The dual space of V is the set V* of linear maps
f 'V — C under pointwise addition and scalar multiplication. For each z; € X, we define
the linear map z} : V' — C by zf(Mz1 + - - - + \yzy) = Ao The set X* = {aF,..., 2} } forms
a basis for V*, which we call the dual basis corresponding to X. In particular,

dim V = dim V*.
Proposition 1.9. Let (p, V') be a representation of G. Define the map p* : G — GL(V™*),
where p*(g) : V* — V* is given by

(0" (9))(v) = flplg™")v)

forall f € V* andv € V. Then (p*,V*) is a representation of G, which we call the dual

representation of (p, V).

Proof. We first verify that p*(g) € GL(V*) for all g € G. Let f1, fo € V* and let A € C.

Then for any v € V', we have

(0" (9)(f1 + Mf2)](v) = [f1 + Afa] (p(g~H)v)
= filplg~")v) + Afa(p(g~'v))

= [p*(9) fil(v) + Alp"(g) fal (v).



Hence p*(g) : V* — V* is a linear map. Now note that,

P (g7 [p*(9) f1(v) = [p"(9) f1(p(g)v)

Thus, p*(g71)p*(g) = idy- = p*(9)p*(¢~') and we have p*(g) € GL(V*). To show p* is a

homomorphism, let g,h € G. Then for any v € V,

(0" (gh) f1(v) = f(p(h~ g~ o)

Hence, (p*,V*) is a representation of G. ]

1.3.3 Tensor products of representations
Two representations (p, V') and (o, W) of a finite group G give rise to a representation
of G x GG on the tensor product V ® W in a natural way. We will begin by defining the

tensor product and recalling some of its basic properties.

Definition 1.10. Let U and V' be complex vector spaces and let U x V' denote the

cartesian product of U and V. A function ® with domain U x V is called bilinear if
O(u+ M, v) = D(u,v) + AP (v, v)
O (u, v+ \') = O(u,v) + AP(u,v)

for all (u,v), (v ,v") € U x V and X € C.

Definition 1.11. Let U and V' be complex vector spaces. A tensor product of U and V is

an ordered pair (7', t) where T is a complex vector space and t : U x V' — T is a bilinear

8



map such that, for any complex vector space W and any bilinear map & : U x V — W

there exists a unique linear map ® : T'— W satisfying ® = ® o ¢.

Remark. A tensor product of U and V exists, and it is unique up to linear isomorphism.
We will frequently refer to the vector space T as the tensor product of U and V. In the
following proposition, we present one common construction of the tensor product. For a

more thorough discussion, we refer to [RomO8].

Proposition 1.12. Suppose U and V' are complex vector spaces with respective bases By
and By. Let U ® V' denote the complex vector space defined by the basis
{z@y|(z,y) € By x By}. Let @ : U xV — U ®V denote the bilinear map defined by

®(Z Qg T, Z 5yy) = Z Z By (z @ y)

zEBy yEBy rE€By yeBy

Jor arbitrary uw =" cp, @z v in U and v =3 cp, Byy in V. Then U®V and

®:UxV —=>URV form a tensor product of U and V.

Proof. Let W be a complex vector space and let & : U x V' — W be a bilinear map. Since
{r®y | (z,y) € By x By} is a basis for U ® V, we obtain a unique linear map
d:U®V — W by letting

Pz @y)=P(z,y)

for all x € By and y € By. Now for any u = 3", cp, ez in U and v =3 ¢ Byy in V,

since ® is bilinear we have

O (u,v) = (Z T, Y ﬁyy)

TEBYy yEBw
- Z Z awﬁy (I)(:L‘7y)
z€By yeEBw

On the other hand,

®(u,v):®(z T, Y ﬁyy>

IEBU yEBV
= Z Z By (T ®y).
IEBU yEBV
Hence, ®(u,v) = ® o ®(u, v). O



Remark. For (u,v) e U xVand @ : U x V — U ® V as defined above, we call ®(u,v) an
elementary tensor and write ®(u,v) = u ® v. The following result tells us that every

element of U ® V' can be written as a sum of elementary tensors.

Corollary 1.13. Suppose U and V' are complex vector spaces and let U @ V' and
®:UxV =U®YV be as defined in Proposition 1.12. Then for any u,u’ € U, v,v" € V,

and \ € C, we have
(1) (u®@v)+ (v ®@v) = (u+u) v,
(2) (u@v)+ (uRV)=u® (v+);
(3) Mu®v) = (M) @v=u® (M),
(4) u®0=0®0=0®uv.

Proof. Parts (1) through (3) all follow from the observation that ® : U x V - U ® V is a

bilinear map. Part (4) follows from the definition of @ : U x V - U ®@ V. O

Corollary 1.14. If U and V are finite-dimensional complezx vector spaces and U @ V' is as

defined in Proposition 1.12, then dim(U ® V) = dim U dim V.

Proposition 1.15. If (S,s: U xV — S) and (T,t : U x V — T) are tensor products of U

and V', then S =T as vector spaces.

Proof. Since the map s is bilinear and (7', t) is a tensor product of U and V', there exists a

unique linear map §: T — S such that
s(u,v) = §ot(u,v)

for all (u,v) € U x V. By a similar argument, there exists a unique linear map ¢ : S — T
such that

t(u,v) = tos(u,v)

10



for all (u,v) € U x V. We now have

t=to(50t)=(tos)ot.

We claim that £ o § = idy. Indeed, since (T,t) is a tensor product of U and V, there exists
a unique linear map t’ : T'— T such that such that ¢’ ot = ¢. Since we have both
(to§)ot=tandidrot =t, it follows that (f o 3) = ' = idy. By a similar argument, we
have 5 ot = idg. Therefore, ¢ : S — T is an invertible linear map and it follows that S = T

as vector spaces. ]

Proposition 1.16. Suppose (p, V') and (o, W) are representations of G. For each
(9,h) € G x G, there exists a unique linear map (p @ o)(g,h) € GL(V @ W) that is defined

on the elementary tensors by

[(p®a)(g,h)] (v@w) = p(g)v ® o(h)w, (1.1)

and the map (p® o) : G x G — GL(V @ W) that sends (g,h) = (p® c)(g,h) is a

representation of G X G.

Proof. Let (g,h) € G x G and consider the map

UxV —UV

(u,v) — p(g)u @ a(h)v.

The map is bilinear due to Corollary 1.13 and the observation that p(g) and o(h) are both
linear maps. Thus, there exists a unique linear map U ® V' — U ® V' that is defined on the
elementary tensors by u ® v — p(g)u ® o(h)v; we will denote this map by (p ® o)(g, h). It
is easy to show that (p ® ¢)(g~1, h™!) is the inverse of (p ® o)(g, h). Hence
(p®0o)(g,h) € GL(V @ W).

By the above, the map (p® o) : G x G — GL(V ® W) that sends (g,h) — (p® o)(g, h)

is well-defined. To see that (p ® o) is a group homomorphism, let (g1, k1), (g2, ho) € G X G.

11



Then forany v @ w € V@ W,

[(p @ 0)(g192, hiho)] v @ w = p(g192)v @ o(hihy)w
= p(g1)p(g2)v @ o (hi)o(ha)w

= [(p @) (g1, M)l [(p © ) (g2, ha)] (v © w).

Hence (p ® o,V ® W) is a representation of G X G.

1.3.4 Representations on the space of C-linear maps
Suppose (p, V) and (o, W) are representations of G. We will use (p, V) and (o, W) to
define a representation of G x G on the space Hom(V, W). The representation arises

naturally from the following result.

Proposition 1.17. Let U and V' be finite-dimensional complex vector spaces. Then

V @ U* =Z Hom(U, V) as vector spaces.

Proof. Suppose By = {z1,...,z,} and By = {y1,...,ym} are bases for U and V/,
respectively. We let V' ® U™ denote the vector space defined by the basis

{y; @ } | z; € By,y; € By}, as in Proposition 1.12. Define a map

¢V x U* — Hom(U, V) where ®(v, f) : U — V is defined by

®(v, flu = f(u)v

for all u € U. Clearly the map ® is bilinear. Thus, there exists a linear map
®:V ®U* = Hom(U,V) such that ®(v ® f) = ®(v, f) for all (v, f) € V x U*.
We show that @ is injective. Suppose

o> iy @) € ker ®.

z;, By Yj €By

where o;; € C for each z; € By and y; € By. For fixed x5, € By, we have

YooY agai(aR)y; = Y amrp(ae)y; = Y agjy; =0.

x,€By y;€EBy y; €EBy y; €EBy
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Now since By is a basis for V', we must have ay; = 0 for all y; € By. Since ), € By was
arbitrary, we conclude a;; = 0 for all z; € By and y; € By. Hence d is injective.
To see that @ is surjective, suppose T € Hom(U, V). For each z; € By, we write T'(z;)

as a linear combination of the basis elements in By,

T(xi)= > Bijyj,

y;€Bv

where 3;; € C for each y; € By. It now follows that

Tu)= > > Byzi(u)y;

z; By Yj eBy

for all w € U. Thus @ is surjective, and we conclude that ® is a linear isomorphism. O

Let (p*, V*) denote the dual representation of (p,V'). By Proposition 1.16 the map
(c®p*): GxG— GL(W @ V*) where (0 ® p*)(g,h) : W@ V* - W ® V* is defined on
elementary tensors by

[(o®p")(g,M))(w® f) =o(g)w p*(h)f

defines a representation of G x G. Now taking ® : W @ V* — Hom(V, W) as defined in the

last proposition, we have for any v € V'

O(o(g)w @ p*(h)f)v = (p*(h) f(v)) (o(g)w)

= o(g)f(p(h™v)w (since o(g) € GL(W) and f(p(h~")v) € C)
=a(9) @(w® f) p(h)~"v.

The linear isomorphism ® : W ® V* — Hom(V, W) is in fact an intertwining operator of

(0 @ p*, W ® V*) and the representation of G x G defined below.

Proposition 1.18. Suppose (p, V') and (o, W) are representations of G. Define the map
U,,: G x G— GL(Hom(V,W)) where ¥, ,(g,h) : Hom(V, W) — Hom(V, W) is defined by

(Top(g. B)](A) = o(g) Ap(h)~"
for all A € Hom(V,W). Then (¥, ,, Hom(V,W)) is a representation of G x G.
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Proof. 1t is straightforward to show that ¥, ,(g, k) : Hom(V, W) — Hom(V, W) is a linear
map for each (g,h) € G x G. Now if (g1, h1), (g2, h2) € G X G, then for any A € Hom(V, W)

[Po,0(9192, hiha)] (A) = 0(g1g2) A p(hah2) ™
= o(g1)a(g2) A p(ha) " p(ha) ™"
= [Woo(g1, )] (0(g2) A p(h2)~")

= [Wo (g1, 7))l [Wo,0(92, ha)] (A).

Thus (¥, ,, Hom(V, W)) is a representation of G x G. O

1.4 Subrepresentations

Let (p, V') be a representation of a finite group G. We know that p : G — GL(V)
defines a group action of G on the vector space V. It is natural to ask whether GG acts on
the subspaces of V. That is, if (p, V) is a representation of G and W is a subspace of V, is
(p, W) also a representation of G? In order for this to be true, the group homomorphism
p: G — GL(V) must also define a group homomorphism p: G — GL(W). In other words,
for each g € G we must have p(g)|w € GL(W). When this is true, we say that (p, W) is a

subrepresentation of (p, V). We formalize this notion as follows:

Definition 1.19. Let (p, V') be a representation of a finite group G. A subspace W C V' is
said to be G-stable if p(g)w € W for all g € G and w € W.

Proposition 1.20. Let V' be a finite-dimensional complex vector space and let W be a

subspace of V.. Then (p, W) is a subrepresentation of (p, V') if and only if W is G-stable.

Proof. If (p, W) is a subrepresentation of (p, V'), then p : G — GL(W) is a group
homomorphism and p(g) : W — W is a bijective linear map for all g € G. Therefore
p(g)w € W for all g € G and all w € W, whence W is G-stable.

On the other hand, suppose W is G-stable. For each g € G, we let p(g)|w denote the

restriction of p(g) to W. We will show that p(g)|w € GL(W). Since p(g) is a linear map so
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too is p(g)|w. Likewise, p(g)|w is injective because p(g) is injective. Now since W is
G-stable, it follows that p(g)|w maps W into W. Surjectivity now follows from the
observation that W is finite-dimensional and the rank-nullity theorem. Therefore,

p: G — GL(W) is a group homomorphism. Hence (p, W) is a representation of G. O

If (p, V) is a representation of a group G, then the subspaces {0},V C V are both
G-stable. Therefore, (p,V') and (p, {0}) are both subrepresentations of (p, V). We regard
these as the trivial subrepresentations of (p, V).

Let U and W be subspaces of a vector space V. We say that U is a complement of W
imnVif{futw|lueU weW}=Vand UNW ={0}. If U and W are complements in V,
then V' is isomorphic to the direct sum U & W = {(u,w) | v € U, w € W}, and each v € V
can be written uniquely as a sum v = u + w for v € U and w € W. Consequently, the
projection maps my : V — U and my : V' — W that send each v € V to its component in U
and W, respectively, are well-defined linear maps. It is straightforward to show that every
subspace W C V has a complement in V. Below, we will show that every G-stable

subspace of a representation (p, V') has a G-stable complement.

Proposition 1.21. Let (p, V') be a representation of a finite group G. If W CV is a

G-stable subspace, then there exists a G-stable complement of W in V.

Proof. Let X be a complement of W in V. Then each v € V' can be written as v = w, + x,
for unique w, € W and x, € X. Define T': V — W by
~1
Tv = p(g)mwplg) v
i S

for all v € V. Note that if w € W, then p(g)~'w € W since W is G-stable. Therefore,

mwp(g9) tw = p(g) " 'w and we have
Tw= > p(g)mwp(g) " w = > plg hw = w.
|G’ gEG ’G| geG

Since T maps V' into W, the above implies that T(Tv) = Tv for all v € V.
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We claim that ker T" is a G-stable complement of W in V. Note that any v € V may be

written v = Tv + (v — Tw), where Tv € W and (v — Tw) € ker T because

Twv—Tv)=Tv—-TTv
=Tv—Tv

=0.

Further, we have w € U N W if and only if Tw = w = 0. Thus, U is a complement of W in
V. To show that U is G-stable, first note that for any x € G
p()Tp(a)™" = G > o(g)mwp(g) ™| plx)™
| | gEG

> p()p(g)mwplg) " plz) ™ (since p(x) is a linear map)
’G‘ geG

=1a G| > plag)mwplzg) ™

geG

> p(g)mwp(g) ™ (change of variables g — 27 'g)
geG

|G|
Therefore, p(z)Tp(z)~" = T and it follows that p(x)T = Tp(z) for all x € G. Now given
u € U, we have Tp(z)u = p(x)Tu = 0 for all z € G. Thus p(x)u € U for all z € G and

u € U and we conclude that U is G-stable. O

1.5 Reducibility of representations

In the previous section, we saw that if W is a G-stable subspace of a representation
(p, V'), then there exists a complementary subspace U of W which is also G-stable. When
this is true, the representation V' is equivalent to the direct sum of its subrepresentations,
U @ W. If either U or W is a proper, nonzero subspace of V', the representation (p, V') is
reducible in the sense that it is understood by the subrepresentations (p, U) and (p, W)

with dim U, dim W < dim V. This motivates the following.
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Definition 1.22. Let (p, V') be a representation of a finite group G. We say that (p, V) is
reducible if there is a proper, nonzero, G-stable subspace of V. Otherwise, we say that

(p, V) is irreducible.

Given a reducible representation V = U & W with U and W both G-stable, if either U
or W is reducible, then we may use Proposition 1.21 to write V' as a direct sum of three
subrepresentations. Indeed, since V' is finite dimensional, we should be able to repeat this

process finitely many times to write V' as a direct sum of irreducible representations.

Proposition 1.23. Let G be a finite group. Fach representation (p,V') of G is equivalent

to a direct sum of irreducible representations.

Proof. We induct on dim V. If dim V' = 1, then the only subspaces of V are {0} and V'
itself. Hence, V is irreducible. Now let k& be a positive integer and suppose inductively that
each representation V of G with dim V' < k is equivalent to a direct sum of irreducible
representations. Let V'’ denote a representation of G with dimV’' =k + 1. If V' is
irreducible then we are done. Otherwise V' is reducible, so by Proposition 1.21, we may
write V' =2 U @& W where dim U, dim W < dim V. Using the induction hypothesis, we may
write both U and W as a direct sum of irreducible representations, whence V' =2 U @ W is

a direct sum of irreducible representations. O]

1.6 Intertwining numbers and Schur’s lemma

For representations (p, V') and (o, W) of a finite group G, we call the dimension of

Homg(p, o) the intertwining number of p and o, and write dim Homeg(p, o) = ng(p, o).

Proposition 1.24. If (p1, V1) = (ps, V) and (o1, W7) = (09, Wa) are representations of a

finite group G, then ng(p1,01) = ng(p2, 02).

Proof. Since (p1, V1) and (pa, Vo) are equivalent, there exists a bijective intertwining

operator R : V3 — V,. Likewise, because (o1, W7) and (09, W5) are equivalent, there exists a
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bijective intertwining operator S : W7 — W,. Consider the map
® : Homg(p1,01) — Homg(ps, 02) defined by ®(T) = STR™'. We show that ® is a linear

isomorphism. First note that STR™! : V, — W,. Furthermore, for any ¢ € G we have
03(9)STR ™ = Sa1(9)TR™ = STpi(9)R™" = STR ' pa(9),

so STR™' € Homg(ps, 02). To verify that @ is linear, let Ty, Ty € Homg(p1,01) and let
A € C. Then we have

O(Ty + A\Ty) = S(Th + M) R = STIR™ + ASToR™! = ®(T1) + \O(Th)

by linearity of S.

To show that ® is bijective, note that for any B € Homg(ps, 02), we have
STIBR € Homg(py1,01), whence ®(S™1BR) = B and ® is surjective. For injectivity,
suppose that A € ker ®. Then ®(A)z = SAR 'z =0 for all z € V5. Because S is bijective,
it follows that AR~ 'x = 0 for all x € V5. Likewise, because R~ is bijective, we have

Ay =0 for all y € V;. Thus A =0 and ® is injective. O

Proposition 1.25. If (p1,V1), (p2, V2), and (o,W) are representations of a finite group G,

then ng(p1 @ p2,0) = ng(p1,0) + na(pe, o) and ng(o, p1 ® p2) = ng(o, p1) + na(o, p2)

Proof. Recall that, for any finite-dimensional vector spaces U and W, we have

dimU & W = dim U + dim W. So it will suffice to show that there is a linear isomorphism
® : Homg(p1 @ pe,0) — Homeg(p1, 0) @ Homg(pa, o).
Let T : V; @& Vo — W be an element in Homg(py @ pe, o), so that

T(p1 @ p2)(9)](x,y) = T(p1(9)7, p2(9)y) = 0(9)T (2, y)

for all g € G, x € V4, and y € V5. Define ®(T') = (11, Tz), where Tix = T'(x,0) and

Toy = T(0,y) for all z € V}, y € Va. We first verify that T} and 75 are both intertwining
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operators. Note that T} and T, are both linear because T' is linear. Now for any g € G and

x € Vj, we have

o(g)The = o(g)T(x,0) = T(pi(g)x, p2(9)0) = T(p1(9)z,0) = Tip1(9)z,

hence 77 € Homg(p1,0). Likewise, for any g € G and y € V3, we have

o(g)Tay = a(9)T(0,y) = T(p1(9)0, p2(9)y) = T'(0, p2(9)y) = T2p2(9)y,

so Ty € Homg(p2, 0).
Next, we show that ® is a linear map. Let S,T € Homg(p1 @ pe2,0) and let A € C. We
have ®(S + A\T) = (S1 + A\T1, So + AT3). Now for any (z,y) € Vi @ V4,

(Sl + )\Tl, SQ —+ )\TQ)(]Z’, y) = (Slfﬂ + )\Tlx, Sgy + )\Tgy) = (Sll', Sgy) -+ )\(lel:, TQy)

Noting that (Six, Say) = @(S)(x,y) and MTiz, Toy) = A®(T)(x,y), it follows that P is
linear.

Finally, we show that ® is bijective. Assume that 7" € ker ®. Then ®(7T)(x,y) = (0,0)
for all x € V; and all y € V. Therefore, Tix = T'(x,0) = 0 for all z € V;, and similarly

Toy =T(0,y) =0 for all y € V5. So for any (z,y) € V1 @ V3, we have
T(I7 y) - T(ZL‘, O) + T(Oa y) - Tlx + T2y = 07

hence T'= 0 and & is injective.
For surjectivity, let S; € Homg(p1,0) and let Sy € Homg(po, o). Define the map
S:Vi®Vy— W by S(z,y) = Siz + Say. Clearly S is linear because S; and Sy are both

linear. For any g € G, we have

a(9)S(x,y) = o(g)(Siz + Say) = 0(g)S1x + 0(g)Say = S1p1(g)x + S2p2(9)y-

On the other hand, S(p1(g)z, p2(9)y) = S1p1(g)x + Sap2(g)y. Thus S is an intertwining
operator and ®(S5) = (S1,52). It now follows that ® is bijective, so
ng(p1 ® p2,0) = ng(p1,0) + na(p2, o), as needed. The proof of the second equality is

similar. O
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Corollary 1.26. Let m be a positive integer and suppose that p = @, p; and o are
representations of a finite group G. Then ng(p,0) = X" ng(pi, o) and

na(o, p) = X ng(o, pi).

Proof. We established the basis for induction in Proposition 1.25. So let m be a positive
integer and suppose that ng(@", pi,0) = > " na(pi, o) for any finite collection of
representations of G, {(p1, V1), -+, (pm, Vin)}. Then for any representation (pp, 41, Ving1) of
G we have

na (@7;11 Pis U) = ng (B2, pi) D Pm+1,0),

and by Proposition 1.25,

na ((69211 pi) D Pm+1, 0) = ng (69;11 Pis 0) +ng (pm—l—lv U) = ZZZJ{I nG(pi’ 0)7
which closes the induction. The proof of the second equality is similar. ]

Theorem 1.27 (Schur’s lemma). Suppose (p, V') and (o, W) are irreducible representations

of a finite group G.
(1) If (p,V) 2 (o,W), then Homg(p, o) = {0}.
(2) If (p,V) = (o, W), then Homg(p, o) = span{idy }.

Proof. For the first claim, suppose that (p, V) 2 (o, W). Since Homg(p, o) is a subspace of
Hom(V, W), we must have 0 € Homg(p, o). To show that Homg(p, o) contains only the
zero map, suppose for the sake of contradiction that 7' : V' — W is a nonzero intertwining
operator in Homg(p, o). Note that ker T" is a subspace of V| and for any g € G, x € ker T,
we have

Tp(g)r =0(g9)Tx=0(g9)0 =0 € ker T,

so ker T' is a G-stable subspace of V. Now note that T'(V) is a subspace of W, and for any
g€ G, veV, we have

a(9)Tv="Tp(g)v € T(V),
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hence T'(V') is a G-stable subspace of W. Since V is irreducible, the only G-stable
subspaces of V' are {0} and V itself. Because we assumed that T is nonzero, we must have
kerT'= {0}. Likewise, the only G-stable subspaces of W are {0} and W itself, so we must
have T'(V)) = W. It now follows that T': V' — W is bijective. Hence (p, V) = (o, W), a
contradiction.

For the second claim, let (p, V') = (o, W). Note that aidy € Homg(p, p) for all a € C,
hence span{idy } € Homeg(p, p). Now let 7" € Homeg(p, p), suppose B is an ordered basis for
V', and let [T|p denote the matrix of T relative to B. Recall that the eigenvalues of T" are

the roots of the characteristic polynomial,
cr(z) = det(xl — [T]p),

where [ is the dim V' x dim V' identity matrix. Since c¢p(z) is a complex polynomial, it has
a root A € C, whence T" has an eigenvalue. Let S =T — Aidy. For any g € G and v € V,

we have

p(g)Sv = p(g)(Tv — Aidy v)
= p(g)Tv = p(g)Aidy v
= Tp(g)v — Aidy p(g)v
= Sp(g)v,
so S € Homg(p, p). Since \ is an eigenvalue of T', there exists an eigenvector v € V' such
that Tv = M. It follows that Sv = Tv — Av = 0, which implies ker S = V' by the proof of

the first claim. Therefore, Tv = Av for all v € V' and we have Homg/(p, p) = span{idy }, as
needed. ]

Corollary 1.28. If (p,V) and (o, W) are irreducible representations of a finite group G,

then

L if (p,V) & (0, W)
nalp, o) =
0 i (p,V) 2 (0, W),
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Proof. If (p, V') 2 (o, W), then Homg(p, o) = {0} by Schur’s lemma and therefore
ng(p,o) = 0. On the other hand, if (p,V') = (o, W) then ng(p, o) = ng(o,0), by
Proposition 1.24. Now due to Schur’s lemma, Homeg (o, o) = span{idy }, so

ng(p, o) =ng(o,0) = 1. O

Definition 1.29. Let GG be a finite group and let G denote a set of representatives for the
irreducible representations of G modulo equivalence. If (p, V') is a representation of G, we

denote the decomposition of (p, V') as a direct sum of irreducible representations in G by
p=Pm,-w (1.2)

where m, is a non-negative integer for each 7 € G and
My T=7mTPH:- D
—_———
may-times

For each 7 € G, we call m, the multiplicity of m in p.

Proposition 1.30. Suppose p = @, .o my - 7 is a representation of a finite group G. Then

na(p,7) = m, for each 7 € G.

Proof. Let 7 € G. Since intertwining numbers are additive, we have

ng(p,7) = ng (@ My - T, 7')

me@

=Y ng(m, -m,71)

WEG

= Z My neg(m, 7).

e
By the previous corollary, ng(m,7) = 1 if # =2 7 and ng(m, 7) = 0 otherwise. Hence,

ng(p, 7) = m.. O

Remark. By Proposition 1.30 and Schur’s lemma, the multiplicities m, for 7 € G are

uniquely determined by p.

22



Corollary 1.31. If p =@ oMy -7 and 0 = D, s ny - T are representations of G, then

ng(p,0) = X ce Mang. In particular, ng(p, o) = ng(o,p).

Proof. The result follows easily from Propositions 1.25 and 1.30. O

1.7 Restricted and induced representations

Suppose I' is a subgroup of a finite group G. If (p, V) is a representation of GG, then
p: G — GL(V) is by definition a homomorphism of groups. The restriction of p to T,
denoted p|r : I' = GL(V), is also a group homomorphism. Therefore (p|r, V) is a
representation of I'. We call (p|r, V') the restriction of p to I'; and we will sometimes write
plr = Rest (p).

Now suppose (o, W) is a representation of I'. In what follows, we will construct the
representation of G induced by (o, W). We begin by defining the representation space of

the induced representation.

Proposition 1.32. Let I be a subgroup of a finite group G, let (o, W) be a representation
of ', and let

Clo) ={f:G=>W|[f(vg) =o(1)f(g) forally €T, g € G}.

Then C(0) is a complezx vector space under pointwise addition and scalar multiplication

and dimC(o) = [G : T']dim V.

Proof. Let B = {wy,...,wy,} be a basis for W and let [['\G] = {g1,..., 9.} be a set of

representatives for I"'\G'. For each g; and wj, define the map ¢y, ., : G — W by

o(zgy Yw; if z € Dg;
gogi,wj (.T) -
0 otherwise.
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We verify that ¢, ., € C(0). Let v € I"and g € G. If vg € T'g;, then g = dg; for some

6 € I and we have

Pgiw; (V9) = Pgiw,; (109:)
= o(y0g:97 w;
=o(y)o(d)w;

= U(’Y)@Qi,wj (g)

On the other hand, if vg ¢ I'g; then g € I'g; and we have @g, ., (79) = ©g,0,(9) = 0. Since
o(7) is a linear map, it follows that o (7)py, w,(g) = 0. Thus o(7)@g, w;(9) = Pg.w, (79) and
Pgiw; € C(0), as needed.

Now we show that the set {@g, w, | g; € [['\G],w; € B} forms a basis for C'(¢). Suppose

that

ZZO‘U SOngJ 70

=1 j=1

for some «a;; € C and for all € G. Then for fixed k € {1,...,n}, we have

ZZO"LJ Pgiw; (Ir) Zakg w; = 0.

=1 j=1
Because {wy, ..., wy,,} is a basis for W, it now follows that ay; = 0 for all j € {1,...,m}.
Thus o;; =0 for all s € {1,...,n} and j € {1,...,m}, and linear independence follows.
Now suppose that ¢ € C(o). For each g; € [['\G], we have ¢(g;) € W and we may write
¥(gi) = X7, Bij w; for scalars f;; € C. We claim that ¢ = 370, 7 Bij g, w,- Indeed, for

any v € I and g;, € [I'\G], we have
> Bi Poiw; (V98) Z By o
i=1j=1
=0o(7) Z Brj w;
j=1

= (7)Y (gr)
= Y(V9k)-
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Therefore, the set {¢g, v, | 9i € [[\G], w; € B} forms a basis for C(c) and we have
dimC(o) =[G : '] dim W. O

Proposition 1.33. Suppose I' is a subgroup of a finite group G, let (o, W) be a
representation of I', and let C(o) denote the vector space defined in Proposition 1.52.

Define the map 7, : G — GL(C(0)), where for g € G and ¢ € C(0),

(7o (9)] (%) = p(z9)

for all x € G. Then (1,,C(0)) = (Ind% (), C(0)) is a representation of G, which we call

the representation of G induced by (o, W).

Proof. Tt is straightforward to show that m,(g) : C(0) — C(0) is a linear map for each
g € G. Clearly the inverse of 7,(g) is simply 7,(g™!), so m,(g) € GL(C(0)) for each g € G.
Now if g,h € G and ¢ € C(0), then

(7o (gh)el(z) = p(xgh) = [mo(h)e)(zg) = [me(g9)ms(R) ] (2)

for all z € G. Hence 7, : G — GL(C(0)) is a group homomorphism, so (7,,C(0)) is indeed

a representation of G. O

Theorem 1.34 (Frobenius reciprocity). Let I' be a subgroup of a finite group G, let (p, V)

be a representation of G, and let (o, W) be a representation of I'. Then
Homg(p, Ind¥ (¢)) = Homp (ResS (p), o).

Proof. Let S:V — W be an element of Homp(Res%(p), o). Consider the map
® : Homp(Res% (p), o) — Homeg(p, IndS (o)), where ®(S) : V — C(0) is given by v — S,,
and S, : G — C is given by S,(g) = S(p(g)v). We first verify that S, € C(0). Note that for

any v € I' and any g € G, we have

Su(v9) = S(p(vg)v) = S(p(7)p(g)v) = a(v)S(p(g)v) = o(7)Su(9),
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because S € Homp(Res% (p), o) is an intertwining operator. Thus S, € C(c). Now we
verify that ®(S) € Homg(p, Ind% (o). For linearity, let vy,v, € V and let A € C. Then for

any g € G, we have

D(S) (1 + Av2)(g) = Sursren(9) = S(p(g) (01 + Av2)) = S(p(g)v1) + AS(p(g)v2),
by linearity of S and p(g). Hence ®(S)(v1 + Ava) = ®(S5)(v1) + AP(S)(ve) and P(S) is
linear. For x € GG, also note that

7o (2)Su(g) = Su(gz) = S(p(g)p(2)v) = Spa)u(9)-

Ergo, m,(2)®(S) = ®(S)p(z) and ®(S) is an intertwining operator.
We now show that ® is a linear isomorphism. Let S,T € Homr(Res{ (p), o), let A € C,

and let v € V. Then ®(S + AT)v = (S + A\T),, and we have for any g € G,
(S +AT)u(g) = (S + AT)(p(g)v) = S(p(g)v) + AT (p(g)v) = Su(g) + AT.(9).

Therefore ®(S + A\T) = ©(S) + A®(T") and P is linear.

To show that @ is injective, note if S € ker @, then S,(g) = S(p(g)v) =0 for all v € V
and all g € G. In particular, S(p(e)v) = S(v) =0 for all v € V, so S = 0 and ® is injective.
For surjectivity, let T' € Homg(p, Ind¥ () and define S : V' — W by S(v) = [T(v)](e). For

any v € ' and v € V, we have

since T(v) € C(o). It now follows that S € Homp(ResY(p), o), and for any ¢ € G and

v €V, we have

Su(g) = S(p(g)v) = [T(p(g)v)](e) = [7s(9)T(v)I(e) = [T'(v)](9)-
Thus ® is an isomorphism and Homg(p, Ind& (o)) = Homp(Res% (p), o), as needed. O
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Proposition 1.35. Let I' be a subgroup of a finite group G. Suppose (p, V') and (o, W) are
representations of I'. If (p®@0): ' x ' = GL(V ® W) is the representation of I' x T’

defined in Proposition 1.16, then
IndS(p) ® nd¥ (o) = nd¥XF(p @ o)
as representations of G X G.

Proof. Consider the map

O :C(p) x C(0) — Clp® o)

(¢, ) > i

where o) : G X G — V @ W is defined by ¢t)(g,h) = p(g) ® ¥(h) for all g,h € G. Clearly

o € C(p ® o) because

©(vg,6h) = w(vg) @ (dh)
= p(7)e(g) ® a(8)(h)
=[(p®a)(7,9)](p(g) @ ¥(h))

=[(p® ) (v,9)]w(g, h)

for all v,0 € I" and g, h € G. It is straightforward to show that ® is bilinear, so there exists
a unique linear map ® : C(p) ® C(0) — C(p ® o) that is defined on the elementary tensors
by &(p ® ¥) = @

To see that ® is bijective, we will show that it maps a basis for C(p) ® C(0) to a basis
for C(p ® o). Suppose By and By, are bases for V and W, respectively, and suppose [['\G]
is a set of representatives for I'\G. For each g € [['\G] and v € By, define ¢, , : G — V by

p(xg v ifz €Tly;

Pgw (x) =
0 otherwise.
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Likewise, for each h € [['\G] and w € By, define, 1y, ,, : G — W by

o(zh™Yw if x € Th;
77Z)h,w(-r) =

0 otherwise.

By Proposition 1.32, the set {¢p, | b € [['\G], v € By} forms a basis for C'(p) and the set

{¢gw | g € I'\G],w € By} forms a basis for C'(c). Hence, by Proposition 1.12, the set
{Spg,v & wh,w ‘ g, h e [F\G],U € BV,'LU € BW}
is a basis for C(p) @ C(o). Now for any =,y € G, we have

plzg v ®@o(yhHw ifz € g and y € Th;

é@ﬁgﬂ} X 1/Jh,w)(l“, y) =
0 otherwise.

Equivalently,

. [(p@o)(zg ™, yh™H] (v @w) if (z,y) € Tg x Th;
(I)(@g,v ® ¢h,w>($v y) =

0 otherwise.

Now by Proposition 1.32, the set {®(9y, ® ¥nw) | g,h € [[\G],v € By, w € By} forms a
basis for C(p ® o). Thus, ® is bijective.
To complete the proof, we need only show that ® is an intertwining operator. That is,

we need to show that

®o[(m, @) (9, 1)) = [Mpeo(g,h)] o ®

for all (g,h) € G x G. Let p @ ¢ € C(p) ® C(0). Then for all z,y € G, we have

® o [(m, ® ) (g, W)](¢ ® V) (z,y) = [P(p @ V)] (2g,yh)
= pp(xg,yh)
= [Tps0(g, M) (2, y)

= [Tpeo(g. )] o D(p ®1)(z,y),

which completes the proof. O]

28



CHAPTER 2
THE GROUP ALGEBRA

In this chapter, we examine some well-known results pertaining to the group algebra in
representation theory. In Section 2.1, we define the group algebra and its inner product. In
Section 2.2, we define the notion of a representation of the group algebra. In Section 2.3 we
prove the Schur orthogonality relations for matrix coefficients. Section 2.4 examines the
characters of group representations and some of their many useful properties.

Many of the results and definitions in this section pertaining to associative C-algebras
can be found in [Rom08]. Much of the information in Sections 2.2 and 2.4 can be found in
[FH91]. Our discussion of matrix coefficients and our proof of Schur orthogonality in
Section 2.3 can be found in [Bum13], and our proof of Maschke’s theorem in Section 2.4 is

adapted from the unpublished notes of Rogawski.

2.1 Definitions

Let G be a finite group and let C[G] denote the set of complex-valued functions on G.
The set C[G] forms a complex vector space under pointwise addition and scalar
multiplication. The dimension of C[G] is simply the order of G. To see this, we define for
each g € G the map 1,: G — C by

1 ifz=g;
1y(z) =
0 otherwise.

It is straightforward to show that the set {1, | g € G} forms a basis for C[G]. For

¢, € C[G], the convolution of ¢ and 1 is the map (p x ¢) : G — C defined by

(px)(z) =D e(y)(y ).

yel@G

The set C[G] together with the operations of addition, scalar multiplication, and
convolution defined above is called the group algebra of G over C. The group algebra is an

example of an associative C-algebra.
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Definition 2.1. An associative C-algebra is a complex vector space V' together with a

bilinear map V' x V' — V| denoted (x,y) — zy, such that
(1) (xy)z = z(yz) for all z,y,z € V;
(2) there exists I € V satistying [x =2l =z for all z € V.

The bilinear map V' x V' — V is usually called multiplication, and I € V is usually called

the multiplicative identity element.

We will verify that C[G] is indeed an associative C-algebra. Before the proof, we state
some familiar examples of algebras used in later sections. If V' is a finite-dimensional
complex vector space, then End(V) = Hom(V, V') is an associative C-algebra with addition
and scalar multiplication defined pointwise, and multiplication defined by function
composition. If n is a positive integer, the set Mat,, (C) of n x n matrices with complex
entries is likewise an associative C-algebra under the usual addition, multiplication, and

scalar multiplication defined on matrices.
Proposition 2.2. The group algebra C[G] is an associative C-algebra.

Proof. Clearly C[G] is a complex vector space. So it will suffice to show that convolution
on CI|@] is bilinear and associative, and that there exists I € C[G] such that I x o = @ [
for all p € C[G].

To show that convolution is bilinear, let ¢, 1, x € C[G] and let A € C. For any g € G,
we have

(¢ (0 +20) (9) = X e(@) (@ +Ax)(7'g) = 3 @(@)(a™"g) + A3 w(@)x(ag).

re. z€q re.

Therefore, p * (¢ + Ax) = (@ * ) + A(p * x). Similarly,

(@ +X) % x)) (9) = D_ (@ + M) (x)x =D p(@)x(@'g) + A D v(@)x(="g).

zeG z€G zeG
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Thus (p + \) * x = (¢ * x) + A(¢ * x) and convolution on C[G] is bilinear. For
associativity, note that

(e (X)) =D e@)(W*x)(z " g) =D > el@)(y)x(y 'z 'g).

zeG zeG yeG

On the other hand,

(g ¥) % x)(9) = D (¢ *¥)(y)x =Y > wl@)(y)x(yg).

yeG yeG xeG
Now we switch the order of summation and make a change of variables y — xy to obtain
((pxv)xx)(9) =D > ¢la W e) =30 > e@)w(y)x(y talg).
zeG yeG zeG yelG
Thus ¢ * (¢ * x) = (¢ * 1) * x and convolution on C[G] is associative.
Let e € G denote the identity element. Then for any ¢ € C[G],
(Lexp)(g) = >_ 1o =0(9) = > (2)Le(z7'g) = (9 * L)(g).
zelG zelG

Therefore 1. is the multiplicative identity element in C[G], and we conclude that C[G] is

an associative C-algebra.

One can also define the group algebra to be the set of formal linear combinations of
group elements. We write CG = {3 ,cq Az - © | Az € C} to avoid any confusion with our
preceding definition of the group algebra. The operations of addition and scalar

multiplication on CG are defined by

Zaxl"f’Zﬁxx:Z(&x_'_ﬁz)xv

zeG zelG zelG
AZam-x: Z)\agpx.
zeG zeG

Multiplication on CG is defined by

(Zax-x) (Zﬁy-y) =3 S b, -y

zeG yelG zeG yelG
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We then make a change of variables y — 71y and switch the order of summation to obtain
(o) (5 - )
zeG yeG yeG \zeG
If we identify each ¢ € C[G] with the formal linear combination (3 ,cq ¢(z) - x) € CG, we
see that both definitions of the group algebra are essentially identical. Indeed, C[G] and

CG are isomorphic as algebras.

Definition 2.3. Suppose V and W are associative C-algebras. Let Iy, and Iy denote the
multiplicative identities in V' and W, respectively. A linear map ® : V' — W is called an

algebra homomorphism if
(1) ©(v) = Iw,
(2) ®(vw) = ®(v)P(w) for all v € V and w € W.
A bijective algebra homomorphism is called an algebra isomorphism.

It is straightforward to show that the map C|[G] — CG defined by ¢ — Y ,cq p(z) - is
in fact an algebra isomorphism. If V' is a complex vector space and dim V' = n is finite,
then End(V') and Mat,,(C) are likewise isomorphic as algebras. We conclude this section by

defining an inner product on C[G].

Proposition 2.4. The map (-,-) : C[G] x C|G] — C given by
1 -
S Te > (@) ().

zeG

defines an inner product on C|G].

Proof. Let ¢, 1, x € C[G] and let A € C. We need to show that

(1) (o, 0) = (¥, 9);
(2) (@ + M, x) = (o, x) + A1, x);

(3) (p,) 2 0;
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(4) (¢, ) =0 if and only if ¢ = 0.

For (1), we have

©, 1 |G‘Z<p |G|Zw = (¥, ).

zeG zeG

For (2),

1
<¢+Aw,x>—’(;|2(w+w)( ‘G’Zw +A@2w

zelG zeG zeG

Hence (¢ + A\, x) = (¢, x) + AM(®, x). For (3) and (4), note that (p, ) is a finite sum of
non-negative numbers since

(0, ) ,G|Z¢ |G‘Z!so

zeCG z€G

Thus (p, ¢) > 0, with equality if and only if ¢(z) = 0 for all z € G. O

Remark. We will sometimes denote the inner product on C[G] by (-, )¢(g- This notation
will be especially useful in Chapter 3, where we consider several distinct inner product

spaces all at once.

2.2 Representations of the group algebra

Definition 2.5. A representation of the group algebra C[G] is an ordered pair (®, V),
where V' is a finite-dimensional complex vector space and ® : C[G] — End(V) is an algebra

homomorphism.

A representation of C[G] defines a representation of G in a natural way. To see this,
suppose that (®,V) is a representation of C[G] and let G = {1, | g € G}. Note that for any
g,h € G,

(1, % 1p)(z) = > 1,(y)1a(y~'2) = 14(g7'z) = Len(2).

yeG

It is easily verified that the map ¢ : G — G defined by g — 1, is a group isomorphism. Now

®(1,) : V — V is invertible for each g € G since
P(1,)P(1,-1) =P(Ly % 1,1) = D(1,) = (1,1 % 1) = D(1,)P(1,-1),
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and ®(1.) =idy. It is once again easily verified that ®|g : G — GL(V) is a group
homomorphism. It now follows that ® o+ : G — GL(V) is a group homomorphism. Ergo,
(P o,V) is a representation of G. A representation of G likewise extends to a

representation of C[G] in a natural way.

Proposition 2.6. Let (p, V') be a representation of G and define p : C|G] — End(V') by

p(f)=>_ f(@)p(z)

zeG

for all f € C[G]. Then (p,V) is a representation of C[G].

Proof. Clearly p(f) € End(V) for each f € C[G], since p(f) is a linear combination of
elements in GL(V) C End(V). To see that p : C[G] — End(V) is a linear map, let
f1, f> € C[G] and let A\ € C. Then

p(fi+ M) = D i+ Afl(@)p(z) = X fil)p(@) + A D fo(x)p(x) = p(f1) + Ap(f2)-

re. z€C re,

Thus p is a linear map.

Let e € G denote the identity element. To complete the proof, we need only show that
p(1.) = idy and that p(f1 * f2) = p(f1) o p(f2) for all fi, fo € C[G]. For the first claim, we

have

p(1le) = D 1e(2)p(x) = ple) = idy .

zeG
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For the second claim, observe that

p(fi* f2) = Z[fl * fa] () p(x)

zeG
=2 > hwhy 2)()
zeG yeG
= Zé %fl DR 2wy ) (p(z) = p(y)p(y~'z))
=> > [Wew) fo(y ' 2)ply ") (since p(y) is a linear map)
zeG yeG
= > hWey) Y foly ')y '2)
yeG z€G
=> fAiwpy) Y. folz)p(z) (change of variables x +— yx)
yeG zeG
= p(f1) o p(f2)-

Thus p is an algebra homomorphism and we conclude that (p, V') is a representation of

oel O

Note that if (p, V) is a representation of G, then p(1,) = p(g) for each g € G. Since
{1, | g € G} forms a basis for C[G] and p : C[G] — End(V) is a linear map, we conclude

that (p, V') is the unique representation of C[G] on V satistying p(1,) = p(g) for all g € G.

2.3 Schur orthogonality

Let (p, V') be a representation of G and let X = {x1,...,z,} be a basis for V. Recall
that the dual space of V' is the set V* of linear maps f : V' — C under pointwise addition
and scalar multiplication. For each x; € X, recall that we define a linear map z7 : V — C
by xf( Az + -+ A\xy) = Ao The set X* = {z7,..., 2"} forms a basis for V*, which we
call the dual basis corresponding to X.

A matriz coefficient of (p, V') is a map ¢ : G — C of the form ¢(g) = f(p(g)v) for some
v € V and some f € V*. Our goal in this section is to prove the Schur orthogonality

relations for matrix coefficients. Before we state the theorem, it will be convenient to
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express the matrix coefficients of (p, V') in terms of an inner product on V. We will assume
that p : G — GL(V) is unitary with respect to our choice of an inner product

(-,-) : V x V — C, meaning that (p(g)v, p(g)w) = (v, w) for all v,w € V and all g € G.
Proposition 2.7. There ezists an inner product on V' relative to which (p,V') is unitary.

Proof. Suppose that (-,-) is an inner product on V. Define (-,-) : V x V — C by

(v,w) =3 (p(x)v, p(a)w).

z€G

It is easily verified that (-,-) : V' x V' — C is an inner product on V. To show that (p, V) is
unitary with respect to this inner product, let ¢ € G and observe that

(p(g)v, p(g)w) = Y (p(g)p(x)v, p(g)p(x)w) = Y (p(gx)v, p(gz)w).

zelG zeG

1

Making a change of variables x — ¢~ 'x gives us (p(g)v, p(g)w) = (v, w), as needed. O

Theorem 2.8 (Riesz representation theorem). Let V' be a finite-dimensional vector space,
let (-,+) : V. xV — C be an inner product on 'V, and let f € V*. Then there exists a unique

vector w € V' such that f(v) = (v,w) for allv e V.

Proof. Let X be an orthonormal basis for V' and let X* be the corresponding dual basis.
Since f € V*, there exist unique scalars \, for x € X such that f =>" cx A\,2*. Now for
any v € V,
flv) = Z A" (v) = Z AV, ) = Z(v,)\iwx) = <v, Z )\wx>
zeX zeX zeX zeX
Hence w = Y,y Ao satisfies f(v) = (v,w) for all v € V, and w is unique by

construction. OJ

By the above, each matrix coefficient of a representation (p, V') is given by
g — {p(g)v,w) for some v, w € V and some inner product (-,-) : Vx V — C. So given a
fixed inner product on V', each matrix coefficient of (p, V') is determined by a pair of

vectors (v,w) € V x V. We let ¢,,, : G — C denote the matrix coeflicient g — (p(g)v, w).
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Note that ¢, ., depends not only on our choice of v,w € V, but also on our choice of an
inner product on V. We are now ready to state the main result of this section. We give the

proof in several steps.

Theorem 2.9 (Schur orthogonality). Let (p, V) and (o, W) be irreducible unitary
representations of G, let v,v' € V| and let w,w' € W. Then
(v, w) (v, w')

<¢v,v’a ¢w,w’> = dim p
0 if (p, V) & (0, W).

if (pa V) = (07 W)v

Lemma 2.10. Fixv € V and w € W. Then there exists an intertwining operator

T:W =V such that (¢py.s Pww) = (TW, V") for allw € W and v' € V.

Proof. Let Y = {yi,...,yn} be an orthonormal basis for W. For y; € Y, define the map
U2V = C by £1(1) = Gy, Duy,)- 1t is easily verified that £, : V — C is a linear map for
each y € Y. Therefore, by the Riesz representation theorem there exists vy € V for each
yr € Y such that {(z) = (z,v) for all x € V. Ergo, (¢yz, Quwy,) = (Uk, x) for each y, € Y
and for all z € V.

Define a linear map T : W — V by T'y; = v; for each y; € Y. First, we show that
(Ty,x) = (Gvu, Puwy) forallz e Vand y e W. Let z € V and let y = X7 | iy, € W be
arbitrary. Since T': W — V is linear and (-,-) : V' — V is linear in the first coordinate, we

have
(Ty,x) = <T2Biyiva7> = <ZﬁiTyi,ZU> = Zﬁi (Tyul")-
i=1 i=1 i=1

Now recall (T'y;, x) = (vi, %) = (Pp .z, Puy,) for each y; € Y. We have

= <¢v,za ¢w,y> ,
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where the last equality follows from the observation that matrix coefficients are
conjugate-linear in the second coordinate. Therefore, (T'y, ) = (¢vz, Pu,y) for all z € V
and y € W, as needed.

By the above, we have (To(g)y, x) = <¢W, ¢w7a(g)y> for all g € G. On the other hand,

since (p, V') is unitary we have (p(g)Ty,x) = (Ty, p(g) 'x) = <¢v,p(g)_1x,¢w7y> for all g € G.
If h € G, then

(0 bumtn) = 157 2 (ol ) (ol alhy]

geG

|61¥| > {p(g)v, z) (o(h=1g)w, y) (since (o, W) is unitary)
geG

|G| > {p(hg)v, z) (o(g)w, y) (change of variables g — hg)
geG

]G\ > < )$> (o(g)w,y)  (since (p, V) is unitary)
geG

= (Bupt-11o Bug ) -

Therefore, (T'o(h)y,z) = (p(h)Ty,x) for all h € G. Since xz € V and y € W were arbitrary,
it follows that T'o(h) = p(h)T for all h € G. Thus T': W — V is an intertwining

operator. O

Corollary 2.11. Fix v € V and w' € W. Then there exists an intertwining operator

S W =V such that (¢py., pww) = (Sw,v) for allv eV and w e W.

Proof. First note that

e = 111 5 (taho) )
= ’é| z(:; <0(g_1)w,w’> (p(g~1)v,v") (change of variables g — ¢~ )
= Kl;| < (w, o(g)w’) (v, p(g)v") (since (p, V') and (o, W) are unitary)
1 , :
e g% {p(g)v',v) (o (g)w', w)
= <¢v’,v7 ¢w’,w> .
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Now by Lemma 2.9, there exists an intertwining operator S : W — V such that

(Dot 0y P ) = (Sw,v) for all v € V and w € W. Thus, (¢, Pww) = (Sw,v). O

Corollary 2.12. If (p,V) and (o, W) are irreducible representations of G and
(p7 V) 7ry_g (07 W)7 then <¢v,v’> ¢w,w’> =0.

Proof. By Lemma 2.10, there exists an intertwining operator 7' : W — V such that
(Pvars Dwa) = (TW',0"). Since (p, V') and (o, W) are irreducible and (p, V') % (o, W),
Schur’s lemma implies that 7' = 0. Thus (¢, v, Pww) = (0,0") = 0. O

Lemma 2.13. If (p,V) = (0, W) is an irreducible representation of G, then there exists a

constant X € C such that (¢y.y, Pww) = A {v,w) (v, w') for all v,v',w,w € V.

Proof. If v,w € V are fixed, then by Lemma 2.9 there exists an intertwining operator

T :V — V such that (¢, ., puwy) = (Ty,2") for all 2/, y' € V. Since (p,V) is irreducible,
Schur’s lemma implies that the map T is just multiplication by some constant C'(v,w) € C,
which depends only on v,w € V. Thus, (¢4, bu ) = (C(v,w)y', 2"y = C(v,w){z’,y') for
all ',y € V. By a similar argument, if v',w’ € V are fixed then there exists a nonzero
constant K (v',w’) € C depending on v, w" € V such that (¢, ., ¢yw) = K(V',0') (x,y) for
all z,y e V.

Assume (v, w) is nonzero and write C'(v,w) = A (v, w) for some A € C. Then by the
above, (Gy..r, buy) = C(v,w) {2, y') = X (v,w) (x',y') for all 2,3y’ € V. On the other hand,
(Poar, By = K(2',y) (v,w) for all 2,y € V. Hence K(2',y') = o', y') for all 2/, y' € V.
By a similar argument, if we assume (v',w’) is nonzero and write K (v, w') = X (v/,w'), we

find that C(x,y) = X (z,y) for all z,y € V. In particular, C(v,w) = X (v, w). Hence

A = ) and we have

<¢x,x’a ¢y,y’> =A <Q§', y> <$/7 y/>

for all x,2',y,y € V. O

Lemma 2.14. If (p,V) = (0, W) is an irreducible unitary representation of G, then

(Dpary Do) = (dim p) ™1 (v, w) (v, w') for all v,v',w,w' € V.
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Proof. Let v,v',w,w" € V. We expand the inner product (¢, ., ¢ ) to obtain

<¢v,v’a ¢w,w ’G| Z (g)w, U)/>.

geG

Because (p, V) is unitary, we have (p(g)w,w’) = (w, p(¢g~")w') = (p(g~)w’, w). Therefore,

<¢v,v’7¢w,w |G‘ Z < (gfl)w’,w> .

geG
So by the previous lemma,
1 / — ! / /
iG] 2 (olg)o,v) (plg™ ', w) = X (v, w) (V/, w) (2.1)
geG

for some A € C. We show that A = (dim p)~!. Let dimp =n and let X = {zy,...,z,} be

an orthonormal basis for V. For any g € G, the matrix of p(g) relative to X is given by

[p(9);; = (p(g)zj, x:) -
The matrix of p(g)p(g~') = p(e) relative to X is simply the n x n identity matrix. That is,

n 1 ifi=y;
[0(9)p(g™ )iz = D (p(g)wr, ) (p(g~ )y, 2x) = (2.2)
0 otherwise.

Now we combine (2.1) and (2.2), fixing v = w = z; and summing over v' = w’ = z, for all

z € X. We have

n

(9)xj, xx) (p(g~ " )aw, ) Z (zj,25) (Tk, Tk).- (2.3)

The right-hand side of (2.3) is simply A - dim p. For the left-hand side, we switch the order

QM

of summation to obtain

|G‘ZZ 9w, x5) (plg™ Ny, wr) = |G’Z =1

g€eG k=1 geG

Hence A = (dim p)~!, as needed. O

40



2.4 Characters of group representations

Let (p, V) be a representation of G. The character of (p,V') is the map x,: G — C
given by x,(g) = Tr [p(g)]. We begin by proving some basic properties enjoyed by the
characters of group representations.

Proposition 2.15. If (p, V) and (o, W) are representations of G and (p,V') = (o, W),
then X, = Xo-

Proof. Since (p, V) and (o, W) are equivalent, there exists an invertible intertwining

operator T : V' — W. Therefore, p(g) = T 'o(g)T for all g € G, and it follows that

Xo(9) = Tr[p(g)] = Tr |T~'0(9)T| = Tr[o(9)] = Xo(9)- O

Proposition 2.16. If (p,V) and (o, W) are representations of G then Xp,as = Xp + Xo-

Proof. Let X = {x1,...,2,} be a basis for V and let Y = {y1,...,y,} be a basis for W.
Then Z = {(21,0),...,(2m,0),(0,41),...,(0,y,)} is a basis for V& W. Now for any g € G,

the matrix of (p @ 0)(g) relative to Z is given by the block diagonal matrix
i (p(9)x;) if 4, j < dim V;

[(p® )9 = yr . (0(g)yj—n) ifdimV <i,j < dimV + dim W;

0 otherwise.

Thus, Tr[(p @ 0)(g)] = Tr [p(g)] + Tr[o(g)] and s0 X,e0 = X, + Xo- O
Corollary 2.17. If p = @, oMy - 7 is a finite-dimensional representation of G, then

Xp = Lred M X

The characters of the irreducible representations of GG, which we will refer to as the

irreducible characters of GG, enjoy the following orthogonality relations.

Theorem 2.18. If (p,V) and (o, W) are irreducible representations of G, then
L if (p, V) = (0, W);

(Xp» Xo) =
0 otherwise.
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Proof. Let X be an orthonormal basis for V' and let Y be an orthonormal basis for W. We

have

— @l > {o(g)z,x) Zm

geG xeX yey

=>. > al > {o(g)z, 2) (T (9)y. )

geG

Z Z <¢337$7 ¢y7y>
zeX y

ey

If (p, V) % (0,W), then by the Schur orthogonality relations for matrix coefficients, we
have (¢, 2, ¢y ) =0 for all 2 € X and y € Y. Thus, (x,, x,) = 0. On the other hand, if

(p,V) = (0,W) then x, = X, and we have

<Xanp> = Z <¢$i,$ia ¢xj7xj> — Z <37i7-1'j> <-Ti7$j> 1 -

Ti,%j ex xi,achX dlm V
Corollary 2.19. If p = @, .o mx - 7 is a representation of G and T € G, then

<Xp7 XT> =MmMr.

Proof. Simply note that
<Xp7X’T> = <Z Mg Xy XT> = Z My <X7r> XT> )
e e

and (X, X-) = 0 unless 7 = 7. O

Our goal now is to show that a representation is determined (up to equivalence) by its
character. That is, x, = X, if and only if (p, V) = (¢, W). We have already proved the
reverse implication. The proof of the forward implication is more involved. Our strategy
will be to show that the irreducible characters {x, | 7 € G} form a basis for some subspace
of C[G].

A function f € C[G] is said to be a class function if it is constant on the conjugacy

classes of G, that is, if f(h=*gh) = f(g) for all g,h € G. The complex-valued class
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functions on G form a subspace of C[G], which we denote by Css[G]. Note that for any

representation (p, V') of G and any g, h € G, we have

Xo(h7 gh) = Tr |p(h~"gh)| = Tr [p(h) " plg)p(h)] = Tr [p(9)] = X,(9)-

Hence the character of (p, V) is a class function. We first show that G is finite. Then we
will show that dim Cyqs[G] = |G].

To show that |G| is finite, we will use the right-regular representation (R, C[G]). Recall
from Example 1.3 that R : G — GL(CIG]) is given by [R(g)f] (x) = f(xg) for all f € C[G]

and z € G.

Proposition 2.20. If G is a finite group and (R, C[G)) is the right-regular representation
of G, then

G| ifg=e;
Xr(9) = (2.4)

0 otherwise,

where e € G is the identity element.
Proof. Clearly the set {{/|G|1, | g € G} forms an orthonormal basis for C[G]. Note that if
e € G is the identity element, then R(e) : C|G] — C[G] is the identity map and we have

T (R(e) = X (Re)/6]1,./16]1. )

zeG

= ¥ (Viel. i)

zeG

=Gl.

On the other hand, if ¢ € G is not the identity then

Tr (R(g) = ¥ (Rlo)/IG]1. /G 1)

zeG

= Y [R(9)1.](y)1.(y)

z€G ye@

=Y > 1.(yg9)1.(y)

zeG yeG
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Proposition 2.21. Let R = @, s my - 7 denote the right-reqular representation of G.

Then m, = dim7 for all T € G.

Proof. Fix m € G and observe that

= (XR, Xr) G > xr(@ = Xx(e) = dim,
‘ ‘ zeG
since 7(e) is just the dim7 x dim 7 identity matrix relative to a basis for V;. O

Corollary 2.22. If G is finite, then so too is G.

Proof. By the last proposition, R = @, s m, - T where m, = dim 7 is a positive integer for

each m € G. On the other hand, (R, C[G]) is finite-dimensional. Thus G must be finite. [

The center of an associative C-algebra R is the set of elements in R that commute with
all elements of R. Explicitly, Z(R) = {z € R | zy = yx for all y € R}. The center Z(R)

forms a sub-algebra of R.
Proposition 2.23. Let G be a finite group. Then Z(C[G]) = Cass|G].

Proof. Let {1, | x € G} denote the usual basis for C[G] and let f € Z(C[G]). By linearity,
a function f: G — C lies in the center of C[G] if and only if it commutes with the basis
elements 1, for all x € G. That is, f € Z(C[G]) if and only if f*x1, =1, % f for all x € G.
For any ¢, h € GG, we have

(f*1n)(g9) = > f(x)1u(z7 g) = f(gh™");

zeG

(1 f)(9) = >_ n(2)f(a™'g) = f(h'g).
zeG

Thus f € Z(C[G)]) if and only if f(gh™') = f(hlg) for all g,h € G. Equivalently,
f € Z(C[G]) if and only if f(g) = f(h~tgh) for all g,h € G. Hence Z(C[G]) = Cuass|G]. O

Proposition 2.24. Let n be a positive integer. Then Z(Mat,,(C)) = span{l,}, where I, is

the n x n identity matrix.
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Proof. For any A € C and A € Mat,(C), we have (Al,,)A = AA = A(AI,,). Therefore,
span{l,} C Z(Mat,(C)). Now for k,l € {1,...,n} define e(;;) € Mat,(C) by
1 ifi=kandj=I

lewnliy =
0 otherwise.

If Ae Z(Mat,(C)), then Aegy) = ewpA for all k,1 € {1,...,n}. In particular,

n A it j =k;
[Aewpli =D Ailewnly =

=1 0 otherwise;
e(k k Z €(k,k) ZtAtj

=1 0 otherwise.

Hence A;; = 0if i # j. Now for any k € {1,...,n},

[A€(1,k)]1k = ZAlt[e(l,k)]tk = A
t=1

n

leqm Ak Z e w1t A = Apk-

-1
Therefore Aj; = Ay for all k € {1,...,n} and so A € span{[,}. O

Remark. By induction, Z(Mat,, (C) & - - - & Mat,, (C)) = span{l,,} & --- @ span{,, } for
any finite collection of matrix algebras Mat,, (C),. .., Mat,, (C). In particular, we have

dim Z(Mat,, (C) @ - - - @ Mat,, (C)) = k.

Now let V = @, . End(V;). For an arbitrary element S € V, we write S = @, . S«

For S, T € V and A € C, we define

S—l—T:@SW-l—TW;

neG
AS = @ ASy;
WG@
SoTl = @ SroTy.
reG
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It is straightforward to show that V forms an associative C-algebra under the given
operations. Clearly V = @__~Matgin v, (C) as algebras. Hence, by Proposition 2.23 we
have Z(V) = @, . span{laimyv, - Thus, dim Z(V) = dim @, .4 span{lgimyv, } = |C¥| We
have already established that Z(C[G]) = Cgass[G]. In the following theorem we will show
that C[G] = V, which allows us to conclude C.,55[G] = Z(V) and therefore

dim C 0,[G] = |G.

Theorem 2.25 (Maschke’s theorem). Let G be a finite group and let V be as defined
above. Then C[G] =V as algebras.

Proof. The isomorphism is the map ® : C[G] — @, . End(V;) where

meC

Clearly @ is a linear map. For each (7, V;) € G, recall that 7 : C[G] — End(V,) is a

homomorphism of algebras. Thus, if e € G is the identity then we have

®(1.) = P (1) = Pidy, .

WE@ ﬂ’EG

Likewise, if f, f' € C[G] then

O(f+f)=Dr(f+f)=Dr(f)on(f)=2(f)o(f).

WGG ﬂeé

Hence ® is an algebra homomorphism.
Next we show that & is injective. Suppose that f € ker(®). Then ®(f) = 0 and it

follows that 7(f) = 0 for all 7 € G. Now recall that R =~ @__x(dim ) - 7. Since 7(f) = 0

TeG

for all 7 € G we have @__p(dim ) - w(f) = 0. Therefore R(f) = 0, and for any g € G we

TeG

have

[R(f)1e] (9) = D f(@)R(2x)1(g) = Y f(z)l(gz) = f(g~') =0

el zelG
Thus f(g) =0 for all g € G, so ® is injective.
For surjectivity, note that dim @, s End(V;) = 3 _s(dim7)? By Proposition 2.21, we
have dim C[G] = Y°__s(dim 7)?. Thus @ is surjective by the rank-nullity theorem and we

TeG

conclude that ¢ is an algebra isomorphism. O
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Lemma 2.26. The irreducible characters {x, | ™ € é} form a basis for Cqss[G].

Proof. By Maschke’s theorem, we have C[G] =2V = @, s Matgimv, (C). The center of C|G]
is therefore isomorphic to the center of @, . Matgimv, (C). On the one hand,

Z(C[G]) = Cuqss|G]. On the other, Z (®7TEG Matgim v, (C)) = @, e span{lgimv, }. We have
dim @, ¢ span{laimv, } = |G|. Thus dim Cqs,[G] = |G|, and it follows that

[{x» | ™ € G} = |G| is finite. Now by Theorem 2.18, {x | # € G} is an orthonormal
subset of Cuss[G]. In particular, {x, | 7 € @} is linearly independent. Thus, {x, | T € é}

is a basis for C.,ss[G]. O

Theorem 2.27. Let (p, V) and (o, W) be representations of G. Then (p,V) = (o, W) if

and only if X, = Xo-

Proof. We have already shown that (p, V') = (o, W) implies x, = X,. So suppose that

Xp = Xo- Write p =D _amy-mand 0 =D, Ny 7, so that x, =3 s mzx~ and

Xo = Yore NaXa- Since {x, | ™ € @} is a basis for C4ss[G] and x, = X, we must have
my = n, for all m € G. Thus, (p, V) = (o, W). O
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CHAPTER 3
THE TRACE FORMULA

Suppose I is a subgroup of a finite group G and let (7, W) be an arbitrary
representation of I'. We consider the induced representation (IndS(7), C(7)) = (x,,C(7))

and write

. = @ m,-p, (3.1)

peG
where m,, is a non-negative interger for each p € G. The multiplicities m, for p € G are
fundamental to understanding the induced representation m,. Our goal in this chapter is to
develop a formula that will allow us to compute these multiplicities.

Our strategy amounts to evaluating Tr [7,(f)] for arbitrary f € C|[G] in two different
ways. In Section 3.1, we view 7, (f) as a block-diagonal matrix and evaluate Tr [7-(f)] to
obtain an expression involving the multiplicities m,, for p € G. In Section 3.2, we evaluate
Tr [7.(f)] as a sum over an orthonormal basis for C'(7). We then equate the expressions
obtained in Sections 3.1 and 3.2 to obtain our trace formula. We conclude by presenting

some applications and examples of our trace formula in Section 3.3.

3.1 The spectral side of the trace formula

Assume the same notation as above. For fixed f € C[G], recall that

= > flz)m (). (3.2)
zeG
We take the trace on both sides of (3.2) to obtain
Tr[m-(f)] = > f(z) Tr[m-(z)] . (3.3)

zeG

By Corollary 2.17, for each x € G we may write

Tr 7, (2)] = > myx,(x (3.4)

peG

48



Combining (3.3) and (3.4), we obtain
Tr[m- (/)] = > f(z) X m,xp(2). (3:5)
zeG peé
Rearranging (3.5) then yields

Tr[m ()] = >_mp > f(@) Xo(2). (3.6)

peé’ zeG

For fixed p € G, note that the inner sum over € G in (3.6) is simply Tr [p(f)]. Hence,
Tr [m-(f)] = >_ m, Tr[p(f)]- (3.7)
peG
We refer to (3.7) as the spectral side of the trace formula. Note that (3.7) holds when we
replace m- = @, m, - p with an arbitrary representation of GG. In what follows, we

compute Tr [7-(f)] as a sum over an orthonormal basis for C'(7) to obtain the geometric

side of the trace formula.

3.2 The geometric side of the trace formula

Assume the same notation as in the last section and fix f € C[G]. Our goal now is to
compute Tr[7-(f)] as a sum over an orthonormal basis for C'(7). The process is
considerably more involved than our derivation of the spectral side. We refer to [Whil0] for
well-known background on trace formulas. Our derivation of the geometric side is adapted
from [Hej76].

We will begin expanding 7, (f) ¢ for arbitrary ¢ € C(7). Ultimately, we will write
7.(f) ¢ as a sum over the right cosets of I' in G. Care must be taken to ensure that such a

sum is well-defined, that is, the sum must take on the same value for any choice of
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representatives for I'\G. We will delay verifying this detail for the moment. If z € G, then

[r-(N)el(@) = 3 fy)m-(y)e(z)

yeG

=Y f(y)e(zy)

yeG

=Y fla7'y)e(y)

yeG

= > > fEwe(vw)

Tyel’\G ~el’

= > > fE ) r(n)ey)

T'yel'\G ~el’
Define the map K; : G x G — End W by

Ki(z,y) = > f@ yy)r(y). (3.8)

yel

We call K the kernel of w,(f). By the above, we have for all z € G

[T (D) = DY Ki(z,y)e(y) (3.9)

Tyel'\G

We will see that (3.9) is indeed well-defined as a corollary of the following result.

Proposition 3.1. Let x,y € G, let 01,02 € I', and let Ky : G x G — End W be as defined
in (3.8). Then K;(8,z,8y) = 7(01) K (z,y)7(651).

Proof. Suppose z,y € G and d;,9, € I'. First observe that

Ky(612,62y) = Z f ((511')717@2?%)) 7(7)

yel

= (a6 ) ()

yel

— Z f (x’lﬁyy) (61765 1),

yel
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where the last equality is obtained by making a change of variables v — 6,75 '. Now

because 7 : I' = GL(WW) is a group homomorphism and 7(d;) is a linear map, we have

Ky(617,00y) = Z f (cflw) T(6)7(1)7(55 )

yel

=7(00) 3 f (&7 ) T(0)7(51)

= 7(00) Ky (2, y)7(3; ). =

Corollary 3.2. Let ¢ € C(7) and let x € G. Then Ks(x,0y)p(0y) = K¢(x,y)e(y) for all
o0el and y € G.

Proof. Suppose § € I' and y € G. By the last proposition, K¢(z,dy) = K;(z,y)7(67'). On

the other hand, since ¢ € C(7), we have p(dy) = 7(§)¢(y). Hence,
Ky(x,0y)p(dy) = Kp(x,y)7(07)7(0)e(y) = Ky(w,y)o(y)- O
Remark. Suppose x € (G is fixed. By the above, the map G — W given by
y— Kp(z,9)e(y)
is left I'-invariant. That is, for any 6 € I' and y € G, we have
oy — Ky(z,y)p(y)-
Consequently, the map I'\G — W defined by
Py — Ky(z,y)p(y)

is well-defined. Ergo, the sum in (3.9) is also well-defined.

3.2.1 The space C(7")

Let (-, )y : W x W — C denote an inner product on W relative to which 7 is unitary.

Let (7%, W*) denote the dual representation of (7,7), as defined in Proposition 1.9. For
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each w € W, let w* € W* denote the linear map defined by w*(z) = (z,w),, for all z € W.

We consider the induced representation (IndS(7*), C(7*)). Recall that
Cr) = G=>W | flvg) =7"(Nf(g) Yy el g Gl
Proposition 3.3. dim C(7) = dim C(7%)

Proof. Since (7, W) is finite dimensional, we have dim W = dim W*. Now by Proposition
1.32, dim C(7) = [G : T](dim W) = [G : T](dim W*) = dim C(7%). O

Proposition 3.4. Let ¢ € C(7) and define ¢* : G — W* by ¢*(g9) = ¢(g9)*. Then
o e C(1").

Proof. Let v € ' and let g € G. For any w € W, we have

[ (v9)(w) = [¢(vg)](w)

Hence ¢*(vg) = 7*(7)¥*(g), as needed. O
Proposition 3.5. If B(7) is a basis for C(1), then B(7*) = {¢* | ¢ € B(7)} is a basis for
C().

Proof. We show that the map C(7) — C(7%) given by ¢ — ¢* is a conjugate-linear group

isomorphism. Let ¢,1 € C(7) and let A € C. Then for any g € G and w € W,

[ + M (g)w = (w, [ + M](9))
= (w, ¢(g)) + (w, \b(g))
= (w,(9)) + A {w, ¥(g))

= [¢* + ¥ (g)w.
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Hence [p 4+ \]* = ¢* + \p*.

To see that the map is injective, suppose ¢* = 0. Then (w, ¢(g)) = 0 for all g € G and
w € W. Thus ¢(g) =0 for all g € G and injectivity follows. Now recall that
dim C(7) = dim C(7*). Hence, the map is surjective by the rank-nullity theorem.

Let Y ep(r) Ap ¢ denote an arbitrary element of C(7), where A, € C for each ¢ € B(7).
By the above, we have a group isomorphism C(7) — C(7*) defined by

Z Ap p —> Z ATDSO*-
p€EB(T) pEB(T)

Since the map is surjective, it follows that B(7*) spans C(7*). Now recall that
dim C(7) = dim C(7*), and |B(7*)| = dim C(7), by construction. Thus, B(7*) is a spanning
subset of C'(7*) with |B(7*)| = dim C(7%), so it follows that B(7*) is a basis for C(7*). O

We define an inner product on C(7), and give some alternate formulations using C(7%).

Proposition 3.6. Suppose (7, W) is a representation of I' and let (-,-),, be an inner
product on W relative to which 7 is unitary. Then C(T) is a complex inner product space

with the inner product

(0 )om = D (w(9),v(9))w - (3.10)

Lgel’'\G

Proof. Since (7, W) is unitary with respect to the inner product (-, ), we have

(p(79), v (v9))w = (T(V)(9), T(MP(9) w
= (¢(9), Y(9)w

for all v € I" and g € G. Therefore, the map g — (¢(g),%(g))y is left I'-invariant and so
the sum in (3.10) is well-defined. It is now straightforward to show that (3.10) defines an

inner product on C(7). O

Proposition 3.7. If p,¢ € C(1), then

(0:Wem = D ¥(9)e(9). (3.11)

Igel'\G
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Proof. Recall that [¢(g)*]w = (w,v¥(g))y, for all g € G and w € W. Therefore,

(Vo= 2 (#(9):¥(9)w

Igel\G

= Y ¥(9)elg),

Igel’\G
as needed. ]
Remark. Fix p,1 € C(7) and g € G, and suppose By is an orthonormal basis for W. We
like to think of p(g) € W as a (dim W) x 1 column vector relative to By . Likewise, we
view ¢*(g) € W* as a 1 x (dim W) row vector relative to By. Note that [¢*(g)|s,, [¢(9)] 8w

is a scalar. On the other hand, [¢(9)]|s, [¥*(9)]s, is a (dim W) x (dim W) matrix, which

gives rise to a linear endomorphism on W. This motivates the following.

Definition 3.8. Let p,¢ € C(7) and let g, h € G. We define the linear map
w(g)v(h)”: W — W by
[p(g)eb(h)w = (w, ¥ (Rh))y »(g)- (3.12)

Corollary 3.9. If p,v € C(1), then

(0o = D Trle(g)b(e)]. (3.13)

Tgel\G

Proof. Suppose By = {wy,...,w,} is an orthonormal basis for W. Then for g € G, the

matrix of p(g)Y*(g) relative to By is given by

[o(9)V"(9)]i = (wj, ¥(9))w (0(9), Wiy - (3.14)
Therefore,
Tr [p(9)¥"(9)] = wgw (wi, ¥(9))w (£(9), widyy - (3.15)
On the other hand,
(p(9), widy
W) = [wn vy - wavod] | F | (3.16)
(0(9), wn)y

Therefore, ¥(g)*¢(g) = Tr[¢(g)1*(g)] and the result now follows from Proposition 3.7. [
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3.2.2 The space C(7,77!)

Let ¥, : ' x I' = GL(End(W)) denote the representation of I' x I" defined in

Proposition 1.18. For (v,d) € I' x I, recall that
U (v, 0)A=T7(7) AT(5)™

for all A € End(W). Since I' x I is a subgroup of G x G, we may consider the induced

representation,

IndZF(V,,): G x G — GL (0(77 7_—1)) 7

where C(7,77!) = C(¥, ) is the space of functions ® : G x G — End(W) that satisfy

®(vg,0h) = 7(7)®(g, h)7(6) "

for all v,0 € I' and g,h € G.
For fixed f € C[G], recall that the kernel of 7.(f) is the map Ky : G x G — End(W)
defined by

Ki(g,h) =" flg 'vh)7(7)

vyel’

for all g,h € G. By Proposition 3.1, we have K; € C(r,77!). Our goal in this section to
prove some basic of properties of the space C(7,77!), which will allow us to better

understand the kernel of 7, (f).

Proposition 3.10. Suppose B(7) is a basis for C(1) and let {©* | p € B(T)} denote the
basis for C(7*) defined in Proposition 3.5. For ¢, € B(1), define pip* : G x G — End(W)

by
[p™ (g, h)Jw = [p(g)(h) ]w = (w, ¥ (h))y ¢(g)

for all (g,h) € G x G and w € W. Then {ov* | p,9 € B(7)} is a basis for C(r,77").

Proof. The result follows from Propositions 1.18 and 1.35, together with the observation

that Tndf ¥ (7 ® 7) & Ind& T (T, ). 0
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For each A € End(W), we let A* € End(WW) denote the Hermitian adjoint of A. That
is, A* : W — W is the linear map that satisfies (Av, w),, = (v, A*w),, for all v,w € W.
We recall some basic properties of the Hermitian adjoint before defining an inner product
on C(r,771). We refer to [Rom08, p. 227] for a more thorough discussion of the Hermitian

adjoint.

Proposition 3.11. Suppose (1, W) is a finite-dimensional representation of I', and let (-,-)

be an inner product on W relative to which T is unitary. Then
(1) 7(7)* =7(7)7! for all vy € T;
(2) (AB)* = B*A* for all A, B € End(W);
(3) (™ (z,y))" =™ (y, x) for all o, € C(7) and x,y € G;

(4) If [A];j and [A*);; are the matrices of A and A* relative to an orthonormal basis for

(5) Tr(A*) = Tr(A).

Proof. Let v €T, let A, B € End(W), and let By, = {wy,...,w,} be an orthonormal basis
for W.

(1) By definition, 7(v)* € End(WW) is the unique map that satisfies

(T(7)v,w) = (v, 7(y)*w) for all v,w € W. Now because because 7 is unitary, we have

(T(m)v,w) = (v, 7(y)""w). Hence 7(7)* = 7(7)

(2) By definition, (ABv,w) = (v, (AB)*w) for all v,w € W. Now (Av,w) = (v, A*w) and
(Bv,w) = (v, B*w) for all v,w € W. Hence (ABv,w) = (Bv, A*w) = (v, B*A*w).
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(3) Let v € V and let w € W. Then for z,y € G, we have

(p(z)y" (y)v, w) = ((v,9(y)) p(z), w)

(4) The matrix of A* relative to By is given by
[A]ij = (ATwj, wy) -

Now we have

(AMwj, wi) = (wj, Aw;) = (Aw;, wj) = [Alji.

Thus [A*];; = [A]i, as needed.
(5) The result follows immediately from 4.

Proposition 3.12. Suppose W is a finite-dimensional vector space. Then End W is a

complex inner product space with the Hilbert-Schmidt inner product,
(A,B)yg =Tr[AB].

Proof. Let A, B € End W and suppose dim W = n. Clearly (-, -) ¢ is linear in the first

coordinate because the trace is linear. We have (A, B) ;4 = (B, A) ;¢ as a consequence of

Proposition 3.11. Now observe that

(A, A) g = Tr[AA"]

[
(]
=
&




Therefore, (A, A) ;¢ is a sum of non-negative numbers. So we have (A4, A) ;¢ > 0 with

equality if and only if A = 0. O

Proposition 3.13. Suppose (1,W) is a representation of I'. Let (-,-) ;4 denote the
Hilbert-Schmidt inner product on End W. Then C(7,77') is a complex inner product space
with the inner product
(F, H>C(T,T—1) = > > (Flz.y), H@y))ys- (3.17)
I'zel\G Tyel\G
Proof. First, note that W, - is unitary relative to the Hilbert-Schmidt inner product.
Indeed, if F, H € C(7,77!) and (v,0) € ' x ', then

(Wr (7, 6) F, We (7, 0) H) g = (7(7) Fr(8) ™", 7(0) Hr(8)™")
=T [r(y) Fr(0)" [r(7) H(0)7"]']
=T [7(7) F7(8)"'7(8) H* 7() "]
= Tr [FH|

= <F7H>HS‘

Now by Proposition 3.6, it follows that C(7,771) is a complex inner product space with the
inner product
<F7 H>C(7_7771) = Z (F(x,y),H(x,y))Hg
(Tz,I'y)eT\GxIT'\G

- Z Z <F($7y)>H<x7y)>HS' ]

Tzel\G Tyel\G
Proposition 3.14. Suppose B(7) is an orthonormal basis for C(1), and define
B(r, 774 = {pv* | p,v € B(1)}. Then B(r,77') is an orthonormal basis for C(r,77!)

relative to the inner product defined in Proposition 3.183.
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Proof. Note that B(r,77!) is a basis for C'(r,77'), by Proposition 3.10. Now for any

©1, 90271/1171% S B(T>7

(ol e3) oy = > Y Trlei(,y) [pavs(z,y)]]

T'zel\G Iyel\G

= > > Trlewi(z,y) vapi(y, o)

I'zel\G I'yel\G

= > Y Trie@)r(y) e (y)e2(z)].

Izel'\G I'yel'\G

Now suppose By is an orthonormal basis for W. For fixed =,y € G, ¢1(z) and ¥,(y) are

both (dim W) x 1 column vectors relative to By,. On the other hand, v (y)* and ¢o(x)*

are both 1 x (dim W) row vectors relative to By, . It follows that ¢4 (y)* 12(y) is a scalar, so

we have

<9011/1T7902¢§>C(T,771) = Z Z U1(y)" va(y) Tr o1 (x)p2(x)"]

I'zel\G Tyel\G
= Y Trle@)ea(x)] D i(y) va(y)
Tzel\G I'yel’'\G

= (1, @2)0(7) (1, ¢2>C(T) ,

where the last equality follows from Propositions 3.7 and 3.9. Now because B(7) is an

orthonormal basis for C'(7), it follows that

. . 1 if o1 = g and Py = 1y;
(197, P213) o1y = (P1 P2) 0y (V15 Y2) 0y =
0 otherwise.

Hence B(7,77!) is an orthonormal basis for C(r,771).

3.2.3 The kernel of 7.(f)

In this section, we will complete our expansion of the geometric side of the trace

formula. Let T be a subgroup of a finite group G, let (7, W) be a unitary representation of

I, and let (IndS(7), C(7)) = (x,,C(7)). For f € C[G] and ¢ € C(7), recall that

[ (f)el(z) = > Kplz,y)ey),

Iyel'\G
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where Ky : G x G — End W is defined by
Ey(z,y) = fa ) (7)
yerl’

for all z,y € G.

Proposition 3.15. Let B(T) be an orthonormal basis for C(1), let f € C[G], and let

x,y € G. Then
Ki(z,y) = > [m(f)el(@)ely) (3.18)

p€EB(T)

We call (3.18) the spectral form of the kernel K.

Proof. Let B(r,7~!) denote the orthonormal basis for C(7,77!) defined in Proposition

3.14, and recall that K; € C(r,77!). We write K; as a linear combination over the basis

elements in B(r,771),
Kf<x7 y) = Z Z 0(907 w) Wﬁ*(ﬂf? y) (319>

peB(7) YeB(T)

where c(p, V) = (Ky, p0") o, -1 for each o™ € B(r, 7~1). First observe that

C((p, w> = <Kf: w¢*>()(7—,7*1)

= > > Tr[Kp(z,y)edt(z,y)]"]

I'zel\G I'yel\G

= > Y Tr[Ks(z,y)e(y)e(z)]

Izel’'\G I'yel'\G

= > Tr| Y Kz y)vyela)

Izel’'\G Iyel'\G

= > Tr[(m(N)v)(@)e(z)]

Fzel'\G

= <7T7'(f)w7 @)C(T) ’
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where the last equality follows from Proposition 3.9. Substituting c(¢, ) = (7 (f)1, ) c)

in (3.19), we obtain

Proposition 3.16. Let f € C[G]. Then

Trir ()= >, > flg7"v9) x-(7). (3.20)

Igel\G vel

Proof. Let B(7) be an orthonormal basis for C(7). We write Tr [7-(f)] as a sum over B(7):

Tr [ﬂ-fr(f)] = Z <7T7(f)907 @)C(T)

p€EB(T)

= > > Tm(N)e)9)e9)] (by Proposition 3.9)
oEeB(r) Tgel\G

= > Tr| > (Wf(f)sﬁ)(g)sﬁ(g)*]
Lgel'\G peB(T)

= > Tr[K(g,9)] (by Proposition 3.15)
Lgel’'\G

= > T Zf(glvg)f(v)]
Igel'\G yel

= Z\ 3" flg M vg) Tr[r(v)]
I'gel’'\G ~eTl’

= > > flaTvex(). 0
Igel’\G ~yel’

We would like to interchange the order of summation in (3.20). As before, care must be
taken to ensure that the sum over I'g € I'\G is well-defined. For fixed v € I" the map
G — C that sends z — f(z'vx) x,-(7) is not necessarily left T-invariant. Indeed, if § € T’
then

0w — fa™10 " y0x)x-(7),
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and f(z~ 10 'vdx) need not equal f(z~'yz). To remedy this, we will first rewrite the inner

sum over v € I'.

Proposition 3.17. Let y € T and let T, = {6 € I' | 6 140 = v} denote the centralizer of
in I'. Then the map I' — C defined by x — f(x~'vz)x,(7) is left T -invariant.

Consequently, the sum

> ST )x-()

I.,6el,\I

is well-defined.

Proof. If 6 € I, then for any x € I" we have

F((02) " (02)) X+ (7) = f (27107 70w ) x(7)
= f(z7v2)x- (). m

Proposition 3.18. Let v € T and let Cl(y) = {6770 | 6 € T'} denote the conjugacy class
of v inT'. Then

Y. fETx(n) = Y fla

I,6el,\ aeCl(y)

Proof. Suppose [[',\I'] is a set of representatives for I',\I'. If § € [I',\I'], then clearly
57 y6 € Cl(7). On the other hand, if a € Cl(v) then a = 3793 for some 5 € I'. Now
there exists 6 € [[,\I'] such that ¢ € ', 3, whence a@ = §~'74. It now follows that
{67198 | 6 € [[,\I']} = Cl(y). Therefore,

> fOTMx-(n) = X f(60)x-(7)

ry6er \I' d€[l4\T

> fla)x-(7). 0

aeCl(y)

Corollary 3.19. Let g € G and let v € I'. Then the sum

>, flgTdg)x-(v)
I, 6el\T
is well-defined. Furthermore,

S flg T Y x-(v) = D FlgTog)x-(7).

I,6€lr\T 5€C1(7)
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Proof. Let g € G and let v € I'. For the first result, note that the map I' — C defined by
x> f(g e yzg)x-(7) is left T'-invariant. The proof of the second result is similar to the

proof of Proposition 3.18. ]

Proposition 3.20. Let [I'] denote a set of representatives for the conjugacy classes in I'.
Then for any x € G,

Yo faTa)x-() =30 D flamiaT yoa)x(y).

~veTr ~elll I,6el,\I'
Proof. The result follows immediately from Corollary 3.19 and the observation that the

conjugacy classes partition I. O

Proposition 3.21. Let f € C[G]. Then
Trfm-(N)l=> > > fla 0 om)x(v). (3.21)
~v€[l] Tzel\G Ty8el\I
Proof. By Propositions 3.16 and 3.20, we have

Trim ()= >, > fl@'vz)x-(v)

Fzel'\G ~el'

= > > > flaTli er)x.(y).

Fzel’'\G ~€[I'] T',6el\I
For fixed v € [I'], it is straightforward to show that the map G — C defined by
v Y fl@Toer)x(v)
I, 60 \I

is left ['-invariant. Therefore, we may switch the order of summation to obtain (3.21). O

Proposition 3.22. For each v € [T, let G, = {x € G | x7'yx = v} denote the centralizer
of v in G. Then

Tr(m ()= =7 > [l v2)x(7) (3.22)
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Proof. The result follows from (3.21). For the moment, we will fix v € [I'] and restrict our

attention to the inner sum over I'z € I'\G. First observe that

Yoo > flate o)X (v |F|Z Yo fla o yom)x-(y)

Izel\G T,6€l,\T 2€G T aerv\r

\F! > T |Zf 16 0x)x-(7)

xEG 6el
z€G del’

Now we switch the order of summation and make a change of variables z — 6!z to obtain

Yoo > flate o)X (v \F]yr\zzf a6 0x) X+ (7)

Tzel\G T.6€l\T' sel zed

\FHF ‘%x%fx v)x-(7)

Clearly the map z — f(z7'yx)x,(7) is left G,-invariant. Thus,

1o G -
S Y )= T fa )
Izel\G T'y6el,\I ‘ ’Y’ GrzeG\G
Now we obtain (3.22) by summing both sides over v € [I]. O

We will refer to (3.22) as the geometric side of our trace formula, though in some cases,

it will be convenient to use (3.20) instead. We are now ready to state our main result.

Theorem 3.23. Suppose I' is a subgroup of a finite group G, let (1,W) be a representation

of T, and let Ind¥ (1) = 71, =2 @ _am, - p. Then for any f € C[G],

peG

Z m, Tr(p Z ’ Z fa™ya)x- (),

pe@ ye(r] | 7’ GzE€GL\G
where [I'] is a set of representatives for conjugacy classes in I', G, is the centralizer of v in

G, and I'y is the centralizer of v in .
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3.3 Examples and applications

We can apply the trace formula presented in Theorem 3.23 by choosing a test function
f € C[G], then computing and comparing the spectral and geometric sides. Our first
example recovers the well-known formula for the character of an induced representation,

which can be found in [Ser77, p. 30].

Example 3.24. Suppose I" is a subgroup of a finite group G, let T be a representation of ',

and let w, denote the representation of G induced by 7. Then for each g € G,

_ 1 _
Xar(9) = 3 Xelwgr) == X xe(ygy ™).
rzel'\G | | yeG
zgr—tel ygy~lter

Proof. Fix g € G. We obtain the first equality by choosing the indicator function f =1, as

our test function. We write

WTg@mp-p.

pel

Note that for any p € G,

p(1y) = > 14(z)p(x) = p(g).

zeG

Thus, the spectral side of the trace formula becomes

Y m, Tr[p(1y)] = > m, Tr [p(g)]

pEé peé

= Xn, (g)a

where the last equality follows from Corollary 2.17. For this example, we will use the
geometric side of the trace formula presented in Proposition 3.16. Equating the spectral

and geometric sides, we have

Xe ()= D > L(a ya)x- (7).

Tzel\G vel'
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For each I'z in the outer sum, note that the inner sum has a nonzero term if and only if
zgz~' € T. When this is true, the only nonzero term is x,(xgz~'). Thus, we obtain the

first equality,

Xe(9) = Do xe(zgz™h).
Tzel'\G
zgr— el

To obtain the second equality, we simply write the outer sum over 'z € I'\G as a sum over

y € G scaled by a factor of |T'|7!:

_ L

xm(g)—|r| > xelygy ). O

yeG
ygy~tel

Remark. Tt should be possible to obtain the geometric side of the trace formula via the
formula in Example 3.24. Indeed, if f € C[G] is arbitrary then
Tr[m ()] = D_ f(9)xx. (9).
e

Substituting x.,(g) with either of the expressions in Example 3.24, we obtain an expression
that resembles the geometric side of the trace formula in Theorem 3.23. This approach
does not extend to the case where G is infinite, since 7, may be infinite-dimensional and, in
this case, the trace of m,(g) does not converge. However, for suitable f € L'(G), m,(f) does
have a meaningful trace which can be found following the methods in [Hej76]. That is, the

method outlined in the previous section can be extended to the case where G is infinite.

Our next example is simply an alternative proof of Proposition 2.21. We rely on the
observation that the right-regular representation (R, C[G]) is equivalent to the
representation of G' induced by the trivial representation of I' = {e}, where e € G is the

identity element.

Example 3.25 (Proposition 2.21). Let R = @, . my - m denote the right-regular

representation of G. Then m, = dim7 for all w € G.
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Proof. Recall that R is the representation of G on the space C[G], where for each g € G,
R(g) : C|G] — C|[G] is the invertible linear map defined by

[R(9)¢l(z) = ¢(xg)

for all ¢ € C[G] and = € G. Suppose I' = {e}, and suppose (7, C) is the trivial

representation of I'. We consider the induced representation 7, : G — GL(C(71)), where

C(r)={f:G—=C]| f(vg) = f(9)VyeTl, g€ G}

and m(g) : C(1) — C(7) is defined as [7-(9)¢|(x) = p(zg) for all ¢ € C(7) and x € G.
Clearly, (., C(r)) & (R, C[G]).
Fix an irreducible representation (r, V;) € G. We want to show that m, = dim .
Focusing on the spectral side, we will need to choose a test function f € C[G] so that
> mp Tr [p(f)] = ma.
pEG
Ergo, we need f € C[G] such that for all p € G,
1 if p=m;

Tr[p(f)] = (3.23)
0 otherwise.

By inspection, (3.23) suggests an orthogonality relation. Indeed, if f = |G|™', and By is

an orthonormal basis for W, then we have

Tr[p(IG]7 %) = X (p(IGI " m)w,w),

- ¥ <ZG \G\lmp<x>w,w>
1 .

e g;exw(l’) wgl;w (p(r)w, w)
1 o

e %xn(x)xp(m)

= <Xp7 X7T>(C[G} .
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Now by Theorem 2.18, we have (x,, XW>C[G] =1if p =7, and <Xﬂ’X7r><C[G} = 0 otherwise.
Thus

Zmp Tr[ (G "x= } = Z mp <vaX7r><C[G] = M,

peG peG
as needed.

We will compute the value of m, via the geometric side of the trace formula. Note that
since I' = {e} is trivial, so too is [I']. Hence the outer sum over v € [I'] consists of a single
term, v = e. Further, we have G, = G and I'. =T, so the inner sum over G,z € G,\G also

consists of a single term. Equating the spectral and geometric sides, we have

Z 1G4 Yo G Xa (@ y2) X (7)

| 7| G zeG\G

'|f|'(|a| 5rle)) e e)

= Xx(€)x-(e)

=dimm,

where the last equality follows from the observation that 7(e) is the dim 7 x dim 7 identity

matrix relative to a basis for V and y,(e) = 1. O

Frobenius reciprocity, stated in Theorem 1.34, likewise follows from the trace formula in

Theorem 3.23.

Example 3.26 (Frobenius reciprocity). Let I' be a subgroup of a finite group G, let (o, V)
be an irreducible representation of G, and let (1, W) be an irreducible representation of T.

Then

Homg (o, Ind¥ (7)) = Homp(Res% (o), 7)

as complex vector spaces.

Proof. We write IndS (1) = m, and Rest (¢) = o|p. As in our proof of Theorem 1.34, it will

suffice to show that dim Homg(o, 7,) = dim Homrp(o|r, 7). Recall that

dim Homg (0, 7)) = ng(o, 7)) = (Xo» Xr. ) Clals
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and likewise,

dim Homrp(o|r, 7) = nr(0, ;) = (Xl X-)er.

In particular, (Xo, Xx,)cjq] is the multiplicity of o in 7, and (X|., X+)c[r] is the multiplicity

of 7 in o|r. Suppose that
T = @ mp - p,
pGGY

where G is a set of representatives for the irreducible representations of G with o € G. We

will show that (Xo, Xr,)cie] = Mo = (Xo|r» Xr)CT]-
Choosing f = |G|~'v, as our test function, by the previous example, the spectral side

of the trace formula is given by

> m,Tr [p(|G|_1E} = M.

peG

Equating the spectral and geometric sides, we obtain

me =3 G S e )

~vE[T] |F7| GzeG/\G

_ ¥y |G|

~e(l |F'Y ’ |G’ GyzeG/\G

= @WW)

veE(l]

Xo (T71y2) X7 (7)

R
= T XU(,}/)XT(’}/)
] 22 1)
1

= Y Xe(M)x-(7)

~vel

= (X Xol|r)C[]-

Hence, dim Homg (0, 7)) = my = (Xr; Xo|r.)cr] = dimp(o]|r, 7), as needed. O
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