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The demand for particle transfer is increasing in various industries, such as manufacturing, metal 

joining, microfluidics, roller lubrication process, fuel cells, super-capacitors, hybrid coating, and 

protective layer applications. As a result, the importance of efficient transfer of solid micron-size 

particles is becoming more crucial. Submicron-sized particles can easily adhere to solid substrates 

due to negligible gravitational force, while micron-sized or larger particles require a binder to 

overcome the gravitational effects. This thesis aims to investigate the interactions between micro-

particles and polymer thin film on cylindrical substrates using particle transfer methods. The 

process parameters are optimized and demonstrated two applications of this process: sorting 

particles based on their size from poly-disperse particle mixtures and controlling the friction force 

of the rods. 

To transfer particles into a substrate, a density-mismatching heterogeneous suspension is utilized, 

where kinetic energy is supplied by a magnetic stirrer’s rotation to keep the particles suspended 

during transfer. Initially, the effect of magnetic stirrer rotation and binder concentration on the 

optimal particle transfer was investigated. As a result of optimizing process parameters, a novel 

technique was developed for filtering poly-disperse particles from density mismatching 



 
 

heterogeneous mixtures at the solid-liquid interface (submerged condition) using entrapment 

instead of the conventional entrainment approach used in dip-coating processes. The polymer layer 

thickness formed over the substrate is controlled by controlling the binder concentration in the 

suspension. The binder concentration is varied from ϕb = 1% to ϕb = 13% at different intervals and 

the particle concentration is kept fixed ϕp = 10%. The viscosity is measured at room temperature 

(25 ºC) to observe the behavior of the suspension using a rotational rheometer. The variation in 

the polymer layer thickness controls the size of the entrapped particles. This work successfully 

showed the size-based separation of particles from a poly-disperse particle mixture. 

Another aspect of this thesis involved the systematic control of frictional forces between elastic 

rods in contact by transferring particles via dip-coating. Non-spherical particles adhere to the rods 

using a polymeric binder. A custom continuous dip-coating setup was constructed in the laboratory 

to coat the elastic rods. The particle delivery over the rods is regulated by controlling the 

concentration of particles in the suspension. Particle concentration in the suspension is varied from 

ϕp = 1% to ϕp = 13% at different intervals to observe the effect of variation of particle concentration 

keeping the binder concentration fixed (ϕb = 5%). The coated rods are dried in the oven to 

overcome the effect of the solvent during the friction force measurement. Table-top experimental 

setup with a push-pull digital force gauge is used to measure the variation friction force at different 

pulling lengths of overhand knots with a variety of unknotting numbers. This work successfully 

demonstrates a novel method of controlling the friction force of elastic rods by controlling the 

particle concentration in the suspension.   
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CHAPTER 1 

INTRODUCTION 

Particle transfer using thin polymer film (< 5 µm) is of great interest in the scientific community 

for the last few decades. When the size of the particles is submicron, i.e., the effect of gravity is 

negligible, particles adhere to the substrate almost effortlessly [1] by using the adhesion force 

between the particles and substrate which is the result of one or more attraction forces (van der 

Waals and electrostatic forces [2], covalent and acid-base reactions [3], or surface asperities [4]). 

However, with the increase in the particle size gravitational force of the particles becomes stronger, 

so a binder is required to transfer those particles. Thin-film based particle transfer method is used 

in different industrial applications including modification of cutting tools [5], corrosion protective 

layers [6, 7], wire coating [8, 9], radio frequency identification [10], e-paper [11], batteries [12], 

particle filtration [13, 14], controlling friction [15].  

Depending on the operating condition different particle delivery methods are applied. For uniform 

thin film generation, physical vapor deposition [16, 17], chemical vapor deposition [18, 19], or 

plasma sputtering [20, 21] are very popular, however, these methods are very slow, arduous, and 

expensive at large-scale production. Wet-deposition techniques are very faster and can be applied 

in atmospheric conditions, and a liquid carrier system (LCS) is used to carry and deliver the 

particles to the desired site such as Langmuir-Blodgett [22], dip coating, and spin coating [23]. 

High-density microparticles and nanoparticles are carried toward the receiver substrate using the 

liquid carrier system. Evaporation-based dip coating method is the simplest, facile to scale up, 

low-cost, waste-free, and low-energy consumption among all the wet-deposition methods [24]. A 

thin film is generated over the interfacial region of the substrate during the withdrawal of the 

substrate from the liquid bath [25]. The film thickness is determined by the competition between 
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the viscous drag force and capillary force [26]. The thickness of the liquid film for a Newtonian 

fluid formed over a flat solid substrate is proposed by Landau Levich [27], and Derjaguin [28] in 

1942 , which is known as the famous LLD equation, ℎ = 0.94 𝑙𝑐𝐶𝑎2/3; where 𝑙𝑐 = √𝛾/𝜌𝑔 is the 

capillary length and 𝐶𝑎 = 𝜂𝑈/𝛾 is the non-dimensional capillary number. Liquid film thickness 

by dip coating process is dependent on surface tension, density, viscosity of the liquid and 

withdrawal speed of the substrate from the solution. The LLD equation is suitable for low capillary 

number (Ca < 10-2) and for the flat substrate which is later modified for different experimental 

conditions and expanded for different substrates like cylindrical rods, wires, ropes, fibers, and 

tubes. The addition of solid particles to the liquid solution obstructs the Newtonian behavior of the 

liquid which creates a complex rheological behavior which is first described by the mathematical 

expression of Einstein in 1911 [29]. The expression is modified considering the particle 

concentration of the suspension, particle shape, and shear rate.  

The generated film over the substrate (flat, cylindrical, or complex substrate) is used as the vehicle 

for transferring solid particles to the substrate. Over the last few years, studies have explored the 

micron-scale large particle transfer from the suspension. Due to reduced surface area and higher 

particle-to-solution density ratio, micron-scale large particle creates negatively buoyant 

suspension while added to the liquid carrier system. External kinetic energy is required to keep the 

particles suspended during the transfer process. Several studies reported particle transfer by 

entrainment using neutrally buoyant suspensions. Gans et. al. [30] used density matching 

suspension of polystyrene particles (20, 40, 70, and 125 µm radius) with dense and viscous silicone 

oil to investigate the effect of the volume fraction of particles during particle transfer. They also 

measured the liquid film thickness and observed that it remained consistent across a wide variety 

of withdrawal speeds. In another work, the effect of withdrawal velocity, particle size, and volume 
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fraction of particles is investigated on particle transfer by using neutrally buoyant suspension 

consisting of PEGPG (poly (ethylene glycolran-propylene glycol)-mono butyl-ether) water 

solution and polystyrene particles (80,145, and 550 µm diameter) [30-32]. Sauret et. al. [33] 

experimentally disclosed the dependency of thin film and particle size and showed that a thin film 

can transfer a particle that is six times larger than the thin film. The particle transfer process and 

the effect of particle transfer from density mismatching heterogeneous mixture are yet to be 

disclosed.    

The most common powder manufacturing process includes gas atomization, plasma atomization, 

and plasma rotating electrode and the resulting powders from these processes are mostly poly-

disperse. The distribution of the produced particles from these processes follows rosin-rammler 

expression [34]. A narrow size range of the particles is desired during manufacturing application 

[35-37]. In this thesis, the process parameters of particle transfer process are optimized to achieve 

the maximum particle transfer and using the entrapment method a novel particle sorting process 

from a poly-disperse particle mixture was demonstrated. Spherical particles are used for the sorting 

of particles. In another work, a systematic variation of the friction force of elastic rods was 

demonstrated by transferring irregular-shaped particles using entrainment.  

 

Note: Chapters 2 to 4 of this thesis consist of research articles as those were presented in the journal 

or preparation stage journal. Chapter 2 is in the preparation stage for journal submission. Chapter 

3 is published in a renowned journal titled Journal of Manufacturing Science and Engineering 

(DOI: 10.1115/1.4052440), and chapter 4 is published in another reputed journal named Journal 

of Applied Mechanics (DOI: 10.1115/1.4055544).  
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CHAPTER 2 

EFFECT OF ROTATION OF STIRRER ON PARTICLE TRANSFER BY 

ENTRAPMENT 

Abstract 

The utilization of thin films to entrap particles is a fundamental concept in particle transfer and 

various industrial applications. When the density of particles and the solution are similar, particles 

can remain suspended in the solution without the need for external energy. However, in situations 

where there is a density mismatch with high-density particles, a rotating magnetic stirrer is used 

to provide kinetic energy to keep the particles suspended. Instead of using the traditional dip-

coating process, a novel entrapment method was employed to transfer the particles. This method 

employs the viscous force of the thin polymer film that is formed over the substrate when it is 

submerged, to trap the particles. During the rotational motion, the particles come in contact with 

the thin polymer film and get entrapped. In this study, we will systematically investigate the effect 

of the rotational speed of the stirrer on particle transfer. Our findings show that the particle transfer 

rate increases with the increase of the rotational speed up to a certain speed (minimum suspending 

speed at 250 rpm). However, after that speed, the particle transfer rate decreases with the increase 

of the rotational speed of the stirrer. We also examined the effect of varying the polymer 

concentration on particle transfer. Additionally, we demonstrated that this entrapment method can 

be utilized as a novel size-based particle sorting application by altering the thickness of the 

polymer film. 

Introduction 

Solution-derived particle transfer using suspension is of great interest in different engineering 

applications [38, 39]. Improved understanding of the particle transfer process using the thin film 
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technology can be successfully used in tubular-shaped blood vessels [40], filtration systems [13, 

41], flexible electronics [42], biosensors [43], corrosion protective layers [6, 7], and optical 

displays [44, 45]. When a solid material is immersed in a liquid, a thin film of uniform thickness 

forms on the surface of the material, ranging from several to hundreds of micrometers, depending 

on the process parameters employed in the coating method [39]. A thin irreversible adsorbed 

polymer film is formed over the substrate when it is submerged in the suspension [46]. The 

thickness of this film can be controlled by adjusting the concentration of the binder present in the 

suspension, which also governs the size of the particles that become trapped within it. The 

thickness of the film was determined in pioneering works for the flat plate a non-evaporating 

solution by Land-Levich and then Derjaguin [27, 28] which is later modified for fiber and 

cylindrical geometries [1, 47]. In most of the previous works, thin film formation and particle 

transfer were well-studied for dilute suspensions.  

The introduction of particles into a solution leads to complex rheological behavior in the resulting 

suspension, which has garnered significant attention within the scientific community. 

Incorporating solid particles into a suspension hinders its rheological behavior, resulting in a shift 

towards a non-Newtonian behavior at higher solid particle loadings. In a non-Newtonian regime, 

the viscosity of the suspension is defined as apparent viscosity 𝜂𝑟 = 𝜏/𝛾̇; where 𝜏 is the imposed 

shear stress and 𝛾̇ is the shear rate. Initially, Einstein proposed an equation to find the viscosity of 

suspension with low particle concentration in the suspension [29]. However, Einstein’s equation 

is later modified by Krieger and Dougherty [48] to measure the viscosity at higher particle 

concentrations and low to high shear rates. Previous studies were focused on the rheology of 

suspensions containing density-matching particles to investigate the impact of particle transfer 

through the dip coating method [30, 31, 49]. They demonstrated the influence of viscosity and 
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withdrawal speed on both film thickness and particle transfer. Working with inorganic particles 

(IP) of higher density adds an additional layer of complexity, as these particles tend to sediment 

when added to the solution. To prevent sedimentation, an external source of kinetic energy such 

as a magnetic stirrer is required to keep the particles suspended [25, 50]. To comprehend the 

process of particle suspension in a fluid, it is necessary to understand the behavior of the rotating 

fluid. Despite the magnetic stirrer being a widely used tool in laboratories, the flow pattern has not 

been thoroughly investigated as of yet. Halasz et al. [51] conducted the first theoretical and 

experimental investigation of the flow pattern generated by a cylindrical magnetic stirrer in a 

cylindrical container using optical observations. They demonstrated the formation of vortexes 

during rotating flow using particle image velocimetry (PIV) and established simple relationships 

for the vortex parameters based on the measured data. In another work, Mahmud et al. [52] 

conducted a study on the hydrodynamics of an unbaffled vessel agitated by a cylindrical magnetic 

stirrer. They used a combination of numerical and experimental methods, including high-speed 

video cameras and Laser Doppler Velocimetry (LDV), to compute the three components of mean 

velocity and turbulent kinetic energy. They compared the experimental results with the numerical 

simulations and found that the flow pattern generated by the magnetic stirrer played a crucial role 

in suspending all the particles in the vessel. Therefore, understanding the hydrodynamics of 

magnetic stirred vessels is vital for optimizing particle suspension in various industries such as 

pharmaceutical and chemical applications. 

The level of agitation plays a crucial factor in determining the quantity of suspended particles in a 

suspension. As the speed of the stirrer increases, the particles that were initially settled at or near 

the bottom of the vessel begin to suspend. The minimum agitation speed required to keep all the 

particles uniformly dispersed in the suspension is known as the minimum suspending speed. 
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Numerous studies have been conducted to experimentally determine the minimum suspending 

speed. The visual method, which involves observing the behavior of solids in a liquid, is the most 

traditional and widely used experimental technique for determining the minimum agitation speed 

required to suspend particles. Specifically, this speed is defined as the velocity at which no solid 

particles remain stationary at the bottom of the container for a minimum of one to two seconds 

[53, 54]. Zwietering [53] developed an empirical correlation, utilizing dimensional analysis, to 

determine the minimum agitation speed based on various parameters. However, this equation is 

only accurate for a small percentage of solid loading. For higher solid loading in the suspension, 

the exponent of solid loading was modified in the subsequent research [55, 56]. An alternative 

method for determining the minimum suspending speed required to suspend particles is solid 

sampling [57, 58]. The solid sampling method involves weighing slurry samples that have been 

withdrawn and dried at different agitation speeds. The minimum agitation speed required for 

particle suspension is determined by identifying the speed at which the maximum amount of solid 

is transferred. Among the other methods of determining the minimum suspending speed Particle 

Bed Height method [59, 60], Steady Cone Radius method [61, 62], Pressure Gauge Technique 

method [63-65], Cloud Height method [66, 67], Power Number method [67, 68], Local Particle 

Concentration method [69-71] are notable. Prior research has primarily been devoted to exploring 

the minimum agitation speed required for particle suspension in turbine-reactor systems. To the 

best of our knowledge, there has been no investigation into the minimum agitation speed required 

for particle suspension in magnetic stirrers.  

The aim of this study was to investigate the impact of kinetic energy, in the form of rotation, and 

binder concentration on particle transfer using adsorbed polymer films. A novel entrapment 

method was utilized as the mechanism for particle transfer. Spherical brazing particles were 
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transferred to a polymer thin film, and the film thickness varied depending on the concentration of 

binder in the suspension. This article is organized as follows: Section 2 focuses on the experimental 

methodology employed in this study. Section 3 presents the results of the investigation into the 

effect of kinetic energy and binder concentration on particle transfer. In section 4 a theoretical 

model for the entrapment mechanism and provides a discussion of the results is proposed. Finally, 

the study's findings are summarized in the concluding remarks presented in section 5.     

Experimental Method 

The experiments in this study were conducted using a density-mismatching heterogeneous 

suspension. The suspension was prepared using a combination of a granular solute binder (PMMA; 

molecular weight 350K), a solvent (1,3-Dioxolane), and solid spherical brazing particles 

(Nicrobraz LM). A high molecular weight binder was utilized in this study because particle transfer 

is enhanced with an increase in the length of polymer chains at higher molecular weights [72]. The 

liquid carrier system, comprised of a mixture of solute and solvent, facilitated the transport of 

particles to the desired location. Both the solute and solvent were procured from Sigma Aldrich in 

the USA. At room temperature (25ºC), the density of the solute and solvent was approximately 

1.17 g/cm3 and 1.06 g/cm3, respectively. The surface tension of the solute and solvent was 

approximately 41 mN/m and 34.3 mN/m, respectively. It is important to note that both the surface 

tension and density of the solution are dependent on the concentration of the binder and solvent, 

which are calculated using a weighted average of the binder and solvent [31, 73]. Table 4 presents 

the values of various properties of the suspension. To dissolve the granular in the solvent, a 

magnetic stirrer is used for six hours. The dissolution of the binder is confirmed through a dynamic 

light scattering (DLS) experiment in the LCS solution. The viscosity of the solution is measured 
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using Anton Paar MCR 302 Rheometer with a parallel plate/plate geometry of 50 mm diameter 

and a 0.3 mm gap filled with the sample. The viscosity is measured at a variable shear rate. 

Solid inorganic brazing particles (Nicrobraz LM) with a spherical diameter range of approximately 

0-100 μm were added to the liquid carrier system to prepare the suspension. The particles create a 

complex behavior with the solution, which has been reported in various previous works. The 

Nicrobraz LM particles were procured from Wall Colmonoy company in Ohio. In a previous 

article, Mueller et al [74] demonstrated three regimes: (i) dilute regime (𝜙𝑝 ≤ 2%), semi-dilute 

regime (𝜙𝑝 ≤ 25%) and the concentrated regime (𝜙𝑝 ≥ 25%). In the dilute regime, the 

suspension behaves according to Newtonian rheology, while in the concentrated regime, the 

viscosity rapidly increases, leading to behavior similar to non-Newtonian fluids. In semi-dilute 

regime, suspension rheology can be approximated as Newtonian fluid [74]. In some previous 

articles, it was observed that the suspension exhibits Newtonian behavior even for higher volume 

fractions of micron-sized particles [75, 76]. The experiments in this study were conducted using a 

constant volume fraction of particles (𝜙𝑝 = 10%), resulting in a Newtonian fluid behavior. The 

volume fraction of the binder was varied to investigate the entrapment effect with magnetic stirrer 

rotational speed. The particle dispersion was improved by sieving using a Gilson Performer III 

shaker through Stainless Steel 635 Mesh (20 μm), and the size of the particles was analyzed using 

SEM and ImageJ software, which determined an average size of 7.56 ± 3.98 μm. The density of 

the particles was approximately 7.97 g/cm3, which was nearly eight times higher than the density 

of the solution, creating a density imbalance that caused sedimentation and separation in the 

suspension. To counteract the gravitational effect of the particles, external energy in the form of 

kinetic energy was required, which was provided by a cylindrical magnetic stirrer measuring 14.88 
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mm in length and 5.95 mm in diameter. The stirring action created normal stresses that lifted and 

suspended the particles, resulting in a dispersed mixture ("pseudo suspension").  

Table 1: Different physical properties of the suspension. 

Binder 

concentration 

(%) 

Particle 

concentration 

(%) 

Surface tension 

of the solution 

(mN/m) 

Density of 

the solution 

(g/cm3) 

Viscosity of 

the solution 

(mPa.s) 

Viscosity of the 

suspension 

(mPa.s) 

0.2 10 34.313 1.06022 0.701 0.920 

0.4 10 34.327 1.06044 1.496 1.964 

0.7 10 34.347 1.06077 1.516 1.989 

1.0 10 34.367 1.06110 1.741 2.285 

 

AISI 1006 mild steel substrate rods with a diameter of 1.1 mm were used as the substrate for the 

experiments. The rods were cleaned by immersing them in an ultrasonic bath of acetone for one 

hour to remove any surface contaminants and passive film. A 20 mL 95020-0 CV Vial with a 

screw top and a round bottom was used as the dipping reactor, with dimensions of 75.5 × 22.5 

mm. For all the experiments, a custom-made dip coating setup was utilized, which was described 

in a previous article [13]. The coating setup’s movement is precisely controlled by a stepper motor 

(SANYO), which is connected to a Flashcut CNC controller and can maintain a precision of within 

±2%. The suspension was stirred at seven different rotational speeds of the magnetic stirrer (100 

rpm to 400 rpm in 50 rpm intervals) to examine the effect of rotation during the particle transfer 

process. To stabilize the suspension at the respective speed, the suspension was stirred for five 

minutes before dipping the substrate. The substrate was then inserted into the stirred suspension at 

a speed of 10 mm/s, and the total dwelling time was 25 minutes, with the stirrer's rotation 

continuing for the first 15 minutes to keep the particles suspended during particle transfer, and the 

remaining 10 minutes were used for particle sedimentation. To avoid particle loss due to the 

substrate's vibration, the substrate was withdrawn from the suspension at a slow speed of 3 mm/s. 
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Entrapment tests were conducted immediately after the sedimentation time, and no particle transfer 

was observed, confirming that the particles are transferred only by entrapment during the tests, 

rather than traditional entrainment. To ensure repeatability, each test was conducted three times. 

 

Figure 1: Variation of Particle count with the speed of the rotation. 

Once the particles were transferred onto the rods via entrapment, the rods were dried in an oven to 

remove any remaining solvent, and then imaged at 1000X magnification using a VHX 7000 Digital 

4K microscope from KEYENCE corp. Characterizing the images of the coated rods is critical for 

measuring the efficiency of particle transfer. However, this is a time-consuming process due to the 

large volume of transferred particles and the lack of contrast between the particles and the 

substrate. Conventional image analysis tools such as ImageJ and variable thresholding methods 

are not suitable as they introduce significant errors. To address this issue, we employed a 

customized object detection algorithm, YOLOv5, based on deep learning techniques. We divided 
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each substrate into two sides and took three images (bottom, middle, and top) from each side, 

resulting in six images per substrate. We repeated each test three times to ensure statistical 

significance, and a total of eighteen images were used to create the dataset for each composition 

and speed.             

Results 

We start the analysis by examining the entrapment of micron-sized particles onto the coated rods 

under different rotational speeds of the magnetic stirrer. The entrapment mechanism involves the 

kinetic energy of particles getting trapped in the polymer thin film. In our previous research, we 

focused on sorting particles of different sizes from poly-disperse particle mixtures by leveraging 

the variation of thin polymer layer thickness [13]. We demonstrated entrapment of particles using 

a constant kinetic energy of 150 rpm rotation of the magnetic stirrer while varying the strength of 

the polymer film. In this study, we investigated the effect of varying the kinetic energy during the 

particle transfer process by changing the binder concentration in the suspension. The high 

molecular weight binder (350K) with longer polymer chains was found to enhance the 

intermolecular interaction with the particles and resulted in superior entrapment compared to the 

previously used low molecular weight binder (15K). The particle transfers initially increased with 

increasing rotational speed up to the minimum suspending speed, after which particle transfer by 

entrapment reduced as the kinetic energy of the particles exceeded the viscous strength of the thin 

polymer film. The entrapped particle size, particle count, and surface coverage variation are 

presented in table 5, and we observed three different regimes based on the variation of rotational 

speeds. 
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Figure 2: Particle transfer visualization at 250 rpm rotational speed. 0.2% binder concentration 

(a), 0.4% binder concentration (b), 0.7% binder concentration (c), 1% binder concentration (d). 

Scale bar is 25 µm for all images. 

Low Rotation Regime 

To better understand the effect of rotational speed, we carried out systematic variation of the speed 

at different binder concentrations. Specifically, we used a binder volume fraction ϕb ~ [0.2%, 0.4%, 

0.7%, and 1%] with a constant particle volume fraction (ϕp = 10%) and an evaporating solvent. 

Prior to introducing kinetic energy to the suspension via rotation of the magnetic stirrer, particles 

were sedimented at the bottom of the reactor due to gravity. As the stirrer rotated, the particles 

were able to remain suspended in the solution, forming a thin polymer film over the substrate. The 

particles hit this film and became entrapped due to the viscous force of the polymer. The 

probability of particle transfer via entrapment is influenced by two key factors: binder 
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concentration and the probability of hitting the film, which is linked to the number of suspending 

particles. Our findings indicate that, at a specific binder concentration, particle transfer increases 

systematically with the rotational speed (up to 250 rpm). Similarly, at a specific rotation speed, we 

observed a similar trend with increasing binder concentration in the suspension. 

 

Figure 3: Variation of surface coverage with rotational speed. 

In the low viscosity range (< 1 mPa.S), there is a slower rise in particle count with increasing 

rotational speed. However, in the high viscosity range (> 1 mPa.S), a steep increase occurs due to 

the thicker polymer film (as shown in figure 1). Surprisingly, a similar increase in surface coverage 

is observed at low rotational speeds, despite the larger particle entrapment in low viscosity. This 

phenomenon is counterintuitive. In the low rotation regime, the maximum particle size shows 

minimal increase, as not all particles remain suspended at those speeds. The maximum entrapped 

particle size is observed when the suspension viscosity is at its maximum (1.24 mPa.S). 
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Figure 4: Variation of the maximum size of the entrapped particles with rotational speed. 

Minimum Suspending Speed  

During the stirring of a suspension with a stirrer, three distinct zones can be observed. The first 

zone is a clear transparent area with no visible particles, the second zone is a suspended area where 

particles are suspended, and the third zone is a dense region where particles are not suspended. 

The size of the suspended zone increases with the kinetic energy of the stirrer. To maximize the 

yield during the particle transfer process, it is essential to optimize the hydrodynamic interactions 

between the particles and the solution to ensure maximum contact between them. The minimum 

speed required to keep all particles suspended in an agitated reactor is the speed at which the 

particles remain off the bottom of the reactor for at least one second [53]. Previous studies [57, 

58], employed solid sampling from the suspension to ascertain the minimum suspending speed. 

They identified the minimum suspending speed as the point where the solid weight reaches its 

maximum. However, these previous studies mainly focused on using a turbine for stirring, whereas 
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this current investigation is centered on determining the minimum suspending speed for 

suspensions using a magnetic stirrer, which is widely utilized in laboratory-scale experiments.   

Table 2: Variation of particle count, surface coverage, and particle size at different binder 

concentrations and rotational speeds. 

Binder 

concentration 

(%) 

Rotational 

Speed 

Particle Count / 

0.4 mm2  

Surface 

Coverage (%) 

Minimum 

Particle 

diameter 

(µm) 

Maximum 

Particle 

Diameter 

(µm) 

0.2 100 611.00±106.00 2.56±0.17 1.87±0.14 9.35±1.03 

150 612.00±187.00 3.59±1.48 1.87±0.01 12.72±3.98 

200 1365.00±95.00 6.02±0.64 1.98±0.04 10.81±1.38 

250 2456.00±353.00 11.68±2.45 1.84±0.01 12.36±2.42 

300 2607.00±340.00 10.47±1.51 1.91±0.07 13.53±3.05 

350 1781.00±213.00 7.73±1.31 1.84±0.14 13±1.25 

400 1534.00±366.00 6.36±1.26 1.82±0.04 15.81±4.94 

0.4 100 992.00±220.00 3.92±0.55 1.89±0.13 10.78±0.34 

150 1758.00±501.00 6.88±1.38 1.87±0.01 14.07±3.44 

200 2053.00±147.00 9.00±0.29 2.04±0.06 11.48±1.06 

250 4104.00±519.00 18.24±2.68 1.79±0.06 10.42±0.84 

300 2655.00±157.00 11.79±1.25 1.85±0.05 12.59±1.01 

350 1892.00±174.00 8.32±1.42 1.77±0.04 10.49±0.36 

400 1977.00±374.00 9.32±1.69 1.82±0.03 15.79±2.29 

0.7 100 1148.00±36.00 5.64±0.22 1.79±0.01 12.22±1.66 

150 2032.00±42.00 10.29±0.85 1.67±0.04 12.31±0.91 

200 2789.00±633.00 13.28±1.47 1.99±0.07 14.03±1.3 

250 4005.00±482.00 21.61±1.78 1.87±0.06 14.88±0.81 

300 3692.00±480.00 16.00±1.83 1.89±0.06 14.88±1.67 

350 2939.00±187.00 13.03±0.79 1.79±0.04 13.38±1.41 

400 3812.00±1424.00 16.43±2.11 1.8±0 17.92±4.17 

1.0 100 1800.00±824.00 8.14±2.78 2.15±0.13 13.5±2.02 

150 4278.00±1947.00 17.25±6.41 2.01±0.07 13.6±2.89 

200 5518.00±1601.00 21.20±5.71 1.92±0.04 14.02±1.49 

250 8604.00±1075.00 35.75±2.07 1.99±0.04 17.22±1.26 

300 6267.00±1307.00 25.10±2.77 1.8±0.12 18.46±1.03 

350 3051.00±1091.00 12.51±3.06 1.91±0.23 17.34±2.88 

400 
6170.00±2699.00 20.70±5.70 1.75±0.05 18.92±1.69 
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We utilized the maximum particle transfer method to determine the minimum suspending speed. 

In our experiments, the maximum particle count was observed at 250 rpm for all concentrations 

except for the 0.2% binder concentration (presented in figure 1), which represents the minimum 

suspending speed. The variation of transferred particles with the binder concentration at minimum 

suspending speed is shown in figure 2. We noted a systematic variation in particle transfer (both 

particle count and surface coverage) at the minimum suspending speed for different binder 

concentrations. However, the number of entrapped particles at 0.4% binder concentration was 

higher than at 0.7% binder concentration, possibly due to the smaller-sized nearly monodisperse 

particles entrapped at 0.4% binder concentration and larger-sized particles entrapped at 0.7% 

binder concentration. The surface coverage was maximum at 250 rpm for all binder concentrations, 

confirming the minimum suspending speed. The density variation of the solution with the change 

in binder concentration was insignificant (as listed in table 4), and the particle concentration was 

constant for all suspensions, which kept the minimum suspending speed constant.       

High Rotation Regime 

The uniformity of the particle suspension is disrupted once the rotation speed surpasses the 

minimum suspending speed, and particle transfer is hindered as well. Figures 1 and 3 demonstrate 

that particle count and coverage both decrease with the increase of rotational speed after the 

minimum suspending speed is reached. As the rotational speed of the magnetic stirrer increases, 

the kinetic energy applied to the particles increases. The entrapment of particles is influenced by 

the balance between the viscous force of the polymer film formed on the substrate and the kinetic 

energy of the particles. In the high rotational regime, particles collide with the thin polymer film 
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with greater kinetic energy and are pushed away from the polymer film due to its low viscous 

strength. 

 

Figure 5: Variation of the maximum size of the entrapped particles with rotational speed. 

We have observed a consistent decrease in both particle count and surface coverage entrapment 

with increasing rotational speed up to 350 rpm (as shown in figures 1 and 3). However, there was 

an unexpected increase in particle entrapment at 400 rpm, particularly for binder concentrations 

greater than 0.2%. This trend was also observed to systematically increase with higher binder 

concentrations. The increased viscosity of the suspension at higher binder concentrations may have 

contributed to this phenomenon. Moreover, we observed a steady increase in the maximum size of 

entrapped particles (figure 4), particularly at high rotational speeds above 200 rpm, with increasing 

binder concentration (except at 4% binder concentration).  
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Discussion 

Entrapment Mechanism 

In this section, we will propose a theoretical model for the entrapment of particles into the polymer 

film, which depends on the competition between the hydrodynamic forces of the fluid acting on 

the particle and the viscous force of the polymer film. To better understand this process, we have 

divided it into two stages: the collision between the thin polymer layer and the particle, and the 

sustainability of the particle entrapment. The collision stage determines the probability of particle 

entrapment, while the entrapment sustainability stage determines the sustainability of the particle 

entrapped in the thin polymer film.  

Collision between thin polymer layer and particle 

This stage initiates the particle entrapment to the polymer layer. The behavior of particle motion 

is a complex phenomenon which has been discussed in many articles in the last few decades. The 

Stokes number is a dimensionless parameter that quantifies the relative importance of inertial 

forces to viscous forces in the motion of particles in a fluid flow. It is commonly used to describe 

the behavior of particles in various fluid dynamic situations. Stokes’ number is defined as follows 

[77, 78]. 

𝑆𝑡 = 𝜌𝑝𝑉𝑝𝑣𝑝/6𝜋𝜂𝑟𝑃
2 = (1/9)𝑅𝑒(𝜌𝑝/𝜌𝑓) 

In the above-mentioned equation St, 𝜌𝑝, 𝜌𝑓, Re, 𝜂, 𝑣𝑝, 𝑉𝑝, and rp are the stokes number, density of 

the particles, density of the solution, Reynolds number, viscosity of the suspension, velocity of the 

particles, volume of the particles, and radius of the particle respectively. In a very low Stokes 

numbers (St << 1), particles tend to closely follow the fluid streamlines, exhibiting laminar 

behavior and being strongly influenced by viscous forces. However, at high Stokes number the 
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particles are less responsive to the change in fluid flow behavior and resulted in more chaotic and 

inertial behavior.   

 

Figure 6: Variation of Stokes number with the variation of Rotational Speed and the binder 

concentrations. 

Figure 6 illustrates the relationship between the variation of Stokes number and changes in 

rotational speed and binder concentrations within the suspension. In a specific viscosity range of 

the suspension, a systematic pattern emerges regarding the Stokes number and the magnetic 

stirrer's rotation speed. It becomes evident that as the rotational speed of the magnetic stirrer 

increases, the fluid flow transitions into a more turbulent state, deviating from the streamline 

behavior. Consequently, there is an increased incidence of particle collision with the polymer thin 

layer on the substrate, leading to a higher yield in particle transfer through entrapment (as depicted 

in figure 1). Conversely, as the viscosity of the suspension increases, the Stokes number decreases. 

This decrease signifies an increase in the drag force exerted by the fluid flow due to the elevated 

suspension viscosity. Consequently, the particle motion shifts towards the Stokes regime.    
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During the entrapment of particles into the polymer thin film, depending on the direction of 

contact, the impact of the particles can be categorized into two types: normal impact, which occurs 

when the particle hits the thin layer perpendicular to the substrate, and oblique contact, which 

refers to any other type of contact with the substrate. In this section, we will elaborate on the 

physics underlying these contacts. When a particle approaches the thin polymer layer, radial force 

assists in the particle's entry into the polymer layer, and the viscous resistive force acts opposite to 

the direction of particle entrapment for both normal and oblique contacts.   

 

Figure 7: Forces acting on a particle during normal contact. 

Normal impact 

When particles come into normal contact with the polymer layer, the viscous fluid dynamic force 

arising from the polymer layer acts as resistance to particle entrapment [77], while the radial force 

helps in entrapment by providing energy gained by the particles from the rotation of fluids. Figure 

7 illustrates the direction of these forces acting on the particles. Stoke’s formula for the 

measurement of viscous drag force acting on the small particles during the fluid motion is 

presented below [77]: 
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𝐹𝑉 = (
6𝜋𝜂𝑟𝑃

2𝑣𝑃

𝑥
) ∫ 𝑐𝑜𝑠𝛽𝑑𝛽

𝛽2

𝛽1

 

In this equation, Fv, and x are the viscous force of the polymer film, thickness of the liquid film 

over the substrate. The velocity has three components along three rectangular co-ordinates. The 

integration method is used to calculate the viscous force in the contact surface area between the 

thin film and the particles. On the other hand, the radial force acting on the particle is expressed as  

𝐹𝑅 = 𝜌𝑝𝑉𝑝

𝑣𝑝
2

𝑅
 

here, FR is the radial for acting on the particles due to rotation of the fluid and R is the radius of 

the rotation of the particles during hitting into the polymer film. The radial force acting on the 

particles should be greater than the resistive viscous force of the polymer layer for the entrapment 

into the polymer layer. 

Oblique impact 

When particles hit the thin polymer layer at an angle (θ) with respect to the normal line of the 

substrate, the radial force component along the direction normal to the cylinder assists in particle 

entrapment. However, the viscous force of the polymer layer still resists entrapment, and the 

motion induced by the radial force facilitates entrapment into the thin polymer layer. Figure 8 (a) 

and (b) show two different modes of hitting during interactions between moving particles and the 

thin polymer film in oblique contact. In both cases, the horizontal component of the radial force 

aids in particle entrapment. The condition for particle entrapment in oblique contact with the 

polymer layer is described by: 

𝐹𝑅𝑐𝑜𝑠𝜃 > 𝐹𝑉 
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Figure 8: Direction of the forces acting on a particle during oblique contact. (a) particle hits the 

polymer film from upper direction, (b) particle hits the polymer film from the lower direction. 

Post-impact and entrapment sustainability 

The particles that have been entrapped into the polymer thin film experience various forces such 

as viscous fluid dynamic force, gravitational force, stokes drag force of the rotating fluid, and the 

surface tension force due to contact between the particles and the film (illustrated in figure 9 (a)). 

When the particle is in a steady condition in the polymer thin film, the combination viscous fluid 

dynamic force due to the contact between the polymer thin film and particle and the surface tension 

force acting in the contact line of the particles are considered as the adhesive force. The adhesive 

force on the particles acts to hold the particles in their location, on the other hand, the drag force 

of the fluid tries to roll the particle down from that location. The sustainability of the entrapped 

particles depends on the balance between the forces acting on the particles. The interaction 

between particles and a solid surface via an interposed liquid film has been discussed in several 

articles [79, 80]. This interaction is similar to the entrapment of particles in a polymer film. The 

adhesion force is due to the small amount of liquid present between the particles and solid surface. 

The surface tension force acting on the particles can be expressed as follows: 
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𝐹𝑠 = 2𝜋𝑇𝑟𝑝sin (𝛼) 

 

Figure 9: (a) balance of the forces after the entrapment of the particle in the polymer film. (b) 

direction of the rotation of particles due to drag force of the fluid. 

where, T is the surface tension of the liquid, 𝑟𝑝 is the radius of the particle and 𝛼 is angle between 

the radius of the particle and the contact line of the particle with the polymer thin film (shown in 

figure 9 (b)). The gravity force is expressed as  

𝐹𝑔 = 𝜌𝑝𝑉𝑝𝑔 

here Fg is the gravity force and g is the acceleration due to gravity. Another possible case of particle 

removal from the polymer film is due to the action of tangential force on the entrapped particles. 

When the tangential force of the rotating fluid becomes dominant, a particle rolls down from the 

polymer film.    

The rolling force resulted the from viscous drag force due to the fluid flow. The equation of the 

viscous drag force of the fluid flow is presented as  

𝐹𝐷 = 1.7009 × 3𝜋𝜂𝑑𝑃𝑣𝑃 
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In this equation, FD and dP are the viscous drag force and diameter of the entrapped particles 

respectively. The constant 1.7009 is used to observe the effect of the surface on the drag force 

[81]. In the Cartesian co-ordinate the balance of the forces of the entrapped particles are presented 

here 

∑ 𝐹𝑥 = 𝑚𝑎𝑥 = − (
6𝜋𝜂𝑟𝑃

2𝑣𝑃𝑥

𝑥
) ∫ 𝑐𝑜𝑠𝛽𝑑𝛽

𝛽2

𝛽1

− 2𝜋𝑇𝑟𝑝sin(𝛼) + 1.7009 × 3𝜋𝜂𝑑𝑃𝑣𝑃𝑥 

∑ 𝐹𝑦 = 𝑚𝑎𝑦 = 1.7009 × 3𝜋𝜂𝑑𝑃𝑣𝑓𝑦𝜌𝑝 

∑ 𝐹𝑧 = 𝑚𝑎𝑧 = 1.7009 × 3𝜋𝜂𝑑𝑃𝑣𝑃𝑧 + (𝜌𝑝 − 𝜌)𝑉𝑝𝑔 − 𝜌𝑝𝑉𝑝𝑔 

In figure 9 (a), the balance of forces is illustrated, where the gravity force of the particles is 

countered by a combination of the buoyancy force and a component of the adhesion force. When 

the gravity force outweighs the combined balancing forces, the particle will slide downward under 

the influence of gravity. In this scenario, the dominant force is the downward pull of gravity, 

causing the particle to move in a sliding motion. On the other hand, the rolling force exerted on 

the particles by the fluid flow is counterbalanced by the other component of the adhesion force. If 

this component of the adhesion force surpasses the rolling force, the particle will remain in its 

current location. However, if the rolling force exceeds this component of the adhesion force, the 

particle will roll down from its current position. This balance between the rolling force and the 

opposing component of the adhesion force determines whether the particle remains stationary or 

undergoes rolling motion. 



26 
 

 

Figure 10: Variation of Adhesion force with the variation of particle diameter. 

When particles come into contact with a polymer film on a substrate, the adhesion force exerted 

on the particles is a result of the combined influence of viscous fluid dynamic force and surface 

tension. The magnitude of this adhesion force is influenced by factors such as the size and shape 

of the particles, as well as the impact velocity. In our study, we investigated the relationship 

between adhesion force and particle size at a specific impact velocity, as depicted in figure 10. Our 

findings revealed a consistent and increasing trend in the adhesion force with increasing particle 

size. As the particle size increases, the contact area between the particles and the polymer film also 

increases. Consequently, the adhesion force experienced by the particles increases as well. This 

observation indicates that larger particles have a greater contact area with the polymer film, leading 

to enhanced adhesion forces.  
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Figure 11: Variation of Sliding force with the variation of particle diameter. 

The adhesion force acting on a particle plays a crucial role in keeping the particle in its current 

hitting location. However, there are several other forces that act in opposition, attempting to 

displace the particle from that location. One of these forces is the sliding force, which arises from 

the difference between the gravity and buoyancy forces. To examine the relationship between 

particle diameter and sliding force, we plotted the variation of sliding force as a function of particle 

diameter, as depicted in figure 11. The findings reveal that the sliding force acting on the particles 

increases as the particle diameter increases. Comparing the observations from figures 10 and 11, 

it becomes evident that the sliding force is relatively small compared to the adhesion force. 

However, this discrepancy in magnitude will be taken into consideration in our future work. 

Additionally, another force that contributes to the displacement of particles from their original 

location is the rolling force. This force is illustrated in figure 9(b) and will be further investigated 

as part of our research efforts. 
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Figure 12: Variation of particle collision time with the rotational speed of the magnetic stirrer. 

Another probability of particle hitting on substrate with viscous polymer thin film is rebounding 

from the substrate. When the particle's impact energy exceeds the adhesive force between the 

particle and the polymer film, the particle will rebound from the substrate. We conducted 

theoretical calculations to determine the duration of particle-substrate collisions. Our calculations 

employed the Hertzian model, known for its accurate prediction of collision timescales. The 

velocity of the particles in proximity to the substrate's wall was utilized to estimate the collision 

duration. This collisional duration can be expressed as follows [82]: 

𝑡𝐻𝑒𝑟𝑡𝑧 = 7.894 (
𝜌𝑝

2

𝐸∗2𝑉𝑖𝑚𝑝
)

0.2

𝑟𝑝 

1

𝐸∗
=

1

𝜋
(

1 + 𝜗𝑃
2

𝐸𝑝
+

1 + 𝜗𝑤
2

𝐸𝑤
) 
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Here 𝑉𝑖𝑚𝑝, 𝐸, and 𝜗 represents the impact velocity, young modulus, and Poisson ratio respectively. 

The subscript p and w correspond to the particle and wall respectively. For our study, we utilized 

Nicrabraz LM brazing particles and AISI 1006 MS rod as the wall material.  

Interestingly, we observed that the collision duration of the particle decreases with an increase in 

the speed of the particles, specifically the rotational speed of the magnetic stirrer which is presented 

in figure 12. This reduction in collision duration can be attributed to the heightened hitting speed 

of the particles. When particles gain higher velocities, they acquire greater kinetic energy. This 

added energy enables them to overcome the resistance posed by the surrounding medium and move 

towards the wall more swiftly. As a result, the particles possess increased momentum, allowing 

them to cover the distance to the wall in a shorter period. The higher hitting speed of the particles 

leads to a reduced interaction time with the fluid or air in their vicinity. Consequently, the impact 

occurs more rapidly as the particles exhibit enhanced movement and traverse the space between 

their initial position and the wall more quickly. This observation highlights the relationship 

between hitting speed and collision duration, suggesting that higher velocities result in shorter 

interaction times during particle-wall collisions. 

Effect of Rotational Speed on Particle Transfer 

The rotational speed of the magnetic stirrer drives the kinetic energy of the particles, while the 

entrapment of particles is determined by their kinetic energy. This energy is transferred to the 

Liquid Carrier System (LCS), which transports the particles to the substrate. As the particles 

approach the substrate, an equilibrium is established between the viscous resistance of the organic 

polymer film and the kinetic energy of the inorganic solid particles, as discussed in the previous 

section. If the radial force of the particle is dominant, it will be entrapped into the polymer film; 

otherwise, the viscous resistive force will push it back. After the particle is entrapped, the surface 
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tension force of the polymer film activates, holding the particle in place. This force depends 

directly on the contact radius of the polymer film and the entrapped particles. There are two 

opposing forces that act to remove the particles from their site: the tangential force of the rotating 

fluid and the gravitational force of the particles. 

Increasing the rotational speed of the magnetic stirrer results in higher kinetic energy in the 

particles of the suspension, leading to an increase in the radial force and contact radius between 

the particles and the polymer film. At low rotation regimes (up to 200 rpm), the particle transfer is 

enhanced due to the increase in kinetic energy. For instance, in figure 1 and 3, the maximum 

particle coverage and particle counts are 13.28% and ≈2789, respectively, for low rotation regimes. 

The maximum particle transfer occurs at a minimum suspending speed of 250 rpm due to the 

homogeneous nature of the suspension, which increases the probability of contact between the 

suspended particles and polymer film over the rod. At this speed, the equilibrium between the 

viscous force and radial force, along with minimal contribution of tangential force, helps to achieve 

maximum particle transfer. However, due to the higher kinetic energy of the particles at higher 

rotation regimes, particle transfer through entrapment is reduced after the minimum suspending 

speed (up to 350 rpm). Surprisingly, particle transfer increased at 400 rpm (as observed in figure 

1 and 3), which is contrary to what was expected. At very high rotational speeds (400 rpm), a 

turbulent flow regime is observed in the suspension, creating a chaotic condition. Perhaps, due to 

this turbulent condition, the hitting probability increases, and at high binder concentrations (0.4% 

to 1% binder concentration), particle transfer increases.  
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Figure 13: Variation of the particle size entrapped particle distribution with binder concentrations 

at 250 rpm rotational speed. 0.2% binder concentration (a), 0.4% binder concentration (b), 0.7% 

binder concentration (c), 1% binder concentration (d). 

Effect of Binder Concentration on Particle Transfer  

The viscosity of the suspension can be controlled by controlling the concentration of both the 

binder and particles. In this study, the particle concentration is kept constant (𝜙𝑝 =10%) and the 

viscosity is varied by the variation of the binder concentration. The viscosity of the suspension is 

calculated using Krieger dougherty equation [48] which is presented in table 4. When the substrate 

is submerged in the suspension, a thin layer of polymer adsorbs onto its surface, and the thickness 
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of this layer is influenced by the binder concentration. A thicker polymer layer is formed at higher 

binder concentrations, as previously reported and compared with theoretical predictions [13]. The 

thicker polymer film enhances the binding strength of the inorganic particles.   

 

Figure 14: Distribution of the entrapped particles ≥ 10µm. 0.2% binder concentration (a), 0.4% 

binder concentration (b), 0.7% binder concentration (c), 1% binder concentration (d). 

Figure 13 depicts the distribution of entrapped particles at various concentrations of binder, 

revealing a systematic trend. The particle counts varied with changes in binder concentrations in 

the suspension. The minimum number of entrapped particles (approximately 7368) was observed 
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when using 0.2% binder, while the maximum number of particles (approximately 18511) was 

observed at the highest binder concentration (1%) in the suspension. Interestingly, contrary to our 

prediction, the particle count was higher in the case of 0.4% binder concentration due to 

entrapment of similarly sized smaller particles in the polymer film, compared to the particle count 

at 0.7% binder concentration. All particle count calculations were based on a total image area of 

1.195 mm2. By varying the binder concentration, we can control the viscosity of the suspension. 

As the adsorbed polymer layer thickness increases with the viscosity of the suspension, the 

maximum size of the entrapped particles also increases at high rotational regimes (after 200 rpm) 

which is presented in figure 4. For example, at 300 rpm, the maximum size of the entrapped particle 

is 14.88 ± 1.67 µm at 0.7% binder concentration (1.04 mPa.S) and 18.46 ± 1.03 µm at 1% binder 

concentration (1.24 mPa.S), which represents a significant increase in the maximum entrapped 

particle size. Figure 14 illustrates the distribution of larger particles (≥ 10 µm) at different binder 

concentrations. Notably, there is a significant increase in the number of larger particles entrapped 

in the polymer film at higher binder concentrations (0.7% and 1%) in the suspension. Thus, 

controlling the binder concentration can lead to size-based separation of the poly-disperse particle 

mixture. However, we observed no effect of binder concentration and rotational speed on the 

minimum size of the entrapped particles (as presented in figure 5). Smaller sized particles require 

low kinetic and binding energy to entrap them into the thin polymer film, which keeps the 

minimum size of the entrapped particles constant.  

Concluding Remarks 

In this study, we examined two process parameters of a novel particle transfer technique called 

entrapment: kinetic energy of the impacting particle and binder concentration. High-density solid 

micro particles were utilized with organic polymer as the binder, which was varied at different 
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concentrations. The magnetic stirrer provided kinetic energy to the particles, and particle transfer 

during entrapment depended on the competition between the particle's kinetic energy and the 

viscous strength of the polymer film. A systematic increase in particle transfer was observed as 

the kinetic energy of the particles increased until the minimum suspending speed (≤ 250 rpm) was 

reached for that particle. The minimum suspending speed was characterized by the maximum 

particle transfer during the entrapment process. Particle transfer decreased at higher rotational 

speeds due to the particles’ increased kinetic energy. However, a sudden increase in particle 

transfer was observed at 400 rpm due to turbulence generated in rotational flow. 

Additionally, we observed the impact of binder concentration on particle transfer, as it directly 

affects the suspension's viscosity, which contributes to polymer layer formation. The maximum 

size of the entrapped particle increases with binder concentration, resulting in size-based 

separation of poly-disperse particle mixtures. We also noted a systematic variation in particle 

transfer with increasing binder concentration at a specific rotational speed. However, we observed 

small-sized almost monodisperse particles entrapping into the polymer film at 4% binder 

concentration, resulting in a decrease in maximum particle size and an increase in particle counts. 
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CHAPTER 3 

SORTING OF POLY-DISPERSE PARTICLE BY ENTRAPMENT USING LIQUID 

CARRIER SYSTEM 

Abstract 

A thin viscous layer is found over a substrate when it is immersed in a polymer solution. The layer 

thickness depends on the polymer and solvent type, their volume fraction, and the substrate. If the 

liquid solution contains particles, they are entrapped in the viscous polymer layer, acting as the 

binder. The trade-off between the viscous force and the centrifugal force on the particle determines 

the entrapment. Furthermore, the size of entrained particles is dictated by the binder concentration 

of the solution., A particle filtration technique is presented using the entrapment phenomenon from 

a poly-disperse mixture. A dimensionless number called the entrapment factor is introduced to 

correlate the particle entrapment with various parameters. By changing the entrapment factor, three 

distinct entrapment regimes are achieved and explained from a poly-disperse mixture. The 

experimental result shows that entrapped particles become larger as the factor increases, which 

can be controlled with multiple parameters of the dipping process. The proposed technique can 

lead to a filtration process of the wide-range poly-disperse particle mixture over the capillary 

filtration processes. 

Keywords:  sorting, poly-disperse particle, inorganic micro-particle, entrapment factor. 

Introduction 

The gravitational force has a negligible effect on sub-micron particles, which are often adhered to 

the solid substrate almost effortlessly [1]. This is due to the adhesion force between the particle 

and the substrate, which can result from one or more of the attraction forces (i.e., van der Waals 

and electrostatic forces [2], covalent and acid-base interactions [3] or surface asperities [4]). 
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However, when the gravitational force becomes prominent, a binder is required to attach the 

particle to the substrate. Both micro and nanoparticles are carried toward the receiver substrate 

using the carrier media (i.e., gas, solid or liquid) and particles are transferred following the force 

balance equilibrium (interfacial entropy). For example, color pigment (metal oxide) travels 

through the gas are deposited on the substrate in the dry printing process [83]. Similarly, in the 

contact-transfer printing process, donor substrate (often elastomeric stamp) carries the particle and 

transfer them to the receiver substrate upon contact [84]. In the wet deposition technique, particles 

are added to the liquid, which carries and delivers the particles to the desired site using transfer 

processes such as Langmuir-Blodgett [22], dip coating, and spin-coating [23]. The resultant liquid 

carrier system (LCS) can be of various forms, i.e., solution, sol-gels [85, 86], colloids [87], slurry, 

suspension [30, 31], or heterogeneous mixture. Common transferrable are either organic (polymer 

chain from the solution) or inorganic nanoparticles (ceramics or metal oxides). Among all the wet 

deposition techniques, evaporation-based dip coating or dipping lacquers is the simplest, facile to 

scale up, low-cost, waste-free, low energy consumption [24]. It is suitable for large surface film 

generation [1, 88, 89] on complex structures, including porous architecture (low volumetric flux). 

A plethora of work has been reported on wet deposition-based dip-coating, and many of them are 

focused on material transfer from suspension (direct transfer) or from precursor chemicals (ionic 

transfer). It allows a wide range of density and viscosity of the liquid carrier system for the 

preparation of thin layers over flat and circular substrates [90]. Material is transferred on the 

interfacial substrate while withdrawing from a mixture or solution (entrainment) [25, 91]. The 

competition between the capillary force and the viscous drag force at the time of the withdrawal 

determines the thickness of the polymer layer on the substrate [26]. The thickness is also influenced 

by the withdrawal speed, shape, and physical properties of the substrate [1]. In one of the 
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pioneering works of the dip-coating process, the thickness of the film is determined by ℎ =

0.94𝑙𝑐𝐶𝑎
2

3⁄  which is known as famous LLD equation [27, 28]. Here 𝑙𝑐 = √𝛾/𝜌𝑔 is the capillary 

length, 𝐶𝑎 =  𝜂𝑈/𝛾 is the capillary number and 𝛾 and 𝜂 are the surface tension and the viscosity 

of the suspension respectively; U is the withdrawal speed of the substrate and g is the acceleration 

with respect to gravity.     

The thin-film generation technique is commonly used in various industrial applications, including 

corrosion protective layer [6, 7], roller lubrication process, printing technologies, medical 

application [92, 93], modification of cutting tools [5] and wire coating [8, 9], biosensors [43], and 

hybrid coating [94], etc. In recent works, the dip-coating process demonstrates the size-based 

separation of particles from the suspensions [33, 95, 96] by tailoring capillary force and the viscous 

drag force at the liquid-gas interface.  The polymer layer governs particle entrainment during 

withdrawal onto the substrate, which changes with the withdrawal speed of the substrate from the 

suspension and the percentage of the binder in the solution. Silicone oil is used as the liquid carrier 

system to carry the neutrally buoyant polystyrene micro-beads particles (20 µm-250 µm) in their 

studies. Three regions are reported after withdrawal which are explained with capillary number 

(Ca); no particle entrainment for low Ca regime; cluster of micron size particle entrainment at 

medium Ca regime and individual large particles are entrained at high Ca regime. 

Larger inorganic micro-scale particles are commonly used in manufacturing industries (e.g., 

brazing powder, metal filler, and 3D printing powder). Common powder particle manufacturing 

processes include gas atomization, plasma atomization, and plasma rotating electrode process. 

These processes are commonly known as droplet-based particle fabrication techniques and 

generate a spherical particle size distribution with a large standard deviation (poly-disperse). The 

size distribution often follows a continuous exponential pattern commonly expressed with rosin-
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rammler expression [97]. A narrow particle size range is an essential trait for their utilization in 

various manufacturing domains (i.e., additive manufacturing [35-37], powder sintering, metal 

injection molding, powder bed fusion, etc. [98]).  Mono-disperse particle fabrication is difficult, 

costly, and challenging [99] and oversized particles are very common. Different filtration 

processes are employed to reduce the poly-dispersity as post-processing steps, including 

membranes [100-102] or motion of the bubble [103]. However, their size separation capacity can 

be limited and can become energy intensive. Capillary filtration via dip coating is relatively a facile 

process and has been demonstrated in separating the bi-disperse particles [95] from density 

matching dilute suspensions. However, the inorganic-micro particle has a higher density and will 

generate slurries than the solution if added to LCS. Thus, capillary filtration may not be a viable 

option. The particle transfer mechanism using the dip-coating process is rarely investigated with 

density mismatching heterogeneous mixture.  

In this work, we are reporting a poly-disperse particle filtration technique from density 

mismatching heterogeneous mixture at the solid-liquid interface (submerged condition). The 

novelty of this work is to investigate particle entrapment rather than entrainment, which is the 

deviation from the status quo. When a substrate is dipped in a polymer solution, a thin viscous 

layer is formed due to fundamental molecular interactions leading to reversible or irreversible 

adsorption [46] layer. The adsorbed layer consists of (i) interphase metal and oxide, (ii) interface, 

and (iii) interphase polymer. The thickness of this adsorbed layer can range from a few nanometers 

to a couple of micrometers, which is the driving force for particle entrapment. By controlling the 

process parameters, the adsorbed layer can entrap inorganic nano to micro-particles in the presence 

of a relative motion. The particle entrainment and the boundary layer formation during withdrawal 



39 
 

are shown in Figure 15(a). In contrast, the particle entrapment on the substrate in the submerged 

condition is shown in Figure 15(b), which is the focus of this paper. 

Methodology 

The liquid carrier system used in the experiments consists of solute (binder) and solvent (1, 3-

Dioxolane) to deliver solid brazing (Nicrobraz 51) particles. Poly-methyl methacrylate (PMMA) 

is used as the binder, and the chemical formula of the binder is CH2=C[CH3]CO2H. The density 

of the binder and the solvent are 1.17 g/cm3 and 1.06 g/cm3, respectively at room temperature (RT 

= 25°C). Both solute (granular) and solvent (liquid) are procured from Sigma Aldrich, USA. A 

magnetic stirrer is used for two hours at RT to dissolve the solute into the solvent. Table 1 shows 

the viscosity of the solution at different binder percentages, as measured with an Anton Paar MCR 

302 Rheometer with a parallel plate/plate geometry. The binder concentration varies at different 

intervals ranging from 1% to 13% for the sorting of the particles within the range of particles used 

in the mixture. All viscosity measurements are taken at RT.  

 

Figure 15: Schematic diagram of particles transfers into the thin layer over the substrate (not to 

scale): (a) particle entrainment at the time of withdrawal of the substrate is shown and (b) 

particle entrapment to the substrate in the submerged condition. 

Brazing powder (Nicrobraz 51; Wall Colmonoy company, Ohio; Spherical dia range ~0-100 µm) 

is sieved with Gilson Performer III shaker through Stainless Steel 635 Mesh (20 µm) in our lab to 
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reduce polydispersity and are analyzed using SEM. The average diameter of the particles is found 

5.69 μm. For submicron size particles, the electrostatic force and van der Waals forces become 

prominent for coagulation due to their possession of a large specific surface. However, for larger 

particles (>1µm) the specific surface area is reduced, which makes them non-interacting and non-

agglomerating spherical solid particles in the liquid matrix (non-Brownian regime) [104, 105]. 

Thus, no dispersant is needed here. The density of the particles is 7.8 g/cm3, and the particle to 

liquid density ratio >7. Due to this density mismatching, fast sedimentation will occur, which will 

accumulate at the bottom of the dipping vessel and create a phase separation. The external kinetic 

energy in the form of agitation is applied in the mixing reactor to encounter the gravitational force. 

A cylindrical magnetic stirrer is used; the stirrer's length and diameter are 14.88 mm and 5.95 mm. 

The stirring will create a pressure difference (normal stresses), and the particles will lift off and 

stay suspended, creating a dispersed mixture (‘pseudo suspension’). 

In this study, the substrate is a cylindrical AISI 1006 mild steel rod with an average diameter of 

1.1 mm (procured from ClampTite LLC). Rod samples are cleaned in the ultrasound bath with 

acetone for 10 minutes at 50 ºC, which will remove any surface contaminant and passive film. 

Before dipping, the mixture is stirred for 15 minutes at a rotation of 150 rpm for stabilizing. The 

dipping reactor used in this experiment is a 20 mL 95020-0CV Vials, screw top; clear borosilicate 

glass, round bottom with the dimension of 75.5 x 22.5mm. The rod is mounted on the Z-axis stage 

controlled with a Flashcut CNC controller. A high-precision bipolar stepper motor (SANYO) 

connected with a computer will be used to control the dipping speed within ±2% precision, which 

is controlled using G-code.  
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Figure 16: Experimental measurement of the polymer layer thickness with a round cut. 

The rod entered the center of the dipping reactor at a speed of 10 mm/s during the experiment. The 

dwelling time is a total of 90 minutes. Stirring continues for the first fifty minutes, and then the 

stirrer is switched off. The mixture settled down in the remaining 40 minutes creating the phase-

separated mixture. This ensures that no particles are floating in the mixture to entrain the substrate 

while withdrawing.  Afterward, the substrate is withdrawn from the particle-laden mixture very 

slowly at 0.1 mm/s to minimize any vibration. The solvent evaporates quickly from the substrate 

leaving the transparent binder and the entrapped particles. The liquid film thickness is measured 

with 3D profile depth variation using VHX 7000 Digital 4K microscope (KEYENCE corp., IL) at 

1500X. A narrow groove is created with a round edge cut on the substrate in three different 

locations. The profile depth is measured and averaged as shown in Figure 16. The high-resolution 

4K images of the dipped rod are analyzed with image J software. To ensure statistical significance, 

ten samples (regions) are randomly selected for each measurement (i.e., particle count, surface 

coverage) in each sample which is then averaged for further calculation in this paper. While 

plotting the experimental values, the standard error is calculated for the error bar and 2𝜎 (95.45% 

confidence level) bar is used in the plotted data to demonstrate the repeatability.  
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Figure 17: (a) Comparison of theoretical and experimental polymer layer thickness with the 

capillary number (both circle and squares are the theoretical results and triangle indicate the 

experimental results) (b) The variation of the entrapped particle size with the variation of 

polymer layer thickness observed from the experiment. 

The volume fraction of the particles is measured by the ratio of the volume of particles and the 

total volume of the mixture (solute, solvent, and particles) as 𝜙𝑝 = 𝑉𝑝/(𝑉𝑝 + 𝑉𝑠𝑜𝑙𝑢𝑡𝑒 + 𝑉𝑠𝑜𝑙𝑣𝑒𝑛𝑡); 

here 𝑉𝑝 is the volume of particles. The volume fraction of the particles is kept constant (𝜙𝑝= 10%) 

for our the experiments as the previous studies have found that the mixture with 𝜙𝑝 < 20% 

remains in the Newtonian regime at a low share rate, 𝛾̇ [106]. Only the binder percentage is varied 

to observe the entrapment phenomenon. The viscosity of the suspension is measured by using the 

Krieger-Dougherty equation [48] using the viscosity of the solution 𝜂𝜙 = 𝜂0(1 − 𝜙/

𝜙𝑚𝑎𝑥)−𝐵𝜙𝑚𝑎𝑥; here 𝜙𝑚𝑎𝑥 is the maximum volume fraction of the particles and B is the Einstein 

coefficient. Packing for monodisperse sub-micron spherical particles (𝜙𝑚𝑎𝑥) can range from 0.52 

to 0.74 with some staking scheme. However, their random close packing (RCP) density is about 

0.64 [107], which may increase up to ~0.74 for poly-disperse particles [74, 108]. For the rigid 
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sphere under sheared suspensions, the maximum particle volume fraction is reported as 𝜙𝑚𝑎𝑥 = 

0.68 [109] and 𝜙𝑚𝑎𝑥 = 0.67 [88]. The value of B is used as 2.5 [29] to calculate the viscosity of 

the suspension is listed in table 2.  

Result and Discussion 

In the classical dip-coating process, particle entrainment to the substrate is due to the competition 

between the viscous force and the capillary force during the withdrawal of the substrate [25, 110]. 

To verify the present experimental model, the substrate is dipped into the solution without the 

particles and stirring energy. To minimize the convective flux (entrainment of polymer chain) 

during withdrawal, a very low withdrawal speed (0.001 mm/s) is used, for which the film thickness 

is measured using the methodology discussed in the previous section. To compare the experimental 

result of this system, the polymer layer thickness is also determined with the modified LLD [1] 

equation (ℎ𝐿𝐿𝐷 = 1.34𝑟𝑓𝐶𝑎2 3⁄ ) and power-law equation (ℎ𝑝𝑜𝑤𝑒𝑟 =
1.34𝑟𝑓𝐶𝑎2 3⁄

1+2.53𝐺𝑜1.85/[1+1.79𝐺𝑜0.85]
) 

[96]. Here 𝑟𝑓 is the radius of the fiber; 𝐺𝑜 is the Goucher number and expressed as 𝐺𝑜 = 𝑟𝑓/𝑙𝑐; 𝑙𝑐 

is the capillary length. The data are plotted in Figure 17(a), which shows the experimental 

thickness is slightly higher than the theoretical value. This variation can be attributed to the very 

low withdrawal speed (0.001 mm/s) [111] during this experiment. In addition, the size of the 

entrapped particle and their variation is shown with the entrained polymer layer thickness in Figure 

17(b). The size of the maximum entrapped particles increases with the polymer layer; however, 

the maximum particle size increases sharply when the polymer layer thickness ≥ 5 𝜇𝑚. 
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Table 3: Parameters of Experiment and the physical properties of the solution 

 

The particles are entrapped into the thin layer that is due to the relative motion of the substrate and 

suspension, as shown in Figure 18. As the stirring speed is low, it assumes minimum slippage, like 

laminar flow. Moreover, the length of the stirrer is close to the diameter of the dipping reactor. 

Thus, the radial speed of the mixture near the substrate can be assumed steady. Similarly, the speed 

variation in particles along the vertical direction can also be neglected in this experiment [52]. The 

rotational speed of the particles can be assumed as the same as the stirrer speed (πdN/60, where d 

is the rotation diameter of the particles and N is the RPM) near the substrate.  

When the substrate is dipped into the solution, a polymer layer is adsorbed on the substrate 

(polymer film as shown in Figure 18(b)), and the thickness of the polymer layer is dependent on 

the binder concentration. As the particle comes closer to the substrate, the viscous polymer film 

will entrap the particle with the viscous force, while the centrifugal force acting on the particle will 

push it to roll and drive them towards the bulk. The balance between these two forces will cause 

the entrapment of the particle on the substrate, for which the mechanism is shown in Figure 18.  

The experimental parameters and the physical properties of the solution are listed in table 1. As 

discussed in the methodology section, the entrapped particle size and their coverage on the 

substrate are measured from the microscope image analyzed by ImageJ software. The size 

Binder 

(%) 

Velocity of 

particle 

(m/s) 

Particle 

volume 

fraction 

(%) 

Viscosity of 

the solution 

(mPa.s) 

Density of 

the solution 

(g/cm3) 

Surface 

Tension 

(mJ/m2) 

1 8.64×10-3 10 0.752 1.037 34.374 

2 8.64×10-3 10 0.868 1.038 34.449 

4 8.64×10-3 10 1.128 1.042 34.598 

7 8.64×10-3 10 1.908 1.047 34.821 

10 8.64×10-3 10 3.191 1.052 35.044 

13 8.64×10-3 10 4.210 1.057 35.268 
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variation of the entrapped particles is shown in Figure 19 with schematic and actual microscope 

images. The results of the experiments are divided into three different zones (Zone A, B and C) 

based on the particle sizes entrapped into the polymer layer on the substrate. From the image 

(Figure 19), a positive correlation between entrapped particle size and the binder volume fraction 

can be observed, for which the quantitative data are presented in Table 2. Such a correlation can 

be used for the batch-wise filtration of the poly-disperse particles.  

 

Figure 18: Particle entrapment mechanism in the vicious layer at submerged condition (a) 

particle entrapped in polymer chain (b) acting forces. 

For further investigation of this phenomenon, a parametric relationship needs to be established. 

The traditional dip-coating process uses dimensionless numbers (e.g., Capillary number or Bond 

Number) that consider the dipping parameter, substrate, and mixture characteristics. Such 

dimensionless numbers work well for entrainment in the solid-liquid-gas interface [112], which 

can predict the properties of the entrained film. However, the particles are entrapped into the thin 

polymer by the relative motion, similar to the collision of particles through media in cold spray 

coating [113]. As the particle is entrapped in the submerged condition in the solid-liquid interface, 

and the Capillary number (𝐶𝑎 = 𝜂𝑈/𝛾) and Bond Number (𝐵𝑜 = (𝑑𝑝/2𝑙𝑐)2) are not appropriate. 
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Moreover, the substrate is motionless in the submerged condition during the entrapment of 

particles, that is why the capillary number is not suitable to explain the entrapment phenomenon.  

 

Figure 19: Visualization of particle entrapment at binder percentage schematic in the upper side 

and experimental in the lower side (a) Zone-A, (b) Zone-B, (c) Zone-C. 20μm scale bar. 

A new non-dimensional factor is introduced to correlate the variation of the entrapped particle size 

in the polymer layer. In submerged conditions, the entrapment of the particles depends on the 

competition between the viscous force, 𝐹𝑉  and the centrifugal force, 𝐹𝐶  acting on the particles. 

The viscous force can be defined as 𝐹𝑉 = 1.7009 × 3𝜋𝜂𝑑𝑃𝑣𝑃; 𝜂, 𝑑𝑃 and 𝑣𝑃 are the viscosity of 

the suspension, the average diameter of the particle, and the velocity of the particle, respectively; 

whereas, the centrifugal force can be expressed as 𝐹𝐶 = 𝜌𝑉𝑣𝑝
2/𝑟; 𝜌, 𝑉, and 𝑟 are the density, 

average volume of the particles, and rotational radius of the particles, respectively. 
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Table 4: Variation of Particle size and coverage with Binder concentration. 

 

Since the rod is dipped at the center, 𝑟 is considered as the radius of the rod. The constant 1.7009 

is used to observe the effect of surface on drag force [81]. The viscous force helps the particle 

remain in the polymer layer on the substrate; conversely, the centrifugal force drives the particles 

out of the polymer layer. Thus, the entrapment factor is defined here as the ratio of viscous force 

and the centrifugal force, which is calculated by the following equation. 

Entrapment Factor (𝐸𝑓) =
Viscous Force (𝐹𝑉)

Centrifugal Force (𝐹𝐶)
=

1.7009 × 3𝜋𝜂𝑑𝑝𝑟

𝜌𝑉𝑣𝑝
 

The force variation acting on the particles is shown in Figure 20. As the particle distribution (mass) 

and rotational diameter remain fixed, the centrifugal force acting on the particles remains constant. 

The viscous force changes with LCS viscosity through the binder concentration. Increasing the 

stirring energy or decreasing the binder viscosity both will reduce the entrapment factor and hence 

the particle entrapment. However, in this work, the centrifugal force remains constant by keeping 

the same stirring RPM (150 RPM) which is close to the just suspended speed of the mixture. The 

increase in entrapment factor indicates a clear dependency of layer thickness and the size of 

entrapped particles. This entrapment factor helps us to compare the entrapment of different-sized 

Percentage 

of Binder 

Viscosity 

of the 

suspension 

(Pa.s) 

Surface 

Coverage 

(%) 

Average 

Particle 

Diameter 

(µm) 

Maximum 

Particle 

Diameter 

(µm) 

Minimum 

Particle 

Diameter 

(µm) 

Range of 

particle 

diameter 

(µm) 

1 9.86×10-4 0.564 1.23 1.78 0.92 0.80 

2 1.14×10-3 0.993 1.37 2.05 0.96 1.09 

4 1.48×10-3 2.348 1.72 3.06 1.06 2.00 

7 2.50×10-3 2.937 2.13 4.57 0.94 3.63 

10 4.19×10-3 3.478 3.98 10.02 1.13 8.89 

13 5.53×10-3 5.673 5.66 14.80 1.19 13.61 
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particles with the binder volume fraction. The variation of the entrapment factor with the 

concentration of the binder is presented in Figure 20.  

 

Figure 20: Variation of Force (viscous force is indicated by circle legend, square denoted the 

centrifugal force) over the particle and entrapment factor (shown by triangle) with the variation 

of binder percentage. 

As the thickness of the polymer layer in the submerged condition depends on the viscosity of the 

dispersion [114], the viscous force increases with the entrapment factor, and hence larger particles 

are entrapped into the polymer layer. Figure 21 depicts the variation in entrapped particle size into 

the polymer layer as a function of the entrapment factor. For the particle separation analysis, three 

different zones are defined, which are shown as the yellow regions in Figure 21. The first zone is 

the small particle entrapment zone, which is Zone-A (7.6×103< Ef <8.8×103) where small particles 

(0.92 μm < dp,min < 0.96 μm; 1.78 μm < dp,max < 2.05 μm) are entrapped into the polymer layer. 

Zone-B (11.4×103< Ef <19.3×103) contains particle size range of 0.94 μm < dp,min < 1.06 μm and 
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3.06 μm < dp,max < 4.57 μm. Finally, entrapped particles range is 1.13 μm < dp,min < 1.19 μm and 

10.02 μm < dp,max <14.8 μm  in Zone-C (32.3×103< Ef <42.6×103). Moreover, the transition zones 

(8.8×103< Ef <11.4×103 and 19.3×103< Ef <32.3×103 indicates the transition from Zone-A to 

Zone-B and Zone-B to Zone-C respectively) are shown as the light green region in Figure 21. 

 

Figure 21: Variation of particle size with the variation of entrapment factor. Three zones are 

shown by the yellow region, and the transition from one zone to another zone is shown by the 

light green region. 

To measure the effectiveness of the process, the sorted particles are counted, and diameter is 

measured for their distribution. Figure 22 represents the sorted particle distribution after dipping 

for each zone (Zone A, B and C). Compared to the bulk particle distribution, it can be observed 

that the particles with small diameters are only entrapped into the substrate in Zone-A. Similarly, 

clearly distinct particle distribution can be observed in Zone B and C as well. It can also be seen 
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that by increasing the entrapment factor, particle counts can be increased, and thus the efficiency 

of the process will depend upon the sorting range.    

 

Figure 22: Particle distribution of different zones of filtration process. The scale of particle 

diameter is the same for all the graphs. 

The minimum particle size entrapped in the three zones is almost similar; however, the maximum 

particle size entrained into the polymer layer increases with the increase of the entrapment factor. 

The maximum particle size increases rapidly when the value of the entrapment factor is greater 

than 20000. Successive filtration in Zone-A enables this process to separate the small particles 

(0.92 μm < dp < 2.05 μm) from the suspension of poly-disperse particle mixture, leaving the 

medium and the large particles in the suspension. Larger particles (dp >10.0 μm) are only left into 

the suspension when the binder volume fraction is increased (Zone-B). This unique process can 

repeat itself for the batch-wise separation of particles from both the bi-disperse and the poly-

disperse particles mixture. To expedite the filtration process, a larger reactor and multiple 
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substrates can be used that will increase the transfer surface area. The entrapped particles can be 

removed by scraping from the substrate or by using the solvent to dissolve the binder.   

 

Figure 23: Variation of Coverage and Particle density with the variation of Entrapment Factor. 

Two additional matrices, coverage, and particle density are measured in this work which is plotted 

in Figure 23. Ten randomly selected regions over the substrate are imaged, and particles and their 

diameters are counted using image J software. Coverage is calculated by taking the ratio of the 

covered and uncovered area after withdrawal by the entrapped particles. On the other hand, particle 

density is the number of particles per unit area, which is averaged from the ten samples collected 

for measurement. A higher coverage rate increase is observed at low and high Ef value in our 

experiment. At lower Ef, the coverage increases rapidly; however, no cluster formation is 

observed. With a higher Ef value, the entrapped particle size exceeds the cluster effect. The particle 

density increases till Ef < 11500 and, then starts to decrease. This is because larger particles are 

entrapped as the entrapment factor increases.  
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Conclusion 

Particle-sorting or filtration works using the dip-coating process are based on the entrainment 

threshold of a wide range of particle size and working fluids [30, 115]. This work demonstrates 

the successful separation of the particles from a poly-disperse mixture with particle volume 

fraction (ϕp =10%) using the entrapment phenomenon. The density of the microparticles used in 

this work is almost eight times higher than the solution used, which is parameterized with the 

entrapment factor (EF). The particle entrapment occurred due to the viscous force at the time of 

particle rotation. The results of this experiment clearly show there are no clusters of particles at 

low binder concentration; however, some clusters of particles are observed at higher binder 

concentrations. The entrapment factor (EF) varies by varying the viscosity of the solution; 

however, the effect of the centrifugal force on particle entrapment will be the future work.  

The filtration process mentioned in this work shows a promising way of separating hard inorganic 

dense ploy-disperse particles from density-mismatching suspension. Additionally, the process can 

be utilized for removing solid or soft impurities from suspension or mixture sediment [116]. As 

this sorting process is free from clogging (not like the membrane filtration), the process can also 

be successfully used for the separation of biological microorganisms and pollutants from the 

suspension. Simple control over particle size at the time of filtration using this method makes it 

more attractive for industrial and biological applications. 
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CHAPTER 4 

SYSTEMATIC VARIATION OF FRICTION OF RODS 

Abstract 

The mechanical response of a knot tied in elastic rods strongly depends on the frictional force due 

to rod-rod contact. The behavior of a knot can be qualitatively different based on the frictional 

coefficient of the elastic rod. Systematic variation of friction during rod-rod contact is a crucial 

component of any experimental design to uncover the underlying ingredients behind the mechanics 

of knots. In this paper, we demonstrate a novel process of controlling the friction of a continuous 

rod by adhering non-spherical inorganic microparticles. A polymeric binder is used to deliver the 

particles as asperities over the rod substrate and by controlling their size and distribution the 

coefficient of friction of the rod are determined. In parallel, numerical simulations with the 

Discrete Elastic Rods algorithm are used to reproduce the experimental observations. Tabletop 

experiments are performed where overhand knots with a variety of unknotting numbers are pulled 

tight. The force-extension curve of these experiments shows that the proposed process can 

successfully tune the friction between rods. 

Keywords: computational mechanics, elasticity, mechanical properties of materials. 

Introduction 

We use knots in ropes everyday for sailing, fishing, climbing, surgical procedures, and various 

industrial applications. The Ashley Book of Knots contains illustrations of more than 3800 

different types of knots [117], each with a different topology. A knot almost invariably involves 

frictional contact between rods except in extremely rare cases [118]. In addition to the topology, 

the mechanical response of a knot is governed by the frictional coefficient of the contact [119]. 

Overall, the mechanics of a knot are the functions of its topology, friction, and material parameters. 
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This leads to a highly coupled system with fascinating mechanical behavior. Examples abound in 

our everyday life. When tying shoelace knots, mistakenly tying the “granny” knot instead of the 

“reef” knot can dramatically decrease its performance, i.e., the knot may get undone at a small 

amount of external force. Knots can even serve as a “topological battery” where a number of 

tangled rods remain tangled without any external force or boundary conditions and keep elastic 

strain energy stored within it [120].  

Due to the rich—and often physically non-intuitive-mechanical behavior of knots and tangles, 

researchers have explored their mechanics using theory [121], simulations [122-126], and 

experiments [119, 127]. Modeling of friction in theories and simulations usually relies on heuristic 

observations, e.g., Coulomb’s law of friction. Systematic experiments can help uncover the role of 

various ingredients—topology, friction, and material stiffness—on the mechanics of knots. Jawed 

et al. [119] varied the topology of overhand knots and explored the force required to pull the knots 

tight. Patil et al. [127] used knotted fibers that change their color upon material deformation and 

analyzed the mechanics of a few commonly used knots. To the best of our knowledge, none of 

these prior works used the coefficient of friction as a control parameter despite its critical role in 

determining the strength of a knot [119]. This paper addresses the critical challenge of 

systematically varying the friction coefficient of rods by welding asperities to the outer surface of 

otherwise smooth elastomeric rods.  

Various particle delivery techniques are available under different operating conditions. Vacuum 

deposition techniques like physical vapor deposition [16, 17], chemical vapor deposition [18, 19], 

or plasma sputtering [20, 21] methods are generally applied for thin and uniform deposition of 

metallic layers in low to high vacuum conditions, which makes them slow, arduous, and expensive 

at industrial scale. For example, a nickel-phosphorus (Ni–P) thin film through electroless plating 
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is reported a uniform 64 μm thickness with 6 h of operation time [128]. In contrast, solution or sol-

gel coating methods [86] (i.e., dip coating, spin coating, spray coating, roll coating, blade coating, 

and Langmuir–Blodgett) can be applied in atmospheric conditions where the solution evaporates 

and makes a dried thin-film [85, 129, 130].  

Dip coating is a wet deposition method by immersion of the substrate into a solution, mixture, or 

collision. It is an effective and straightforward way of thin film/layers formation of pure liquid or 

hydrolyzable metal compounds or readily formed particles. It is extensively used as a coating 

method due to its simplicity, low cost, and reasonable control over the thickness. The mixtures are 

often embedded with inorganic fillers, nanoparticles, or clusters (d < 30 nm) that produce thin-

film-impregnated particles ranging from nanometers to a couple of microns. Such a coat of pure-

polymer or impregnated nanoparticles acts as a lubricant [131] and creates abrasion-resistance 

coating for many applications including orthodontic wires [132], guidewires for angiography and 

interventional procedures, self-lubricated corona resistant electrical wire [133], anti-icing surface 

[134], super hydrophilic or olio-phobic surface, etc. 

In previous studies, four parameters (coating-to-substrate hardness relationship, the thickness of 

the coating, surface roughness, and size and hardness of debris in the contact) have been mentioned 

that control friction in the tribological contact process [135]. Particles are transferred in the 

interface of the substrate while withdrawing from the suspension [25, 91]. The efficiency of 

particle transfer is dictated by the competition between the capillary force and viscous drag force 

during the withdrawal of the substrate [26]. The thickness of the material transfer over a flat plate 

can be determined by the famous Landau–Levich–Derjaguin (LLD) equation [27, 28] which is 

ℎ = 0.94𝐿𝐶𝐶𝑎2/3. Here, 𝐿𝐶 = √𝛾/𝜌𝑔 is the capillary length and Ca = ηU/γ is the capillary 

number; γ and η are the surface tension and the viscosity of the suspension, U is the withdrawal 
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speed of the substrate, and g is the acceleration with respect to gravity. The modified LLD equation 

for the cylindrical substrate is expressed as ℎ = 1.34𝑟𝐶𝑎2/3which is used to predict the material 

transfer over the wires and fibers [47]. This film formation technique over the substrate is widely 

used in various industrial applications such as modification of cutting tools [136], corrosion 

protective layer [7], biosensors [43], particle filtration [13, 41], and joining of the metal lattice 

structure produced with a continuous thin rod [37, 105]. 

The aim of this work is to observe the mechanical response of the knots by the variation of the 

friction force. The comparison of the snapshots of the shape of the knots of experiment and 

simulation at six different positions are presented in Figure 24. Non-spherical irregular edge-

shaped particles are entrained over the elastic rods which are subject to introduce the asperities. 

The asperities over the elastic rods result in an increase in friction forces. Thus, the friction force 

is controlled by controlling the particle adherence over the substrate during the coating process. 

Moreover, the coefficient of friction is determined by fitting the experimental results with the 

simulation results. 
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Figure 24: Comparison of the shape of the knots in both experiment and simulation at six 

different positions. The uncoated rod at n=3 is used for the comparison and initially, the end-to-

end length is 250 mm for both experiment and simulation. [Simulation figures were provided by 

collaborator] 

Experimental Setup: Materials and Method 

This section includes the materials used for the experiments and the method of the experiments. 

First, the preparation of the rods and the coating mixture is discussed. The following sections 

discuss the development of coating setup, characterization of the coated rod, and friction test 

method. 

Preparation of Rods and Coating Mixture  

Natural rubber rod (weather and abrasion resistant; color: black; purchased from McMaster-Carr, 

USA) is used as the substrate to observe the variation of friction forces with the variation of particle 

volume fraction in the suspension. The temperature range of the rubber rod is -59 °C to 122 °C 

and the diameter (d) of the rod used in all the experiments is 1/16 in. (1.59 mm approximately). 

The Young’s modulus (E) of the elastic rod is 1.83 MPa, measured by the universal testing machine 

(MTS criterion, USA) and the tensile strength of the rod is 17.24 MPa (manufacturer provided). 
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The surface of the rod is fairly smooth, and the friction will be introduced by delivering inorganic 

particle asperities on the surface. For uniform deposition of the particles on the rod substrate, a 

liquid carrier system (LCS) is prepared as the particle-bearing liquid. 

 

Figure 25: Preparation of particle mixture: (a) LCS; solution (solute+solvent), (b) added particles 

in LCS, and (c) pseudosuspension of the mixture by stirring. 

The LCS consists of polymethyl methacrylate (MW ∼ 15000 g/ mol; Sigma Aldrich, USA) as the 

binder, which has low density (∼1.19 g/cm3), ∼41 mN/m surface tension, and is a benign, 

nonexplosive, and non-flammable material [137]. 1,3-Dioxolane (from Sigma Aldrich, USA) is 

used as the solvent, which has 34.3 mN/m surface tension, 1.06 g/cm3 density, and vapor pressure 

of 79 mmHg at 20 °C [138]. A magnetic stirrer is used for 8 h to confirm the complete dissolution 

of the granular solute in the liquid solvent, which is also confirmed by XPS (Figure 25(a)). Iron 

metal reduced powder (particles size 45–150 μm, ChemCenter LLC, CA) is considered to create 

the asperities on the elastic rod surface. The solid inorganic particles are added at a premeasured 

particle volume fraction (ϕp) in the LCS gradually to create the dipping mixture as shown in Figure 

25(b). 
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Adding binder and immiscible particles to a liquid transforms its rheological properties. The 

addition of particles will act as obstacles to the fluid flow which will induce a non-linear 

dependency under applied shear (non-Newtonian). At a higher volume fraction, the mixture may 

exhibit friction-induced continuous shear thickening or discontinuous shear thickening [106], 

causing a stress-induced solid-like shear jammed state. Similarly, adding binder will increase the 

viscosity, which may facilitate the particle adherence, but it may cause non-uniform particle to 

transfer due to the high viscosity nature of the mixture. For our experiments, the binder volume 

fraction is kept at ϕb = 5%, while the volume fraction of the particles is varied between ϕp = 1% 

and 13% so that the mixture performs way below the effective viscous regime. The non-spherical 

irregular edged shape rough surface morphology of the raw particles is shown in Figure 26. The 

particle size selected to alter the friction coefficient is ≪1 mm, which will ensure that the other 

relevant physical parameters (e.g., cross-sectional radius) are not altered when the friction is 

varied. 

 

Figure 26: (a) Shape and morphology of the raw particles. Scale bar is 100 μm for (a) and 50 μm 

for (b). 
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Development of Coating Setup 

A standardized continuous dip coating protocol has been developed in our laboratory for 

depositing particles from a liquid carrier system to the cylindrical elastic rod substrate. The 

schematic of the coating setup is depicted in Figure 27 which is composed of a dipping jar, guiding 

rollers, impeller, motor, and the control box for the motor. The dipping jar used in the experiments 

is cylindrical in shape, screw top, clear borosilicate glass with round bottom, and the inner diameter 

(Di) and height of the dipping jar (H) are 80 mm and 100 mm, respectively. Two sink rollers (R1 

and R2 in Figure 27) are used as guides for the elastic rods to ensure the fixed dwelling time and 

another turn-up roller (R3) is used as a guide during the pulling of the coated rod by the motor M. 

The diameter of both R1 and R2 is 0.75 mm and the diameter of R3 is 35 mm. The gap between 

R1 and R2 (R) is 50 mm. The clearance between the two guide rollers (R1 and R2) and the impeller 

is 5 mm. The height of the mixture (Z) is kept at 60 mm, shown in Figure 27. 
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Figure 27: Schematic diagram of the experimental setup for continuous coating of the elastic rod 

(not to scale) 

The density of the particles is 7.8 g/cm3 which is much higher than the LCS used in this experiment. 

Due to higher density, sedimentation of the particles is observed within a very short time. As a 

result, external kinetic energy is required to keep the particles suspended. A straight blade impeller 

is used in the experiments to provide kinetic energy to keep the particles suspended. The length 

(L) and the width (W) of the impeller are 70 mm and 12.5 mm, respectively, which are shown in 

Figure 27. A pressure difference is created from the rotation of the impeller which helps the 

particles to encounter the gravitational force of the particles. The clearance between the impeller 
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and the bottom of the dipping jar (C) is 5 mm. The rotational speed of the impeller is kept at just 

suspending speed of the particles to minimize the vortex in the mixture. 

 

Figure 28: Surface morphology of the elastic rod: (a) uncoated; coated with (b) 1% particle, (c) 

4% particle, (d) 7% particle, and (e) 13% particle. Scale bar is 100 μm. 

A Flashcut controller controls the motion of the motor, which is driven by G-code and pulls the 

rod. The withdrawal speed of the rod is kept at 5 mm/s which makes the dwell time of the rod in 
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the suspension to be about 10 s. The withdrawal speed is controlled within ±2% precision by using 

the high-precision bipolar stepper motor (SANYO) connected to a computer. After the rod is 

immersed in the dipping mixture, the evaporating solvent dries from the surface before it reaches 

the roller R3, where CR is 2.5 m. The coated rod is then collected and is placed inside an oven at 

80 °C for an hour to ensure uniform drying.  

 

Figure 29: Variation of coverage and particle count with particle volume fractions. 

Characterizing the Coated Rod  

The morphology of the micro-particle-coated elastic rods is investigated after drying. VHX 7000 

Digital 4K microscope (KEYENCE Corp., IL) at 400× is used for the imaging of the particle-

coated elastic rods. High resolution 4K images of the dipped rod are taken with the microscope 

and the images are analyzed with IMAGEJ software. The surface morphology of the coated rod is 

shown in Figure 28. Surface coverage is measured as the ratio of the area covered by the particles 

and the area of the rod. At least three images from three different regions are selected and analyzed 

over the substrate for determining the particle counts and surface coverage to ensure statistical 

significance. The variation of the coverage and particle count is presented in Figure 29. 
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Developing the Friction Test Setup 

To measure the friction, three samples of particle-coated elastic rods of 600 mm length are 

prepared and dried. Self-intersection of the rod is achieved by tying knots as shown in Figure 30. 

One end of the coated rod is mounted to a fixed clamp and the other end is joined with the hook 

of the digital push-pull force gauge (20 N). The force gauge is connected to a computer and the 

variation of forces at different pulling lengths is recorded at a 10 Hz rate. The motion of the force 

gauge is controlled by a controller with a high-precision bipolar stepper motor. The pulling speed 

of the rod is kept at 200 mm/min for the experiments. 

 

Figure 30: Schematic diagram of pulling force measurement setup with different parameters of 

knots (not to scale) 

In this present work, the length of self-intersection for the rod is controlled with knot numbers. Up 

to four knots are used to observe the variation of the friction force for the rod coated with different 

volume fraction of particles. Tail length (t), braid length (b), and loop arc length (l) are the defining 

parameters shown in Figure 30. The end-to-end length is defined as the gap between the fixed 

clamp and hook of the force gauge where two ends of the elastic are mounted. Similar parameters 

can resemble the higher number of knots. The total length is taken as 300 mm for one and two 

knots, while 600 mm for three and four knots. This is to overcome the fluctuations of the forces 
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due to the large tail length. Each friction test is performed three times to demonstrate the statistical 

significance. The parameters of different knots before pulling are listed in Table 3. 

Table 5: Pulling parameters for different knots (n = 1, 2, 3, 4) 

Knot (n) Tail length, t 

(mm) 

Braid length, b 

(mm) 

Loop arc length, 

l (mm) 

End to end 

length (mm) 

1 35 30 170 100 

2 25 55 140 100 

3 80 95 250 250 

4 45 110 290 200 

 

Results and Discussion 

The experimental and simulation results are presented in this section. During the experiment, the 

forces required for pulling the rods are measured and discussed here. The asperities introduced by 

the adhesion of hard particles on the substrate are also discussed. The variation of forces measured 

by the push–pull force gauge is then plotted to compare with the simulation result in this section. 

When the thin rod is dipped in the heterogeneous mixture, a thin polymer film is adsorbed at the 

solid-liquid interface, creating a viscous layer. As the rod exits the mixture, a convective flux acts 

on particles which is generated from the solvent evaporation and the capillary rise [25, 50]. The 

upward convective flux increases with the withdrawal speed, and the viscous drag force starts to 

dominate the particle adhesion. At a lower volume fraction of binder and particles, the viscous 

layer is thinner and the capillary effect in LCS remains high. The balance between the viscous drag 

and the capillary action determines the particle entrainment on the rod substrate. Particle transfer 

occurs at the three-phase boundary [139] during the withdrawal stage due to entrainment, when 

the viscous drag force becomes larger than the resistive capillary force in liquid molecules. The 

liquid film thickness (viscous layer), particle size, and volume fraction influence the entrainment 
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of particles [13]. The effects of convective flux acting on the particle-laden mixture vary due to 

particle polydispersity, which creates a variation in the viscous drag force for entrainment. 

Additionally, the volumetric density of particles in the entrainment zone can become higher than 

the rest of the mixture due to the continuous flux of particles formed by the convective forces in 

the heterogeneous mixture [50]. For this reason, entrained particle coverage can become higher 

than the corresponding particle area coverage in the bulk mixture which can be observed in Figure 

29. For example, with the same 10% volume fraction of particles in the mixture, coverage increases 

from 5% to 27%. The adhesion of these particles on the elastic rod transforms the smooth surface 

morphology through asperities. 

 

Figure 31: Cross section of the elastic rod: (a) uncoated and (b) polymer coated. The polymer 

film is clearly evident in (b). Scale bar is 25 μm. 

During the pulling of the elastic rods, each strand of the braid is subjected to two external forces 

[119]. The forces are traction/pulling force (acting due to tensile load on the tails) and the friction 

forces (due to the self-contact of the rods in the braid). Total elastic energy of a rod is composed 

of stretching energy, twisting energy, and bending energy [125]. The detailed simulation process 

of the elastic rod is described in Sec. 2. The pulling force provided by the push–pull force gauge 
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during the experiment can be used to determine the friction force and friction coefficient as 

discussed in Sec. 2.  

 

Figure 32: Experimental and simulation result of pulling force: (a) one knot, (b) two knots, (c) 

three knots, and (d) four knots. The point with the error bar represents the experimental results 

and the continuous line represents the simulation results. [Simulation results were produced by 

collaborator] 

The pulling force required is dependent on the surface asperities produced by the transferred 

particles adhered to the viscous binder layer, which can be observed in Figs. 9(a) and 9(b) 
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representing the cross section of the uncoated and coated substrates. The polymer layer thickness 

is a function of dimensionless capillary number which is measured as (5.85 ± 0.17 μm) using a 

VHX 7000 Digital 4K microscope (KEYENCE corp., IL) after 8 h from dipping. During the 

continuous dipping process described in Sec. 3, particles are entrained on the viscous layer 

changing the surface morphology. We have observed some loss of loosely adhered particles during 

pulling, but the number is insignificant compared to the total number of transferred particles. The 

oven drying has helped the uniform adhesion of particles on the substrate and no significant 

difference between the three pulling replications has been observed in our experiment. Increasing 

the particle volume fraction in the dipping mixture increases the volumetric density of particles in 

the entrainment zone and a systematic variation can be observed in Figure 28. 

The deposition of the particles on the elastic rod increases with the increase of the particle volume 

fraction in the suspension. Uniformly distributed particles deposition over the substrate is observed 

for lower volume fraction (≤ 7%) particle. Particles started to cluster at an increased volume 

fraction (13%) as shown in Figure 28(e). Such aggregates will induce larger asperities, which can 

increase the self-intersecting friction during pulling. Surface coverage follows the similar pattern 

of increased coverage with increasing volume fraction as shown in Figure 29. A total of 4.61 ± 

1.15% surface coverage is measured for 1% particle volume fraction while the maximum surface 

coverage (29.02 ± 1.05%) is observed with the 13% particle volume fraction in the suspension. 

Particle count also follows a similar pattern as the surface coverage (i.e., minimum particle count 

is observed in 1% and maximum particle count is observed in 13% particle) which is presented in 

Figure 29. The pulling forces recorded by the force gauge confirm this relationship of increasing 

friction forces. 
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The experimental results shown in Figure 32 represent the increasing trend of pulling forces with 

increased particle volume fraction and contact area (i.e., knot number). Regularized pull force 

(Fr2/EI) is plotted against end-to-end length (lc), where F is the pull force, r is the cross-sectional 

radius of the rod, and EI is the bending stiffness. For each knot number, the contact area in the 

braid represented in the knot geometry (shown in Figure 30) remains the same. Due to the thin 

polymer layer generation after coating, no significant difference can be assumed between coated 

and uncoated contact areas along the length. Furthermore, no infusion of polymer binder can be 

observed from the cross section (Figure 31), thus the elastic properties of the rod before and after 

coating have been assumed unchanged in our simulation. As a result, the variation in the external 

pulling force within each knot can be attributed to the change in contact friction force. The 

uncoated rod experienced the lowest friction force at each end-to-end length which gradually 

increases with particle volume fraction. Three sets of data are collected for each experiment with 

each knot and particle volume fraction. The simulation data are generated and compared with the 

best fitted friction coefficient parameter which is found as μ = 0.2, 0.5, 0.6, 0.7, and 0.9 for 

uncoated, 1%, 4%, 7%, and 13%, respectively. The fitting between simulation and experimental 

data can be observed in Figure 34. We observed good agreement between simulation and 

experimental results with a few exceptions, which is discussed in the later section. 

Comparison of the experimental and the simulation results at different conditions are shown in 

Figure 32 which demonstrates the increase in friction forces with the increase in knot number and 

particle volume fraction. During pulling, a tensile force will be applied along the tail length which 

will propagate through the braid length. This will create a sliding motion shrinking the loop length. 

As a result, static friction followed by dynamic friction should be observed in our force-

displacement plot. The higher slope at the beginning of the force-displacement curve represents 



70 
 

the static friction; after that, dynamic friction shows gradual increase in the friction force. This is 

clearly observed for n > 1 in both experimental and simulation results. However, for n = 1, sudden 

increase of the friction force at the beginning of pulling (static friction) is not observed due to 

minimum contact area in the braid length. 

 

Figure 33: Change in shape of knots (n=3) rods coated with 1% (top) and 13% (bottom) particle.  

During pulling of the tails, the traction/pulling force is transferred along the longitudinal direction 

of the rod. Due to the self-intersecting topology of the knot, an opposing friction force will act to 

counter the traction/pulling force. As the magnitude of the traction/pulling force increases, the 

internal energy of the rod (i.e., stretching, twisting, and bending) increases accordingly, which is 

expressed in Eq. (9). The spiral topology of the knots creates two opposing flows at the braid 

resulting in a local moment inside the loop. Additionally, it counters the global moment caused at 

the two ends of the tails due to pulling. The sliding force facilitates the internal moment causing 

instability in the loop which is defined as the inversion point [125]. A sudden drop in pull force 

can be observed at the inversion point and the knot comes to the lowest energy state. In 

experiments, when the sliding is refrained due to higher friction caused by asperities or contact 

area (knot number), the knot starts to behave differently and stretching energy dominates the 

pulling behavior. In such scenarios, no inversion point can be observed. In another word, inversion 



71 
 

or no inversion will depend upon the friction force experienced at the knot. These phenomena are 

clearly evident in our experimental result presented in Figure 32. 

At single knot (n = 1), no inversion point can be observed in both experiment and simulation 

results. This is due to minimum self-contact sliding region which result in minimum friction force. 

The force versus displacement curve generated by experiment and simulation shows good 

agreement till the end-to-end length of 250 mm. Afterward, the simulation data overpredicts the 

experimental results except 13% particle volume fraction. The overprediction by the simulation 

can be observed in two knots as well. However, inversion point has been observed for uncoated (μ 

= 0.2) and 1% particle (μ = 0.5) volume fraction. The drop in forces at the inversion point is 

relatively low compared to the prediction from simulation. For higher friction coefficient (μ = 0.6, 

0.7, and 0.9), the deviation increases including disagreement in inversion point, but the curve 

shows similar pattern. It is observed both from the experiment and simulation that the inversion 

point occurs sooner as the friction increases. This shows the dependency of the inversion point 

with friction coefficient [125]. 

In the case of three and four knots (n = 3 and 4), the experimental result nicely follows the 

prediction from simulation. The fits mostly remain within the one sigma of the error bar till the 

inversion points. Inversion point has been observed for uncoated (μ = 0.2) and 1% particle (μ = 

0.5) volume fraction. Both the drop in force and the predicted force matches the experiment beyond 

the inversion point. It should be noted that no inversion point can be observed for higher friction 

coefficient (μ = 0.6, 0.7, and 0.9) due to the complex nature of the acting force discussed above.  
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Figure 34: Variation of friction coefficient with particle volume. [Fitted data were provided by 

collaborator] 

Variation in the shape of the knots, presented in Figure 33, confirms the effect of the particle 

volume fractions on the friction forces. The snapshot of the knots is taken at six different positions 

for the uncoated rod and the coated with 13% particle in the suspension and is presented in this 

work. It is clearly evident from Figure 33 that the shape of the knots at different pulling lengths is 

controlled by the friction coefficients of the coated rods that depends on the particle volume 

fractions in the suspensions. 

The relation between the friction coefficient and the particle volume fraction is shown in Figure 

34 which shows that the variation of the coefficient of the friction is directly dictated by the volume 

fraction of particles in the suspension. It is observed from Figure 34 that coated rod with only 1% 

particle in the suspension changes the friction coefficient almost 150% (μ = 0.5). Moreover, 

proportional relationship is observed between the variation of friction coefficient and particle 
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volume fraction in the suspension. To compare the fitted simulation, an experiment is designed to 

measure the friction coefficient following the capstan equation. A larger diameter rod (1/4 in.) of 

the same material is used as the capstan. Both the capstan and the rod are coated in the same 

suspension following the protocol discussed earlier. The rod slides over the capstan following the 

weight difference at two ends and the friction coefficient is calculated [140] which is presented in 

Figure 34. The friction coefficient of the coated rod increases with the increase of the particle 

volume fraction in the suspension which is also observed in the simulation results. A slight 

variation between capstan and simulation method can be observed at higher particle volume 

fractions (7% and 13%). This is due to particle cluster formation at higher particle volume fractions 

compared to non-clustered particle distributed at low particle volume fraction (uncoated, 1%, and 

4%) coat. The similar trend between the two methods demonstrates the accuracy of our proposed 

simulation technique. This relationship between the friction coefficient and particle volume 

fraction can help to predict the required particle volume fractions for achieving desired friction 

coefficient. 

Concluding Remarks 

This article reports a novel method for the variation of friction forces of the elastic rods by adhering 

non-spherical irregular edged shaped particles. When the particles are transferred, asperities are 

introduced over the surface which results in an increase in the friction forces. The particle transfer 

increases with the increase in the particle volume fraction in the suspension. The friction force 

increases during the self-contact of the rods due to the increase in particle transfer. Experimental 

results demonstrate the variation of friction forces and friction coefficient with particle volume 

fractions. Moreover, a systematic variation of experimental value of the friction force is observed 

with the particle volume fractions in the suspension except one case in four knots. The relationship 
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between the friction coefficient and particle volume fraction in the suspension shows promising 

result to manufacture an elastic rod with specific friction coefficient. The results can be 

extrapolated to find the particle volume fraction to obtain an elastic rod with desired friction 

coefficient. However, changes in particle morphology may require establishing a new relationship. 

A numerical prediction technique is also proposed and implemented for determining the 

coefficient of friction which shows good agreement with the experiment data at lower coefficient 

of friction. Some disagreements can be observed with the increase in asperities due to the effect of 

the other forces (bending, twisting, and contact forces; the moment due to these forces) present at 

higher contact area (increased knot number) and higher friction force. Some possible causes of 

discrepancies in Figure 33 may also be attributed to particle clustering, particle polydispersity, 

irregular particle shape, local variation in adhered particle distribution, and change in mechanical 

properties of the coated rod. Performing the experiment at a slow speed, with uniform particle 

morphology, and gripping the tail to avoid rotation can help minimize the difference between 

experiment and simulation results. 

 

 

 

 

 

 

 

 

 



75 
 

CHAPTER 5 

CONCLUSION 

The main focus of this thesis is the optimization of process parameters for particle transfer using 

both entrainment and entrapment methods. This involves creating a polymer thin film from a 

density mismatching heterogeneous suspension, which can regulate friction force on a smooth 

surface and filter particles from a polydisperse mixture. High-density inorganic particles are 

transferred onto the substrate using an organic binder, with rotational energy maintaining their 

suspension. Process parameters were optimized to achieve controlled particle delivery, and the 

optimal conditions for particle delivery were determined to be at 250 rpm, with binder 

concentration having no impact on the minimum suspending speed due to the low density of the 

binder. 

The size of the entrapped particle is primarily dependent on the thickness of the film formed over 

the substrate in the submerged condition and we used this for the particle filtration. A non-

dimensional parameter called entrapment factor (Ef) was introduced to describe different regimes 

of sorted particles. For example, Zone-A (7.6×103 < Ef < 8.8×103) can separate the particles ≤ 2.05 

µm. 

By controlling the particle concentration in the suspension, the transfer of particles over a smooth 

rod can be regulated during entrainment, and this, in turn, controls the friction force. By 

systematically delivering particles over the surface, the friction force of an elastic during self-

contact can also be controlled. At a coating condition of 13% particle transfer, the maximum 

friction force was observed, with a friction coefficient value of 0.9. 
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APPENDICES 

Appendix A. Simulations by Discrete Elastic Rods 

The computational framework, based on discrete elastic rods (DERs) [141, 142], recently proposed 

in Ref. [125] was adopted and extended in this work for simulating knots with a systematic 

variation of frictional contact. DER, as a discrete-differential-geometry-based framework [143], 

was first introduced by the computer science community and is becoming progressively attractive 

to engineering disciplines for its high accuracy and low computational cost across various physical 

scenarios, i.e., coiling patterns on the moving substrate [144], buckling of rotating flagella [145], 

grid shells [146], etc. 

In DER, as shown in Figure 35(a), an elastic rod will be discretized into N + 1 nodes xi, where i is 

in the range from 0 to N, and N edges ei = xi+1 − xi. Subscripts are used for quantities associated 

with nodes and superscripts for those with edges. Each edge ei is attached with two orthogonal 

frames: reference frame [ti, di
1, di

2] and material frame [ti, mi
1, mi

2]. The reference frame is 

predefined at initial time t = 0 s, and the material frame can be obtained based on the reference 

frame with a rotation angle θi. 3N + 3 nodal positions and N rotation angles can constitute the 

vector of a 4N + 3 degrees-of-freedom: 

q = [x0, θ
0, x1, θ

1, . . ., xN−1, θ
N−1, xN]T                                                                                           (1) 
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Figure 35: Discrete schematic and relevant notations: (a) discrete schematic of an elastic rod, (b) 

discrete notations about the reference frame [ti, d1
i, d2

i], the material frame [ti, m1
i, m2

i], the twist 

angle θi, and the turning angle ϕi, and (c) schematic diagram of a contact pair including the edge 

ei and ej  

The equations of motion (EOM) can be constructed by the elastic energies of the rod, such as 

stretching, bending, and twisting energy, as well as external forces, like contact and friction, 

represented by the generalized coordinate in Eq. (1). Specifically, the stretching energy is defined 

as 

𝐸𝑖
𝑠 = ∑

1

2
𝐸𝐴 (1 −

||𝑒𝑖||

||𝑒̅𝑖||
)

2

||𝑒̅𝑖||
𝑛−1
𝑖=0                                                                                                 (2) 

where EA is the stretching stiffness, E is the Young’s modulus, A is the cross-sectional area, and 

𝑒̅𝑖 is the undeformed edge. Hereafter, all quantities with a bar mean the quantities under 

undeformed status. Next, the bending energy is written as 

𝐸𝑖
𝑏 = ∑

1

2

𝐸𝐼

||𝑒̅𝑖||
(2𝑡𝑎𝑛

𝜙𝑖

2
− 2𝑡𝑎𝑛

𝜙𝑖
̅̅̅̅

2
)

2
𝑛−1
𝑖=1                                                                                         (3) 
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where EI is the bending stiffness, I = πr0
4/4 is the moment of inertia, r0 is the rod radius, and ϕi is 

the turning angle which is shown in Figure 35(b). After that, the twisting energy is defined as 

follows: 

𝐸𝑖
𝑡 = ∑

1

2

𝐺𝐽

||𝑒̅𝑖||
(𝜏 − 𝜏̅)2𝑛−

𝑖=2                                                                                                               (4) 

where GJ is the twisting stiffness, G = E/2(1 + ν) is the shear modulus, ν is the Poisson’s ratio, J 

= πr0
4/2 is the polar second moment of inertia, τi = θi+1 − θi + Δτref is the discrete twist at node qi, 

and Δτref is the discrete reference twist. Then the internal force of the ith node Fi
int is defined in 

terms of energy as 

𝐹𝑖
𝑖𝑛𝑡 =

𝜕(𝐸𝑖
𝑠+𝐸𝑖

𝑏+𝐸𝑖
𝑡)

𝜕𝐪𝑖
                                                                                                                         (5) 

With that, the EOM for the system is written as 

𝑴𝒒̈ − 𝑭𝑖𝑛𝑡 − 𝑭𝑒𝑥𝑡 = 0                                                                                                                 (6) 

In the DER algorithm, the implicit Euler method is implemented for time integration of the EOM, 

updating the status of q from told to tnew + Δt. Hereafter, all quantities with the subscript “new” 

mean that status is unknown, and quantities associated with the subscript “old” are known. Then, 

EOM is formulated as 

𝑓(𝒒𝑛𝑒𝑤) =
𝑀

∆𝑡
(

𝒒𝑛𝑒𝑤−𝒒𝑜𝑙𝑑

∆𝑡
− 𝒒̇𝑜𝑙𝑑) − 𝑭𝑛𝑒𝑤

𝑖𝑛𝑡 − 𝑭𝑛𝑒𝑤
𝑒𝑥𝑡 = 0                                                               (7) 

Where 𝑭𝑛𝑒𝑤
𝑖𝑛𝑡  is defined as  

𝑭𝑛𝑒𝑤
𝑖𝑛𝑡 =

𝜕(𝐸𝑖
𝑠+𝐸𝑖

𝑏+𝐸𝑡𝐸𝑖
𝑡)

𝜕𝐪𝑛𝑒𝑤
                                                                                                                    (8) 
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In Eq. (7), M is the diagonal mass matrix (size is 4N + 3 × 4N + 3), Fint are the elastic forces, and 

Fext are the external forces. (˙) stands for the derivative via time. In the knot tying case, Fext includes 

contact forces Fc and friction forces Fr. The Newton-Raphson method was used to find the root of 

f(qnew) = 0 of Eq. 7, in which the Jacobian of Eq. (7) is defined as 

𝑱𝑖𝑗 =
𝑚𝑖

∆𝑡2 𝛿𝑖𝑗 +
𝜕2(𝐸𝑠+𝐸𝑏+𝐸𝑡)𝑛𝑒𝑤

𝜕𝒒𝑖𝜕𝒒𝑗
                                                                                                       (9) 

where mi is the mass of ith node, δij is the Kronecker delta (δij = 1 when i = j, and δij = 0 when i ≠ 

j), Jij
c is the Jacobian of contact forces, and Jij

r is the Jacobian of friction forces. The Jacobian of 

elastic energies can be obtained with Eqs. (2)-(4). More details of frictional contact forces Fc and 

Fr and their Jacobians Jc and Jr can be found in Ref. [125].  

In addition to the elastic energies in DER formulation, contact and friction forces are also critical 

for simulating overhand knots. The contact energy and force model in Ref. [125] was adopted in 

this study, which is a penalty energy-based method. In this frictional contact, frictional contact is 

regarded as a constraint by introducing penalty energy when solving the EOM. 

A contact pair is defined by combining two edges ei and ej, shown in Figure 35(c), which is made 

up of nodes xi, xi+1, xj, and xj+1. Therefore, a contact pair can be denoted as the following vector 

concatenation, xij: = (xi, xi+1, xj, xj+1) (size 12 × 1). The formulation of the contact energy from 

Ref. [125] is written as 

𝐸(𝑿𝑖𝑗) =
log(1+exp(𝑐𝑒𝑘(2ℎ−∆𝑖𝑗)))

𝑐𝑒𝑘
                                                                                                   (10) 

where cek is the contact stiffness—a user-defined parameter—which can determine the magnitude 

of the contact forces, and h is the radius of the rod. The advantages of the above formulation of 

contact modeling are (1) the penetration between edges is avoided by introducing artificial penalty 
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energy as a constraint. (2) Different from the Lumelsky algorithm [147], where the artificial energy 

is treated as a piecewise function, a smooth function is used to approximate the contact energy. 

Therefore, contact forces Fij
c can be obtained via the negative gradient of the contact energy as Fij

c 

= −∇E(xij), and the Jacobian Jij
c can be obtained via the negative hessian of the contact energy 

through chain rules.  

From Coulomb’s friction, magnitude of friction forces is irrelevant with the relative velocity 

between edges ei and ej. When sliding between two edges happens, the magnitude of friction force 

is ||Ffr|| = μ||Fn||, where μ is the friction coefficient and Fn is the normal force. As mentioned before, 

the normal forces between edges ei and ej are Fij
c = −∇E(xij). Therefore, we can define the normal 

contact force which is Fn = Fi
c + Fj

c. The contact normal can also be calculated simply through n 

= Fn/||Fn||. The direction of friction Ffr is then determined by tangential component of the relative 

velocity (vrel)T. For simplicity, we approximate the relative velocity as the relative velocity between 

the middle points of two edges. 

Vrel = 0.5(V𝑖 + V𝑖+1) − 0.5(V𝑗 + V𝑗+1)                                                                                             

(Vrel)𝑇 = Vrel − (Vrel ∙ n)n                                                                                                         (11) 

(Vrel̅̅̅̅
)𝑇 =

(Vrel)𝑇

||(Vrel)𝑇||
        

wherein vi and vj are nodal velocities. With Eq. (11), we determine the direction of the frictional 

forces. In order to simulate the static frictional forces, we introduce a weight γ ∈ [0, 1], which will 

adjust the magnitude of frictional forces based on the sliding (tangential components of relative 

velocity): when γ is close to 1, the friction formulation will be the sliding friction; when γ is not 
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close to 1, the sliding between the contacted segments should be small enough to simulate the 

static phenomena. Note that the frictional responses cannot be larger than μ||Fn||. 

𝛾 =
1

1+exp(-k(||(Vrel)𝑇||-c))
  

F𝑓𝑟 = −𝛾(Vrel̅̅̅̅
)

𝑇
𝜇||𝐹𝑛||                                                                                                             (12) 

F𝑖𝑗
𝑓𝑟

= (0.5F𝑓𝑟, 0.5F𝑓𝑟 , −0.5F𝑓𝑟 , −0.5F𝑓𝑟)  

Note that k and c are hyperparameters that users can adjust. The definition of c is described before, 

and c states the limit for the step transition. During the simulation, we set all k as 50/r0 and c as 

0.15r0. Under such parameters, γ will be close to 1 when the magnitude of the relative velocity is 

larger than 0.205 mm/s. In other words, when ||vrel|| > 0.205 mm/s, the dominant friction forces 

will be sliding friction. Fij
fr is a 12 × 1 force vector that can be added to discrete nodes of the rod, 

and its Jacobian Jij
fr can be calculated with the chain rule as well. More details are available in 

Ref. [125]. 

The pulling force measured in the experiment is treated as an external force at the boundary in 

DER simulation to determine the friction coefficient.  
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