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Derivative information is useful for many problems found in science and engineering
that require equation solving or optimization. Driven by its utility and mathematical
curiosity, researchers over the years have developed a variety of generalized derivatives. In
this thesis, we will first take a look at Clarke’s generalized derivative for locally Lipschitz
continuous functions between Euclidean spaces, which roughly is the smallest convex set
containing all nearby derivatives of a domain point of interest. Clarke’s generalized
derivative in this setting possesses a strong theoretical and numerical toolkit, which is
analogous to that of the classical derivative. It includes nonsmooth versions of the chain
rule, the mean value theorem, and the implicit function theorem, as well as nonsmooth
equation-solving and optimization methods. However, it is generally difficult to obtain
elements of Clarke’s generalized derivative in the Euclidean space setting. To address this
issue, we use lexicographic differentiation by Nesterov and lexicographic directional
differentiation by Khan and Barton. They are generalized derivatives theories for a
subclass of locally Lipschitz continuous functions, called the class of lexicographically
smooth functions, which help to find elements of Clarke’s generalized derivative in the
Euclidean space setting systematically. Lexicographic derivatives are either elements of

Clarke’s generalized derivative in the Fuclidean space setting or at least indistinguishable



from them as far as numerical tools are concerned. We outline a process by which we can
find a lexicographic derivative once a lexicographic directional derivative is known. Lastly,
we present lexicographic differentiation theory for a subclass of locally Lipschitz continuous
functions mapping between Banach spaces that have Schauder bases, called, unsurprisingly,
the class of lexicographically smooth functions. We provide a proof for Nesterov’s result
that, as in the Euclidean space setting, lexicographic derivatives in this setting satisfy a

sharp calculus rule.
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CHAPTER 1
INTRODUCTION

Differentiation is a key concept in mathematics that finds a wide range of applications
in fundamental problems in science and engineering such as equation-solving and
optimization. One classic example of equation-solving is Newton’s method, an algorithm
that uses derivative information of a function to find its roots. Given a function
f: X CR — R, where X is an open subset of R, and an initial guess z( for a root z € X of

f, Newton’s method provides a recursive formula for subsequent approximations to x, i.e.,

Tpi1 = Tp — %, ne{0,1,2,...}.

f(wn)’
If x is “sufficiently" close to x and there exists a closed neighborhood of x containing x, in
which f is twice continuously differentiable and f’ does not attain zero, then Newton’s
method guarantees that the sequence {x,} of approximations converges to x, at a rate such
that

|Tn1 — 2| < M [z, — JZ|2

for some M > 0. Simply put, Newton’s method works provided that x( is “sufficiently"
close to x and f is “well-behaved" around x. For example, consider the function f: R — R
defined by f(z) = #3. For any nonzero initial guess zy € R, the subsequent approximations

to the root 0 are given recursively by

f(zn) o (xn)g

Tyl = Ty — =T,
! f'(x) 3(z,)° 3

2’!’1
T, =|=] xo.
3 0

Therefore, the sequence {z,} of approximations converges to 0. In this example, any

Hence,

nonzero initial guess xq is “sufficiently" close to 0. However, this is not the case in general.



Consider the function g : R — R defined by g(x) = 3. For any nonzero initial guess

o € R, the subsequent approximations to the root 0 are given recursively by

flaa) _ _ﬂ:_zmn, ne{0,1,2,...}.

Fllan) 7" 1(g,)73

Tpt1 = Tp —

W=

Hence,

Therefore, no matter how close zg is to 0, the sequence {x,} of approximations does not
converge to 0. The complete failure of Newton’s method in this example is because the
function ¢ is not “well-behaved" around 0, as the derivative of g does not exist at 0.

There are functions for which Newton’s method fails. Take for example the function
h : R — R defined by

lz| if |z| < 1,
(z) =

2 if |z > 1.
Suppose that we want to use Newton’s method to find the root 0 of h with the initial guess
ro = 1. Newton’s method cannot compute x; since the derivative of h is not defined at z.
This example necessitates a generalization of Newton’s method to a larger class of
functions that contains “nonsmooth" functions such as h. To that end, we must first
generalize the notion of a derivative for a function. Over the years, researchers have
extended the classical derivative to nonsmooth functions in a number of ways, motivated
either by mathematical curiosity or by problems arising in science and engineering. These
generalized notions of the classical derivative differ from one another in many regards, such
as the class of functions for which they apply and the kind and purpose of derivative
information that they provide. In general, the broader the class of functions for which a
theory of generalized differentiation applies, the less useful the derivative information. In
this thesis, we will focus on Clarke’s theory of generalized differentiation [3], which is
applicable to the class of locally Lipschitz continuous functions. Roughly speaking, the

Clarke generalized derivative at a point in the domain of a locally Lipschitz continuous



function is the smallest convex set containing “nearby derivatives." For example, let us
recall the nonsmooth function h, introduced above. Since h'(z) =1 for z € (—1,1) and

B (x) = 2x for x € (1,00), the Clarke generalized derivative of h at x = 1 is the convex hull
of the set {1,2(1)} = {1,2}, i.e., [1,2], and is denoted Oh(1). Clarke generalized derivatives
are just what we need to generalize Newton’s method for locally Lipschitz continuous
functions. Suppose that we want to find the root 0 of A with the initial guess x¢y = 1 using
a generalized Newton’s method in which the “derivative" of h at x( is set to be any number

in Oh(1), i.e., [1,2]. Then the first approximation is given by

Ty =T — h(jo)’ a € [1,2] = 0h(xy).

Since z; € [0, 5] and #/(z) =1 for all z € (—1,1), the Clarke generalized derivative of h at
x1, denoted Oh(z1), is the smallest convex set containing 1, i.e., {1}. Then the second

approximation is given by

To = T1 — @, be {1} = 8h(:1:1),

i.e., o = 0. Hence, regardless of the choice of the number a € 0h(1), the sequence {z,} of
approximations does converge to the root, which demonstrates the power of Clarke’s theory
of generalized differentiation in equation-solving.

This thesis will concentrate on Clarke’s theory of generalized differentiation for two
main reasons. First of all, it is designed for the class of locally Lipschitz continuous
functions, which contains many functions commonly encountered in problems arising in
science and engineering. In addition, Clarke’s theory of generalized differentiation possesses
a strong theoretical toolkit that contains powerful theorems, such as a mean value theorem
and inverse and implicit function theorems [3|, and a strong numerical toolkit that includes
techniques useful in nonsmooth equation-solving and optimization methods, such as the
generalized Newton’s method described above [10]. Unfortunately, it is quite challenging to
compute Clarke generalized derivative elements in general for a number of reasons. First of

all, while classical calculus rules are equality-based, the calculus rules for Clarke



generalized derivatives are inclusion-based. For example, consider the functions A: R — R
defined by A(x) = max (0,z) and B : R — R defined by B(z) = min (0, z). Then the sum
of the two functions A+ B : R — R is the identity map, i.e., [A + B] (z) = x. Being the
smallest convex sets containing “nearby derivatives," the Clarke generalized derivatives of
A, B, and their sum at the origin are
0A(0) =1[0,1]
0B(0) = [0, 1]
J[A+ B](0)={1}
respectively. Hence, 0 [A + B] (0) € 0A(0) + 0B(0), where the inclusion is proper.
Therefore, it is not always possible to obtain an element of the Clarke generalized
derivative of A + B by adding together elements of the Clarke generalized derivative of A
and B. Secondly, it is generally not possible to obtain a Clarke generalized derivative
element by “stitching" together directional derivatives in coordinate directions, which are
more straightforward to compute. Lastly, in case of vector-valued functions, it is generally
not possible to obtain a Clarke generalized derivative element by calculating the
corresponding Clarke generalized derivative elements of the component functions.
Recently, two theories have been developed for a subclass of locally Lipschitz
continuous functions to address these challenges: lexicographic differentiation by Nesterov
[9] and lexicographic directional differentiation by Khan and Barton [6]. This subclass
consisting of lexicographically smooth (L-smooth) functions, is a broad class of functions
containing commonly encountered functions in problems that require numerical treatment,
such as convex functions, piecewise differentiable functions [11], and any compositions of
L-smooth functions [9, 6]. In the context of many numerical methods, lexicographic
derivatives are indistinguishable from Clarke generalized derivative elements, but can be
computed in an efficient, accurate, and automated way, unlike Clarke generalized derivative
elements. This advantage of lexicographic derivatives comes from the fact that

lexicographic directional derivatives are “well-behaved" in that they can be calculated
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component-wise and satisfy equality-based calculus rules. Lexicographic differentiation and
lexicographic directional differentiation are both theories with powerful theoretical toolkits
containing tools such as implicit and inverse function theorems. Since their development,
lexicographic differentiation and lexicographic directional differentiation have been
successfully applied to finite-dimensional problems arising in nonsmooth optimization [13]
and nonsmooth dynamic systems [5, 12] (see [1]| for more details).

For some subclasses of L-smooth functions, lexicographic derivatives are
indistinguishable not only from Clarke generalized derivative elements, but also from other
generalized derivative elements. For example, if f is piecewise differentiable [11], then the
lexicographic derivative of f is an element of the Bouligand subdifferential [3] and an
element of the Mordukhovich subdifferential [7]. Just as Clarke’s generalized derivative is
developed for locally Lipschitz continuous functions, a number of generalized derivatives,
such as Dini’s derivative, are developed for discontinuous functions. However, this thesis
will not expand on such generalized derivatives, as they are not suitable for the
equation-solving and optimization problems of our interest.

In Chapter 2, we introduce the classical theory of differentiation and present Newton’s
method as an example of a numerical tool for which the classical derivative is useful. In
Chapter 3, we present Clarke’s theory of differentiation as a generalized theory of
differentiation for the class of locally Lipschitz continuous functions mapping between
Euclidean spaces. We highlight the important subclass consisting of piecewise differentiable
functions, for which Clarke’s theory of differentiation is particularly simple to formulate.
We present the theoretical toolkit of Clarke’s generalized derivative object, which mirrors
that of the classical derivative. Moreover, we highlight a Newton’s method for the class of
locally Lipschitz continuous functions to illustrate a numerical tool to which Clarke’s
theory of differentiation applies.

Despite the utility of Clarke’s theory, it is difficult to obtain elements of Clarke’s

generalized derivative object, even for functions that are constructed from functions whose



Clarke’s derivative objects are known, since they obey inclusion-based calculus rules. In
Chapter 4, we will address this issue by presenting Nesterov’s theory of lexicographic
differentiation and Khan and Barton’s theory of lexicographic directional differentiation.
These generalized differentiation theories for a subclass of locally Lipschitz continuous
functions, called the class of L-smooth functions, provide a systematic way to find elements
of Clarke’s derivative object. First, we introduce these theories for the class of L-smooth
functions mapping between Euclidean spaces. We highlight that lexicographic derivatives
are at best elements of Clarke’s derivative object and at least indistinguishable from
elements of Clarke’s derivative object in nonsmooth numerical tools. We note that unlike
Clarke’s generalized derivative object, L-derivatives satisfy an equality-based chain rule. To
make it easier to find L-derivatives, we present lexicographic directional derivatives for
L-smooth functions. Unlike elements of Clarke’s generalized derivative object, it is
straightforward to find LD-derivatives of elementary functions and LD-derivatives of
functions constructed from functions whose LD-derivatives are known. An L-derivative is
easy to obtain once an LD-derivative is known. Next, we introduce Nesterov’s
lexicographic differentiation for a subclass of locally Lipschitz continuous functions
mapping between Banach spaces with Schauder bases, called, as expected, the class of
L-smooth functions. We state L-derivatives for such functions and provide a proof for
Nesterov’s result that these L-derivatives obey an equality-based chain rule, just like the
L-derivatives in the Euclidean space setting. For illustration, we present examples of
L-smooth functions, find their L-derivatives, and show that they indeed obey the sharp
chain rule. In Chapter 5, we give conclusions and discuss future work.

The contributions made in this thesis include elaboration of existing proofs wherever
deemed appropriate, a proof for Theorem 4.3.5, and provision of new illustrative examples

in Section 4.3.5.



CHAPTER 2
PRELIMINARIES AND BACKGROUND

In this chapter, we review the classical theory of differentiation.

2.1 Notation

In this chapter, we use X and Y to denote open subsets of R™ and R™, respectively.

2.2 Vector Spaces and Linear Maps

Definition 2.2.1. Let F be a field and V' a set equipped with two operations: addition and
scalar multiplication. Addition is a function + : V x V' — V mapping (v, w) to v+ w.
Scalar multiplication is a function - : F x V. — V mapping («,v) to av. If V satisfies the
following axioms, then V is called a vector space over FF:

For any vectors w,v,w € V and any scalars a,b € F,

I.u+ (v+w)=(ut+v)+w.

2. u+v=v+u.

3. There exists an element O € V', called a zero vector, such that v+0 = v forallv e V.

4. For every v € V, there exists an element —v € V', called an additive inverse of v,

such that v+ (—v) = 0.
5. a(bv) = (ab)v.
6. 1v = v, where 1 denotes the multiplicative identity in F.
7. a(u +v) = au + av.

8. (a+b)v=av+bv.



Elements of V' are called vectors and elements of F are called scalars.

Definition 2.2.2. A normed vector space is a vector space V' over a field F (=R or C),
equipped with a function ||| : V' — R, called a norm on V', that satisfies the following

properties:
1. ||z]| >0 for any x € V, and ||z|| = 0 if and only if x = 0.
2. |lax|| = |a| ||z|| for any a € F and any x € V.
3. Nl +yll < [l + [yl for any z,y € V.

Definition 2.2.3. A normed vector space V' over a field F (= R or C) is complete if every
Cauchy sequence of elements of V' converges to an element of V' with respect to the norm.

A complete normed vector space is called a Banach space.

Remark 2.2.4. In this thesis, we will always view R™ as a Banach space with the

FEuclidean norm.

Definition 2.2.5. Let V' be a Banach space over a field F (=R or C). A Schauder basis is
a sequence {b,} of elements of V' such that for every element v € V' there exists a unique

sequence {a,} of scalars in F for which

where the convergence is with respect to the norm.

Definition 2.2.6. Let V' and W be vector spaces over a field F. A function f:V — W is

a linear map if for any vectors w,v € V and any scalar ¢ € F,

flutwv) = f(u)+ f(v)
f(eu) = cf (u).

If V. =W, then a linear map is called a linear operator.



Definition 2.2.7. Let V and W be normed vector spaces over a field F (=R or C), where
|-l is the norm on V and |||, is the norm on W. A linear map f :V — W is bounded

if there exists some M > 0 such that for all v € V,

1F (@)l < Mol -

Remark 2.2.8. Let V and W be normed vector spaces over a field F (=R or C), where
|-l s the norm on V' and |||, is the norm on W. The set of bounded linear maps from
V to W equipped with the two operations
(A+ B)(v) =A(v)+ B(v),veV
(aA)(v) =aA(v),veV
for any bounded linear maps A and B and any o € F(=R or C) forms a vector space
denoted by C(V,W). This notation is justified by the fact that a linear map A 1V — W is

bounded if and only if it is continuous with respect to topologies induced from the norms

|-l and ||-||, of V' and W, respectively. The vector space C(V, W) equipped with the norm
-]l : C(V, W) = R defined by

|A| =inf{M >0: ||Av|,, < M ||v]|,, for allv eV}

forms a normed vector space. The norm ||| is called the operator norm.

2.3 Theory of Differentiation

We introduce differentiation notions that are commonly encountered in the Euclidean

space setting.
Definition 2.3.1. Let f: X C R® — R be a function. The partial derivative of f at
a=(ay...a,)" € X with respect to the i-th variable x; is

of (@) == lim flar, .. a1, a;+ hyagr, ... an) — flar, .o a,. .. a,)
ox; h—0 h

if the limit exists.



Definition 2.3.2. Let f : X C R" — R™ be a function that maps * = (v ...7,)" € X to

f(x) = (fi(z)...fn(x)T € R™. If the partial derivative 8;:; of fi with respect to the j-th

7]

variable x; exists at @ € X for alli € {1,...,m} and all j € {1,...,n}, then the Jacobian

matrix of f at a is the matriz

Jf(a) =
Yela) o Yx(a)

Definition 2.3.3. A function f : X C R" — R™ is called (Fréchet-) differentiable at

x € X if there exists a bounded linear map A, € C(R™,R™) such that

Lo [P h) — f()— Al

A ] 0

Remark 2.3.4. If a function f : X C R™ — R™ is differentiable at * € X, then the
bounded linear map A, € C(R™,R™) is unique, all of the partial derivatives of f at x exist,
and Ay is the Jacobian matriz J f(x) taken as an element of C(R™,R™). We call A, the

(Fréchet) derivative of f at x. In general, the existence of all of the partial derivatives of a
function f : X CR" = R™ at a point x € X does not imply that f is differentiable at x.

For example, consider the function f : R?> — R defined by

xif y#

0 ify=a>

flzy’ =

Then f is not differentiable at (0 0)T, but all of the partial derivatives of f at (0 0)T ewist.
Howewver, if all of the partial derivatives of a function f: X C R"* — R™ exist in a
neighborhood of a point x € X, and are continuous at x, then f is differentiable at x. If
f: X CR" — R™ s differentiable at all points in X, then we say that f is differentiable

on X.

Definition 2.3.5. A function f : X C R"® — R™ is continuously differentiable (C') on X if

it 1s differentiable on X and the derivative Jf : X — C(R™",R™) of f is continuous on X.

10



Example 2.3.6. Let f : R — R be the function defined by f(z) = 2. Then f is
differentiable on R since at any x € R we have a bounded linear map A, : R — R defined
by A.(h) = 2zh such that

lim |f(x+h)— f(x) — A.h| — im |(z + h)? — 2* — 2zh| _

h—0 |h| h—0 Al .

Hence, A, = J f(x) = 2x is the derivative of f at x, as expected. In fact, f is C' since the

deriwative of f mapping x to 2x is continuous on R.

Definition 2.3.7. A function f : X C R" — R™ is directionally differentiable at x € X in
the direction of h € R™ if
th) —
f'(z;h) := lim fl@+th) — f(z)

t—0t t

exists. In this case, f'(x;h) is called the directional derivative of f at x in the direction of
h. If f is differentiable at x in all directions in R™, then f is called directionally
differentiable at . If f is directionally differentiable at all points in X, then f is called

directionally differentiable on X.
Proposition 2.3.8. Let f : X C R® — R™ be a C* function. For any x € X and h € R",
f is directionally differentiable at x in the direction of h. Also,

f'(@;h) = Jf(x)h.

Example 2.3.9. Let f : R? — R be a function defined by f(x1 x9)" = 2% + 3. Then f is

Cl. Note that

d
Jf(x)d = (2x1 21) = 2x1dy + 2x9ds.
ds
Then
al0 «Q
— lim (.2131 + ad1)2 + (232 -+ Oédg)2 — ,CE% — 33%
al0 (6]

= 21’16[1 + 21’26[2
= Jf(z)d,

11



as expected.

2.3.1 The Theoretical Toolkit of Differentiation

Here, we present the classical theory of differentiation.

Theorem 2.3.10 (The classical mean value theorem). Let [a,b] C R be a compact interval
and f : |a,b] = R a function continuous on [a,b] and differentiable on (a,b). Then there

exists ¢ € (a,b) such that

1) = f(a)

7o) = =01

Theorem 2.3.11. If f: X CR" - R™ and g : X — R™ are functions differentiable at
x € X, then for any a,b € R, the function af + bg : X — R™ defined by

laf +0f] (y) = af(y) + bg(y) is differentiable at . Moreover,
Jlaf 4+ bg] (x) = aJ f(x) + bJg(x).

Theorem 2.3.12 (The classical chain rule). If f: X CR" - Y CR™ is a function
differentiable at x € X and g : Y — R* is a function differentiable at f(x) € Y, then the

composition g o f : X — RF is differentiable at &. Moreover, its derivative at x is given by

Jlgo fl(x)=Jg(f(x)) Jf(x).

Let f: X xY CR” x R™ — R™ be a function. Consider the following equation:

f(x,y) =0.

An implicit function theorem provides conditions under which it is possible to solve this
equation for y as a function of x in the neighborhood of a known solution (&, y). There are
a number of implicit function theorems; the stronger the assumptions, the stronger the

conclusions. Below, we give a standard implicit function theorem.

Theorem 2.3.13 (The classical implicit function theorem). Let

f: X XY CR*xR™ = R™ be aC' function and suppose there exist T € X and j €Y

12



such that f(x,y) = 0. If

Oft [~ — of 1 -
(z,9) o (z,9)
Ofm (= = Ofon (= =
8];1 (.’B, y) T ayLm(CU, y)

1s invertible, then there exist neighborhoods U C X and V CY of @ and y, respectively, on

which the equation
f(z,y)=0

uniquely defines y as a function of . That is, there is a function p : U — V' such that
1. f(u,p(u)) =0 for allu € U.

2. For each u € U, p(u) is the unique solution to f(x,y) = 0 lying in V. In particular,

p(T) =Y.

3. pisC' on U. Moreover, for any u € U,

-1

0, 0 0, 0 0, 0,
Prw) - (w) L o ) (@ e P
Opm Opm Ofm Ofm Ofm Ofm
Lau) o Pe(u) o) o Y]\ o Y@

2.3.2 Newton’s Method

In addition to a useful theoretical toolkit, the theory of differentiation possesses a
strong numerical toolkit. In this section, we demonstrate how the derivative is used in
equation-solving methods. In particular, we will use Newton’s method to solve the system
of equations

f(x) =0

where f : X C R"® — R" is a C! function. Let xy be an initial guess for a root of f. If x;_,
is a current approximation for the root, then Newton’s method gives a formula for the

subsequent approximation xyg, i.e.,

z, =z — [T f(zm1)] ! Fz)

13



For sufficiently simple systems, we can often compute the inverse of the Jacobian matrix
directly with no difficulty. For more complicated systems, it is usually more efficient to

solve the following equivalent system of linear equations for x;, — x;_1:

Jf(@p—1)(@p — Tp—1) = —f (@r-1).
Example 2.3.14. Suppose that we are given the following system of equations:

T+ X 0
ZE12 — X9 0
Geometrically, solutions to this system of equations correspond to the intersections of the

2 on the Cartesian plane. In this example, we will use Newton’s

curves y = —x and y = x
method to solve this system of equations. Letting x = (x1 x2)T, we can rewrite this system

of equations as

and its inverse is

L (—§ %)T

| CEB
256 256

T3 <_ﬁ ﬁ)T

65536 65536 \T
T4 | (—Gs538 oo533)

Table 2.1. First few approximations to the root (—1 1)7
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The above table displays the first few approximations to the left intersection point (—1 1)
of the two curves provided that we choose o = (=2 3)T as the initial guess for it. As

expected, these approximations are approaching (—1 1),
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CHAPTER 3
GENERALIZED DIFFERENTIATION THEORY

In this chapter, we present a generalized theory of differentiation for a class of functions

called locally Lipschitz continuous functions.

3.1 Notation

In this chapter, we use X and Y to denote open subsets of R” and R™, respectively.

3.2 Nonsmooth Functions

3.2.1 Locally Lipschitz Continuous Functions

Definition 3.2.1. A function f : X C R" — R™ is Lipschitz continuous if there ezists

K > 0 such that for all x and y in X,

f(x) - fFly)| < Kz —yl.

Any such constant K is called a Lipschitz constant. A function f : X C R" — R™ is locally
Lipschitz continuous if for any x € X, there exists a neighborhood Uy of  such that f

restricted to U, 1s Lipschitz continuous.

Remark 3.2.2. A Lipschitz continuous function is locally Lipschitz continuous. However,
the converse is not true. For example, the function f: R — R given by f(x) = x* is locally
Lipschitz continuous, but not Lipschitz continuous. Moreover, compositions of locally
Lipschitz continuous functions are locally Lipschitz continuous.

A CY function is locally Lipschitz continuous. Not every differentiable function is locally
Lipschitz continuous. For example, consider the function h : R — R defined by

?sin  if x #0,
h(z) =

0 if x = 0.
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Then h s differentiable, with the derivative

@) 2xsinx—12—§cos$—12 if ¢ # 0,
h(x) =
0 if x = 0.

However, h is not locally Lipschitz continuous, due to its behavior at 0. Conversely, not
every locally Lipschitz continuous function is differentiable. For example, the absolute value
function f: R — R defined by f(x) = |z| is locally Lipschitz continuous, but not

differentiable.

Example 3.2.3. The square root function f: R — R defined by f(x) = +/|z| is not locally

Lipschitz continuous.

It is convenient to develop a generalized theory of differentiation for locally Lipschitz
continuous functions due to Rademacher’s theorem, because it allows us to work with

nondifferentiability in a controlled manner. The following theorem is from [4].

Theorem 3.2.4 (Rademacher’s Theorem). If f : X C R" — R™ is locally Lipschitz

continuous, then f is differentiable almost everywhere on X.

Example 3.2.5. For the absolute value function f : R — R defined by f(x) = |z|, the set

of points of nondifferentiability in the domain is {0}, which has Lebesgue measure 0.

Example 3.2.6. For the function g : R> — R defined by g(x, x2)T = min (z1, 23), the set
of points of nondifferentiability in the domain is {(x1,z2) € R?* : x; = x5}, which has

Lebesgue measure 0.

3.2.2 Piecewise Differentiable Functions

There is an important subclass of locally Lipschitz continuous functions containing the

class of C! functions, which we introduce below. The material here comes from [11].

Definition 3.2.7. A function f: X C R® — R™ is piccewise differentiable (PC') at

x € X if there exists a neighborhood N, C X of * and a finite collection
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x) = {f(l), ceey f(k)} of Ct functions mapping N, into R™ such that f is continuous on
N and for ally € Ny, f(y) € {f(i)(y) cie{l,...,k}}. If f is PC" at all points of X,

then f is called PC' on X. Given the set of functions Fr(x), there is an associated set

155 z):={ie{l,... .k} :xzecd{imt{{yeN,: fly (W)}

called the set of essentially active indices of f at x with respect to F¢(x). Corresponding to

a set of essentially active indices is a set of essentially active functions
gf(x) = {f(’t) 11 € _[;-SS(m)} .

Remark 3.2.8. A composition of PC* functions is PC*. A PC function is directionally

differentiable.

Example 3.2.9. Let g : R? — R be the function defined by

g(z1 22)7 = max (0, min (z1,22)). Then g is PC', with F, ((0 0)") = {ga), 92): 93) }» where

gy (z1 22)" =0
9(2)(I1 $2)T =1
9(3)(551 $2)T = T2.
We will show that a directional derivative of g can be obtained from an appropriate

selection function. Since

g (1T +a(-10)7) —g(1 DT

/ 1 1T, -1 T — i - 1
g (1 05(-10)%) = lim, o
and
/ T T T —1 —1
9op(1 1) (=1 0)7) = Jg(1 1) =(1 0 =—1,
0 0

we see that ¢'((1 1)T; (=1 0)T) = i (1 DT (=1 0)T).

Example 3.2.10. The absolute value function f: R — R defined by f(x) = |z| is PC* on
R.
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Example 3.2.11. For any n € N, the minimum function min : R" — R defined by

min (z) = min {z1,...,2,} where x = (x;...2,)" and the mazimum function
max : R"” — R defined by max (x) = max {x,...,x,} where x = (x1...2,)" are PC' on
R™.

Example 3.2.12. For anyn € {2,3,4,...}, the Euclidean norm function |-| : R* — R

mapping T to || is not PC* at 0.

3.3 Clarke’s Theory of Differentiation

In this section, definitions and results come from |[3].

3.3.1 Bouligand Subdifferentials and Clarke Jacobians

Definition 3.3.1. Let f : X C R®™ — R™ be a locally Lipschitz continuous function. If
Zy C X is the set of points of nondifferentiability in the domain of f, then the Bouligand
(B-) subdifferential of f at x € X s

Opf(x) = {H e R™": H = lim J f(x(;) for some sequence {@;} in X\ Zs converging to a:} :

j—00
Definition 3.3.2. Let f : X C R® — R™ be a locally Lipschitz continuous function. If

Zy C X is the set of points of nondifferentiability in the domain of f, then the Clarke

Jacobian of f at x € X 1is
Of (x) := conv O f(x).

In words, the Clarke Jacobian of f at @ € X is the convex hull of the B-subdifferential

of f at x.

Proposition 3.3.3. A Clarke Jacobian is nonempty, compact, and convex.
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Example 3.3.4. For the absolute value function f: R — R defined by f(x) = |z,

{-1} if ¢ <0,
Opf(x)=q{-1,1} ifz=0,
{1} if x>0,

and

{-1} ifz<0,
Of(x) =9 [-1,1] ifz=0,

{1} if > 0.

\

In the above example, f is PC'. In general, the Clarke Jacobian is straightforward to

compute for PC' functions.
Proposition 3.3.5. Let f: X C R* — R™ be a PC* function on X, and x € X. Then
Of (x) = conv {Jf () i€ lf(x)}.
Example 3.3.6. Recall the function g in Example 3.2.9. We have
dpg(0 0)" = {[1 0], [0 1], [0 0]}
and

8g(0 O)T = {[)\1 )\2] : )\1,)\2 > O,)\l -+ )\2 < 1} .

3.3.2 The Theoretical Toolkit of Clarke Jacobians

Just like classical differentiaton, Clarke’s theory of differentiation possesses a useful

theoretical toolkit.

Theorem 3.3.7 (The chain rule for Clarke Jacobians). If f: X CR" - Y C R™ and
h:Y — R" are locally Lipschitz continuous functions, then h o f is locally Lipschitz

continuous and the Clarke Jacobian of h o f satisfies

dlho f](x) C conv {HF : H € 0h(f(x)),F € 9f(z)}.
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Remark 3.3.8. Unlike the classical chain rule, which is an equality-based rule, the Clarke

Jacobian chain rule is an inclusion-based rule.

Example 3.3.9. Let f : R? - R, f(z1 22)7 = min (2, 25), and h : R — R,
h(y) = max (0,y), both of which are locally Lipschitz continuous functions. Then

[ho f] (z1 x9)T = max (0, min (z1, z5)). As seen above,
O [ho f1(0 0)" = {[1 0], [0 1], [0 0]}
and

Olho f1(00)" ={[A Aa] : A, A2 > 0,0 + Ao < 1}

On the other hand,

conv {HF : H € 0h(f(00)"),Feaf(00)"}
—conv {HF : H e [0,1],F € {A 1 =X :0< )< 1}}
—comv {HN1—=XA:0<H<1,0<A<1}

= {1 Aa] i A A > 0,0 4+ Ay < 1)

=d[ho f](00)T.

In the above example, the chain rule relation holds with equality. In general, however,

it is not the case.

Example 3.3.10. Let f : R - R, f(z) = min(0,z), and h : R — R, h(y) = max (0,y),
both of which are locally Lipschitz continuous functions. Then
[ho f](z) = max (0,min (0,x)) = 0, i.e., the composition is identically zero. Note that
9p [ho f1(0) = {0}
J[ho f]1(0) = conv {0} = {0}.

On the other hand,
conv {HF : H € Oh(f(0)),F € 9f(0)} = conv {HF : H € [0,1], F € [0,1]} = [0, 1].
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In the above example, the chain rule relation is a proper inclusion.
The Clarke Jacobian possesses a theoretical toolkit that mirrors that of the classical

derivative, which includes a mean value theorem and an implicit function theorem.

Theorem 3.3.11 (The mean value theorem for Clarke Jacobians). Let [a,b] C R be a
compact interval and f : [a,b] — R a function Lipschitz continuous on |a,b]. Then there

exists ¢ € (a,b) such that
f(b) = f(a)

— € df(c).

Theorem 3.3.12 (The implicit function theorem for Clarke Jacobians). If
g: X CR"xXY CR™ — R™ is a locally Lipschitz continuous function such that

g(xo,yy) = 0 for some xy € X andy, € Y, and det(Y') # 0 for all
Y e {Y eR”™: [X Y] € dg(ao,y,)} .

then there exists a Lipschitz continuous function v : R™ — R™ such that g(x,r(x)) =0 in

a neighborhood of x.

3.3.3 Nonsmooth Newton’s Method

In addition to a useful theoretical toolkit, Clarke’s theory of differentiation possesses a
strong numerical toolkit that includes Newton’s methods and local optimization methods.
In this section, we introduce a Newton’s method for the class of locally Lipschitz
continuous functions. Consider a locally Lipschitz continuous function f : R™ — R". Let
x () be an initial guess for a root of f. We can obtain subsequent approximations to the

root using the recursive formula
T(k) = T(k—1) — H'f (a:(k_l)) , where H € 0f (:z:(k_l)) , keN.
Example 3.3.13. Suppose that we are given the equation
flz) =0
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to solve, where

[ if || <1
fz) =
x> if |z > 1
To find a root of this equation, we can apply the locally Lipschitz continuous version of

Newton’s method, since f is locally Lipschitz continuous. Let xq =1 be an initial guess for

the root 0. Then
1 1
1 =29 — —f(xg) =1— —, where a € 0f(xo) = conv {1,2} = [1,2].
a a
To obtain x4, we may choose any a € Of(vo) = [1,2]. For any a € [1,2],

1 1 1

i.e., xo = 0, the root of the equation.

SN

> , where b € 0f(x1) = conv {1} = {1},

It 1s worth noting that the classical version of Newton’s method would have failed to give

us x1 since [ is not differentiable at xqg = 1.

As we have just seen with Newton’s method, Clarke Jacobian elements are essential in
implementing numerical tools for the class of locally Lipschitz continuous functions.
However, the fact that calculus rules for Clarke Jacobians are inclusion-based makes it
difficult to obtain Clarke Jacobian elements even for a function constructed from functions

whose Clarke Jacobians are known.

Example 3.3.14. Ifg: X CR" - R™ and h : X — R™ are locally Lipschitz continuous

functions, then g+ h : X — R™ is locally Lipschitz continuous and
dlg + h](0) C 0g(0) + Oh(0),

where the inclusion may be proper. Thus, adding a Clarke Jacobian element of g and a
Clarke Jacobian element of h will not necessarily yield a Clarke Jacobian element of g + h.
For instance, consider g : R — R, g(x) = max (0,z), and h : R - R, h(xz) = min (0, x), both

of which are locally Lipschitz continuous with dg(0) = [0, 1] and Oh(0) = [0, 1]. By the above
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rule, g+ h:R =R, [g+ h] () = x, is locally Lipschitz continuous with O [g + h] (0) = {1}.
However, although 0 € dg(0) U 0h(0) = [0, 1], we have 040 ¢ 0f(0) = {1}.

Example 3.3.15. In general, we cannot compute Clarke Jacobian elements for a

vector-valued function f = (fi ... fm)' : R" — R™ component-wise due to the following
rule:
F
Of(x) COfi(x) X -+ X Ofp(x) = S| Fieofi(x) p,
Fy,

where the inclusion may be proper. For instance, consider the function f : R? — R? defined

by
il -+ |.Z‘2|
fxy a2)" =
T — \$2|
Then
1 2x—-1
of(00)" = 0<A<1
1 1-2X
However,
1 23 -1
aF(0 0)T € 9£(0 0)T x Ofo(0 0)T = ' COn A)T € 0,125
1 2x—1

where the inclusion is proper.

Example 3.3.16. In general, it is not possible to compute a B-subdifferential element or
Clarke Jacobian element of a function by calculating its directional derivatives in coordinate
directions and then “stitching” them together. For instance, let f : R? — R be a function

defined by f(x1 x2)" = |z1 — xa|. Note that f is PC', with F¢((0 0)7) = {fa), fi2)}, where

f(1)($1 Iz)T = T1 — X2

f(g)(l’l JZQ)T = —T -+ Za.
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Then

F((00)7(10)7)

00750 1)) = [Jfi(00)"] (0 )" = (=1 1)(0 1)" =1.

[T f(00)7] (10" =1 -1 0)" =1

Moreover,
Opf(00)" ={(1 —1),(-1 1)}
OfF0 0" ={(1—X —1+X):0< A< 2}.

However,

(f((00)5(10)") f((00)":(01)7)) =(11) ¢ 9f(00)".
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CHAPTER 4
THEORY OF LEXICOGRAPHIC DIFFERENTIATION

Recently, lexicographic differentiation introduced by Nesterov [9] and lexicographic
directional differentiation by Khan and Barton [6] have provided a way to find Clarke
Jacobian elements systematically. In this chapter, we will present both theories, which are
developed for a subclass of locally Lipschitz functions called lexicographically (L-) smooth
functions. We will fill in some details for lexicographic differentiation in the Banach space

setting that had been omitted by Nesterov and provide new illustrative examples.

4.1 Preliminaries

4.1.1 Notation
In this section, let £y, E,, and E3 be real normed vector spaces and let |-||;, ||-||,, and

|-||; denote the norms of Ey, E,, and Ej, respectively.

4.1.2 Locally Lipschitz Continuous and Directionally Differentiable Functions
Definition 4.1.1. A function f : Ey — FEs is Lipschitz continuous if there exists K > 0

such that for all  and y in Ey,

1f(z) = Fy)ll, < Kz -yl .

Any such constant K is called a Lipschitz constant. A function f : E1 — FEs is locally
Lipschitz continuous if for any x € E1, there exists a neighborhood U, of « such that f

restricted to Uy is Lipschitz continuous.

Definition 4.1.2. A function f : E1 — Es is differentiable at © € E; in the direction of

h e E if

k) o i T@ ) F@)

t—0t t
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exists. In that case, f'(x;h) is called the directional derivative of f at x in the direction h.
If f s differentiable at  in all directions in Ey, then f is called directionally differentiable
at . If f is directionally differentiable at all points in Ey, then f is called directionally

differentiable on E.

If f: FEy — FE5 is locally Lipschitz continuous and directionally differentiable on F;, we

write
f € D(Ey, Ey).
Definition 4.1.3. Let f € D(E,, Ey) and x € Ey. The function Hy[f]| : E1 — E5 defined

by
Hy[f](h) = f'(x;h), heE

1s called the homogenization of f at x.

Proposition 4.1.4. Let f,g € D(E1, E3) and x € Ey. Then for any o, 5 € R,

Hac[af + 69] = aHa:[.f] + BH:c[g]

Proof. Let f,g € D(E1, Es), ¢ € Fy, and o, f € R. First, we check that
af + g € D(E4, Ey) to ensure that the function Hp[af + Sg] : E1 — E5 is defined. Let
z € Fy. Since f,g € D(E), Es), there exist neighborhoods U, and V, of z on which f and
g are Lipschitz continuous, respectively. Then for all w; and ws in the neighborhood
U,NV, of z,
[(af + Bg)(w1) — (af + Bg)(w2)ll, < af[f(w1) — F(ws)], + 5 llg(wr) — g(ws)]
< oK ||wy — wsl|, + BK; |w; — ws|;
< Ksllwy — wol|y,

where K3 = max {aK, fKs}. Therefore, af + g is locally Lipschitz continuous. Let

h € E,. Since
i (08 Bl 1) =0 + o)) _ y,, [ Flotth) = $(e) | gole ) —glo)
t—0t t—0t

= af'(x;h) + fg'(x; h),
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af + Bg is directionally differentiable at . Therefore, af + g € D(FE1, E,), as needed.

The proposition follows immediately from above and the definition of homogenization. []
Proposition 4.1.5. Let f € D(Ey, Es) and © € Ey. Then Hy[f] is Lipschitz continuous.

Proof. Let f € D(Ey, Ey) and « € E;. Since f is locally Lipschitz continuous, there exists

a neighborhood U, of & on which f is Lipschitz continuous. Then, for all h; and hs in Fy,
f(x+th)) — f(x)

/ . _ !/ . o . ERT
15 i) — (i), = |t T iy TEH IR 2
|y F@+th) = f(@ + tho)
t—0t t 9
@ thy) — i)l
t—0+ t
< KN+ ) = (a4 o)
t—0+ t
= K|lhy = ha| .
Therefore, H,[f] is Lipschitz continuous. O

Proposition 4.1.6 (The chain rule for directional derivatives). If f € D(FE1, E3) and
F € D(E,, E3), then F o f € D(Ey, E3). Moreover,

He[F o fI() = H ) [Fl(Hz[£1(-))-

Proof. Let f € D(E), Es) and F € D(E,, E3). First, we show that F o f € D(E}, E3). Let
z € E). Since f € D(Ey, E2) and F € D(Es, Es), there exist a neighborhood U, of z on
which f is Lipschitz continuous and a neighborhood Vy() of f(2) on which F' is Lipschitz
continuous. Clearly, z € U, N f* (Vf(z)). Note that f is continuous since it is locally
Lipschitz continuous. Since the preimage of every open set under a continuous function is
open, f* (Vf(z)) is open. Hence, U, N f~! (Vf(z)) is a neighborhood of z. For all  and y
in U0 f7 (Vi)

1F(f(x) = F(f(W)lls < Killf (=) = fF()ll, < KaKs 2 =yl -
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Therefore, F' o f is locally Lipschitz continuous. Let € F; and h € F;. To show that

F o f is directionally differentiable on FE}, it is enough to show that

(Fo f)(z;h) = F'(f(); f'(z; h)).
Since f and F' are directionally differentiable on E; and FEs, respectively,
f(x+ah)— f(x) = f(z;h)a + exn(a)a,

F(f(z)+ fh) — F(f(x)) = F'(f(x); h)B + n, n(8)8,

where €, : RT — Ey and 1, : RT — Ej are functions such that

loiﬁ)l €xn(a) =0,

li —0.
lim Nen(B)

Hence,

F(f(xz+ah)) - F(f(zx)) = F(f(x) + aken(a)) — F(f(x))
= F/(f(w)7 kw,h(a))a + nm,kwyh(a)(a)&a

where kg p : Rt — E5 is a function given by

km,h(') = f’(CB; h) + ew,h('>'

H ¢ ()[F] is continuous since it is Lipschitz continuous by Proposition 4.1.5. Hence,

F(f(x + ah)) - F(f(x))

im ) = lim (/£ @) b (@) + (@)
= lim F' (£ (@); ka.n(a)

= F'(f(@):lim k. 1(0)

= F'(f(z): f'(z: b)),
as needed. The proposition follows immediately from above and the definition of

homogenization.
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Example 4.1.7. Let f : R? — R be the function defined by f(x, x2)T = min (21, 22) and
h:R — R the function defined by h(y) = max (0,y). Then

al0 (%

0 ify<0,ory=0andd<D0,
d ify>0,ory=0andd>0,

and

(1 22)T; (dy do)T) =t L1 22+ 0l B)T) = J 1 22)7

al0 a
dy if 1 < 9, or vy = 19 and dy < ds,
dy if x1 > 19, or 1 = 19 and dy > ds.
Hence, h'(0;d) = max (0,d) and f'((0 0)7; (dy d2)T) = min (dy,ds). On the other hand,

/ T ™ g 9 ((00)T + au(dy d2)™) — g(0 0)"
b 11 ((0 0)7:(dy o)) = lm .

di if 0 < dy < dy,

=3y ds Zfdl >d2>0,

0  otherwise,
\

= max (0, min (dy, ds)).
Thus, [ho f" ((0 0)T; (dy do)™) =R (f(0 0)T; f/ ((0 0)T; (dy d2)T)), as expected.

Definition 4.1.8. A function f : E1 — FEs is called homogeneous if for all o € R and all

x ek,

flaz) = af ().

Remark 4.1.9. Let a function f : Ey — FEs be directionally differentiable on Ey. If

x € E1, then the directional derwative of f at x is homogeneous since

f'(x;0)=0
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and if h € Ey and a # 0, then
f(x +tah) — f(z)

f'(z;ah) = tlir(l)qr ;
~ lim af(a: + ath) — f(x)
t—0+ at
o Fa ) - f)
t—0t t
= af'(z;h).

Proposition 4.1.10. Let f € D(E1, Es) be a homogeneous function. Then for any x € Ey,

Moreover,

H. &[] = Hy[f] for any T > 0,
H.[fl(ax) = af(x) for any o € R.

Finally, for any x,y € E; and any a € R,

Ho[fl(y + az) = Hx[fl(y) + af ().

Proof. Let f € D(E4, Ey) be a homogeneous function, € Ey, and « € R. Since f is

homogeneous,

B th%1+ t

(Lt f(e) - f()
t—0+ t

= af(z)
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For all h € Ej,

a:—i—s (x +th)) — f(w—l—sw))

15%0+ s—0t S

1
hm—(hm fx+s(1+s)"'th) — f(a:))
=0+ t \s—0+ s(1+s)7!

For 7 > 0 and h € E,

= lim

t—0+ t
L et th) - S
ol /
L S th) - S
= lim n

t—0t P
= f'(z; h)

= fl(z:y + o) — af ()
= Ha[f](y + ax) — af(z).
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4.1.3 Lexicographically Smooth Functions

Nesterov’s lexicographic differentiation [9] is developed for the class of lexicographically
(L-) smooth functions. The definitions and results here are drawn from that work. The

proofs here, due to Nesterov, have been expanded for ease of comprehension.

Definition 4.1.11. Let f € D(Ey, Es), © € By, and U = {ui}32,, a sequence of vectors,

called directions, in Ei. The sequence of the recursively defined functions
0
Fov = Holf],
k k—1
f:(c,%] = Huk [f(m,U )]7 ke N7
1s called the homogenization sequence of f generated by x and U, if it exists.
Definition 4.1.12. A function f € D(FE1, Es) is lexicographically smooth on Ey, or

L-smooth on E; for short, if its homogenization sequence exists for any x € Ey and any

sequence U of directions in Ey. If f is L-smooth on Ey, we write f € L(F1, E5).

Remark 4.1.13. The class of L-smooth functions contains convex functions, differentiable
functions, and compositions of L-smooth functions. In the case of E1 = R"™ and Fy = R™,

the class of L-smooth functions also contains PC' functions.

Proposition 4.1.14. Let f € L(E\, Ey), € E1, and U = {u}32,, a sequence of

directions in E;. Then ffnk%] is Lipschitz continuous for each k € {0,1,2,...}.

33



Proof. By Proposition 4.1.5, fgg)U is Lipschitz continuous. Suppose that f;k)U is Lipchitz

continuous. Then, for all hy and hy in Ej,

|70 ) = 550 ()|

k k k k
— || lim -f:(I:}J(’u’k'f'l + thl) - fé,b<uk+1) ~ lim f;,%J(uk_i_l + thg) — f:(u)U(uk-‘rl)
t—0F t t—0+ t ,
— | im f;(,;k}J (uk—i-l + thl) - fgf%,(ukﬂ + Ith)
S0t ¢ 2

fgf%](ukﬂ +thy) — f;k,)U(UkH + thy)

= lim 2
t—0+ t

< lim K |[(wpq1 + thy) — (upg1 + thy)l),
t—0+ t

= K ||hy — hol|; .

Therefore, the proposition follows from the principle of induction.

Proposition 4.1.15. Let f,g € L(Ey, E3). Then, for any o, f € R,
af +Bg € L(E, Es).

Proof. Let f,g € L(Ey, E). Hence, f,g € D(Ey, E3). Then, af + g € D(E1, Es) by
Proposition 4.1.4. Let @ € E; and U = {u}72, a sequence of directions in Ej. It suffices
to show that the homogenization sequence of af + g generated by « and U exists. We

claim that
(af +89)EY = afy + 8, ke{0,1,2,...}.

Since

(af + B9)Y) = Halaf + Bg] = aHu[f] + BH,|g]
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by Proposition 4.1.4, the statement holds when k& = 0. Suppose that the k" statement is

true. Then, for all h € E,

(af + Bg) %" (h)

= ((af + 59);,; U)/(ukJrh h)
(of + 89)E) (ur s + th) — (af + Bg) ") (wy)

= lim
t—0+ t

Foy (g +th) = fEL (i) giy (weg +th) — g8 (ur)
— i | g mU YR o,U \Yk+1 +69mu k+1 92Uy \Uk+1
t—0+ t t

= afs iV (h) + gl  (h).

Hence, the claim follows from the principle of induction. Thus, the homogenization
sequence of af + g exists for any € E; and any sequence U = {ug}32; of directions in

E,. Therefore, af + Bg € L(E}, Es). ]
The homogenization sequence functions satisfy an equality-based chain rule.

Theorem 4.1.16. [ff € C(El, EQ) and F € C(EQ, Eg), then F o f € E(El, Eg)

Moreover, for any x € Ey and any sequence U = {uy}32, of directions in Ey,

k k
(Foflin() = Flyy (F00), kefolz..}
where the sequence V' = {wvy}32, of directions in Ey is given by
v = fuy(w), keN.

Proof. Let f € L(E4, Ey) and F € L(Es, E3). Then f € D(Ey, E2) and F € D(Es, E3).
Thus, F o f € D(E,, E3) by Proposition 4.1.6. We claim that if ¢ € £y and U = {u}2,,

a sequence of directions in £y, then
(Fo )y () =FL, (FOm), jefo1,2,...}
for all h € E,, where the sequence V' = {v;}72, of directions in E, is given by
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By Proposition 4.1.6,

(F o f) (xz:h) = F'(f(z); f'(z; b)) for any h € Ey,

SO
(Fo f)0y (h) = Fily o (FO4(R)) for any b€ By,

which confirms that the statement is true when 57 = 0. By Propositions 4.1.6 and 4.1.10,

(F o £)0y (h) = Hy, |(Fo £)0] (B)

(F(O()m) V)/ (fio)u (u1); .fz(cl,)U(h’>>
= (Fy) (£ (w)s £ (h)
(B (o 12000
~F), <f(1> (h )>
Hence, the statement is true when j = 1. Now, suppose that

(Fo )y (h) = F{, o £l (h)

for all h € E;, where the sequence V = {vk}izl of directions in FEs is given by

Vi = fgczj(’u’k)v kE{l,,]}
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By Propositions 4.1.6 and 4.1.10,

(Fo £)3" (h) = Hu,, [(F o | (1)

= (k+1)
N Hf:(vk,)U(uk+l) [ f(w),V} (fa:,U (h’)>

/

::CFy&Lv> (fﬁb(uha);f$2”00>
/

= (P ) (P57 (i) s 150 )
/

= (P04 (v £50(h)

k+1 k+1
- F.(f(as),)V <-f(m,U )(h)> .
Hence, the theorem follows from the principle of induction. m

Definition 4.1.17. Let U be a sequence of directions in Fy. For any k € N, we denote the
span of the first k directions of U by L(U). Let Ly(U) := {0}.

Proposition 4.1.18. Let f € L(E\, Ey), x € Ey, and U = {u}2,, a sequence of
directions in Ey. Then the members of the homogenization sequence of f generated by x

and U satisfy the following:

fg%(Th) = Tf:(:)U(h), where h € Ey and 7 > 0,
fg%(h +ad) = fg%(h) + ozfg%(d), where h € By, d € L(U), and o € R,
Fav(h) = £og" (h), where h € Ly (U).
Proof. Let f € L(E1, Es), € Ey, and U = {uy};2,, a sequence of directions in E;. The
first statement in the proposition follows from the Remark on Definition 4.1.8. We show

that the second statement is true using the principle of induction. It is clear that the

statement holds when k& = 0. Suppose that the k" statement is true. Let h € F,
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de Ly 1(U), and a € R. Then d = dj, + fugy for some g € R, where di, € L (U). Then

H

Uk+1

!
[fif%] (h+ ady) = (f;%) (Urt1; b+ ady)
FEL (uiir + t(h+ ady)) — £E (upy)

= lim

t—0t t
iy Jou (e th) & taf S (d) — fou(ui)
o0t t

(k)
. .fm Uy, +th .fm Uy,

_ iy Jovlten TR - LAY +afly(dy)

t—0t t

= (79) (i) + a1 )
= Huee, [£55] () + 0B ().

Note that when h =0 and o = 1,
Fot(di) = fop(d):

Then, by Proposition 4.1.10,
FE R+ ad) = FU5P (R + ady, + aBug)
/
= <f§3kgj> (ups1; h + ad, + afugiq)
= Hy,, fgckjgj (h + ady, + afug,)

=H

Uk+1

£ (et ady) + afl, (Burn)
= Huy, [£00] () + o (£50 (o) + £ (Bui)
= £V (R + o (FED () + BF LY (i)

= £33 () + o (Fuy, [£50] () + B8 (ur) )

= £ ) + o (Hu, [£50] (dt )

= f(kJrl (h) +af k+1)(dk + Bugi1)
.f(k+1 ( ) jgk+1 ( )'

Therefore, the second statement follows from the principle of induction. We show that the

third statement is true using the principle of induction. The statement holds trivially when
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k = 0. Suppose that the k" statement is true. Let h € Ly(U). By the second statement,

k k
f(k+1)(h) — lim fgc}](uk-i-l +th) — -f:(t}J(uk-H)
zU t—0t t

k k k

iy To () iy (B) — foy ()

TS0t t

k
= fru(h).
Therefore, the third statement follows from the principle of induction. O

This result allows us to establish linearity of the kth homogenization sequence function

restricted to the span of the first k direction vectors for any k € N.

Corollary 4.1.19. Let f € L(Ey, E), € Ey, and U = {ux}2,, a sequence of directions
in Ey. Let k € N. Then, for any h =Y ayu,; € Li(U),

k
k
h) =3 aifgp(u).
i=1
Proof. Let f € L(E1, Ey), ¢ € Ey, and U = {u;}2,, a sequence of directions in E;. We
show the corollary using the principle of induction. Let h = ayuy € L1(U). Since
foplaw) = afiy(w),

the statement holds when k& = 1. Suppose that the k' statement is true. Let h € Ly, (U).
Then h = hy, + ag1ug, 1 for some a1 € R, where h;, = Zle a;u; € Ly (U). Then, by

Proposition 4.1.18,
FED(R) = FUED (hy + ansrwes)
= UG (ha) + s £ (i)

= FUl(hi) + apn FO5Y (W)

= Z azf;k)[](uz) + Qg1 f;k,zrjl)(ukzﬂ)

(k
- Z zf +1) uz + OUf—l—l.fa:U )(uk—l-l)

k—i—l

- Zazf k+1)
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The corollary follows from the principle of induction. O

The properties of homogenization sequences outlined in this section will be useful in the

upcoming sections on lexicographic differentiation.

4.2 Lexicographic Differentiation in the Euclidean Space Setting

4.2.1 Notation
In this section, we restrict our discussion to finite-dimensional real normed vector
spaces. That is, let 'y, F», and Es3 be finite-dimensional real normed vector spaces and let

I-[l1s [I|ly, and ||-]|; denote the norms of Ey, E,, and Ej, respectively.

4.2.2 Preliminaries
Definition 4.2.1. Let f € L(Ey, Es), € By, and U = {u;}}7",, an ordered set of
directions in Ey. For each k € {1,...,m}, the function f;’“)U restricted to Ly (U) is called

the Ly deriwvative of f at x along U.

Remark 4.2.2. By Corollary 4.1.19, the function f;k)U restricted to Ly (U) is linear.
Hence, the Ly derwative of f at & along U has a matrixz representation given a basis for

FEy and a basis for Es.

Theorem 4.2.3. Let f € L(Ey, Es), € Ey, and U = {u,}}*,, an ordered set of
directions in Ey that span Ey. Then there exists ko € {0,1,...,m} such that the function

f(k%J 1s linear for any k > kq. For any k > ko,

x,

(k) _ (ko) .
Ul — *Y,w)

Proof. Let f € L(E1, Es), € Ey, and U = {u;}}",, an ordered set of directions in E}
that span F;. Since L,,(U) = Ej, there exists ko € {0,1,...,m} such that Ly, (U) = E}.

Since



the function fgf%} : E1 — FEj5 is linear by Corollary 4.1.19. Therefore, by Proposition 4.1.18,

(k) = o) for any k > k
Tov Ly (U) Jeu Ly (U) rE=t
and the function fgsk{, is linear for any k > k. O]

Remark 4.2.4. The well-ordering of N guarantees that without loss of generality, we can
set ko in Theorem 4.2.3 to be the least such number. Then, ky is called the degree of

nondifferentiability of f at  along U.

4.2.3 The Lexicographic Derivative

Definition 4.2.5. Let f € L(Ey, E»), @ € Ey, and U = {ui}}~,, an ordered set of
directions in Ey that span Ey. For any k greater than or equal to the degree of
nondifferentiability of f at « along U, the function f(w]% restricted to L (U) is called the

lezicographic derivative (or L-derivative for short) of f at x along U.
Equivalently, we have the following, more straightforward, definition of the L-derivative.

Definition 4.2.6. Let f € L(Ey, E), € Ey, and U = {u,}}",, an ordered set of
directions in Ey that span Ey. The function ffcm(} : By — E5 1s called the lexicographic

derivative (or L-derivative for short) of f at ® along U and is denoted by Jpf(x;U).

Definition 4.2.7. The lexicographic subdifferential (or L subdifferential for short) of
f € L(Ey, Es) at © € E) is defined to be

opf(x) ={Jpf(x;U) : U spans E;}.

Example 4.2.8. Let g : R? = R be a function defined by g(z; x2)" = max (0, min (21, x5))

1
and I = a direction matriz. That is, the sequence of directions in R? is
01
1 0
U= ,
0 1



We have g € L(R*R) and

© o (dy d)T = ¢'((00)T; (dy d2)T) = max (0, min (dy, ds))

o or 1
! 1
g(%)o)T,I<d1 dy)" = [g((g)o)q,} (dy dy)T | = max (0, dy)
0
(2) d d T _ (1) ' O . d d T *d
g(OO)TJ( 1 2) = (Yo or,I 7( 1 2) = Q2.
1

As expected, 9((§)o)T ; 18 linear. Moreover, the L derivative of g at (0 0)” along I is

J1g ((00)750) = gy r = (0 1).

It is worth noting that
19 (0 0)71) € Dpg(0 )" = {(10),(0 1), (0 0)}.

4.2.4 The Theoretical Toolkit of L-Derivatives

L-derivatives possess an equality-based chain rule, as stated below.

Theorem 4.2.9. Let f € L(E1, E2) and F € L(FEs, E3). Then F o f € L(Ey, E3).

Moreover, for any x € Ey and any basis U = {uy}}-, for Ey,

(Fof)o =F) o iy

where the sequence V' = {wvy}1, of directions in E5 is given by

Uk:fg?(}(uk)? ke {1,7777,}

Proof. The theorem follows immediately from Theorem 4.1.16 and Proposition 4.1.18. [

In Example 4.2.8, we observed that the L-derivative of g at (0 0)” along I is an element
of the B-subdifferential of g at (0 0)7. In the following proposition, we present a
generalized derivatives landscape showing how different generalized derivatives are related

to one another, which combines results from [5, 6, 9].
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Proposition 4.2.10. Let X be an open subset of R™.
(i) If f: X — R is an L-smooth function, then Or f(x) C 0f(x) for any x € X.
(i) If f: X = R™ is a PC* function, then Opf(x) C Opf(x) C Of(x) for any ¢ € X.

(iii) If £ : X — R™ is a C' function, then Opf(x) = 0pf(x) = 0f (x) = {J f(x)} for

any ¢ € X.

() If f: X — R™ is an L-smooth function, then for any * € X and any d € R",

{Ad: A€o f(x)} C{Ad: Acif(x)}.

In the above proposition, the last item states that for an L-smooth function the plenary
hull of the L-subdifferential is contained in the plenary hull of the Clarke Jacobian. One
implication of this statement is that L-derivatives can be used in place of Clarke Jacobian
elements in implementing a numerical tool associated with Clarke Jacobians, such as a

Newton’s method, since it is concerned with matrix-vector products.

4.2.5 The Lexicographic Directional Derivative
Lexicographic directional differentiation by Khan and Barton [6] provides a systematic
way to find L-derivatives, allowing for implementation of numerical tools requiring Clarke

Jacobians.

Definition 4.2.11. Let f: E; — E5 be an L-smooth function. The lexicographic
directional derivative (or LD-derivative for short) of f at ® € Ey for a matriz

M = [m(l) e m(k)} of directions in E; is defined as
fl@: M) = |FO(ma) - Flar may)] .

The LD-derivative is a generalization of the directional derivative for the class of

L-smooth functions.
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Proposition 4.2.12. Let X be an open subset of R™.

(i) If f: X — R™ is an L-smooth function and M € R™ ™ is nonsingular, then

@y M) =J,f(x; M)M.

(i) If f: X — R™ is an L-smooth function that is differentiable at € X, then

f'(@; M) = J f(x)M.

The name “LD-derivative" comes from the fact that LD-derivatives for elementary
functions, such as the max and min functions, the absolute value function, and the 2-norm

function, are naturally expressed using lexicographic ordering on R™.

Definition 4.2.13. The binary relation < on R" is defined such that if

x=(r1...2,)", y=(y1...yn)" €R", then

X U1
X2 Y2
<
Tn Yn

if there exists k € {1,...,n} such that xy <y and x; = y; for alli € {1,...,k —1}. The

relations =, >, and > are defined similarly.
Remark 4.2.14. The binary relations in Definition 4.2.13 are total orders on R™.

Example 4.2.15. In R?, we have

2 2
6 =< |7
9 1

44



Example 4.2.16. LD-derwatives of elementary functions are naturally expressed using

lexicographic ordering. For min : R? — R, min(z; x9)” = min (71, 23), and max : R?* — R,

max(z; 79)7 = max (z1, 25),
.
x Yy
[mll le] Zf mi1 < moq
. T mi1 MMio mi2 m22
min ; =
Yy ma1  Mag €T Y
[le mQQ] Zf mi = mo1
mi2 ma2
\
.
z Y
[m21 ng] Zf mi1 = moq
, x mi1 Mi2 miz ma2
max ; =
Yy a1 Mg T Y
[may mas] if [y, | = | may
mi2 m22
\

4.2.6 The Theoretical Toolkit of LD-Derivatives

Recall that although Clarke Jacobian elements are critical in implementing numerical
tools for the class of locally Lipschitz continuous functions, the fact that calculus rules for
Clarke Jacobians are inclusion-based makes it difficult to obtain Clarke Jacobian elements
even for a function constructed from functions whose Clarke Jacobians are known. Unlike

Clarke Jacobians, however, LD-derivatives possess equality-based calculus rules [6].

Proposition 4.2.17 (The chain rule for the LD-derivative). Let X and Y be open subsets

of R". Let f : X - R™ and g : Y — R™ be L-smooth functions. Then the composition
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fog is L-smooth and
[fog) (z: M) = f'(g(z); g'(z; M)).

Proposition 4.2.18. Let X be an open subset of R™. Let u = (uy ... u,)T : X — R™ and
v=(vi...v,)7 : X = R™ be L-smooth functions and M = [m(l) e m(k)] a row of

directions in X. For any x € X,
(i) w'(@; M) = (uj(a; M) uy(w; M) ... u, (z; M))"
(i1) [u+ o] (z; M) = u'(z; M) + v'(2; M)
(i1i) If n =1, then
[uv]’ (x; M) = o/ (z; M )v(x) + u(x)v' (x; M).
These equality-based calculus rules allow us to find an L-derivative, i.e., a Clarke

Jacobian element, in a systematic way. The process is outlined below for an L-smooth

function f : X CR® — R™. Let x € X.
(i) Choose a nonsingular directions matrix M € R™ ™.

(ii) Find the LD-derivative f'(a; M) using either the definition or the equality-based

calculus rules.
(iii) Solve the linear equation system
fl(x; M) = Jf(x; M)M
for the L-derivative J f(x; M), which is unique since M is nonsingular.
Example 4.2.19. Consider the function g : R?> — R defined by
g(z1 2)T = max (0, min (21, x2)). Then
O f(dy o) = max (0, min (dy, ds))

9o 0TI

g((é)O)TJ(dl da)” = max (0, dy).
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Hence,

d((00)71) = [g§g>0)”(1 0)" gi8)oyr1(0 1)T} =0 1].

Therefore,
Jrg ((00)5I) =g ((00)5I) I =[01].

4.3 Lexicographic Differentiation in the Banach Space Setting

Motivated by the utility of lexicographic differentiation in obtaining Clarke Jacobian
elements via the LD-derivative, we now focus our attention on the Banach space setting. In
this section, we restrict our discussion to Banach spaces that have Schauder bases. The
definitions and results here are from [9]. The proofs here are due to Nesterov except for the

one for Theorem 4.3.5. His proofs have been expanded for ease of comprehension.

4.3.1 Notation
Let Ey, E,, and E5 be Banach spaces and let |||, |||y, and ||-||; denote the norms of

Ei, F>, and Ej3, respectively.

4.3.2 Preliminaries
Definition 4.3.1. Let f € L(E1, Es), € Ey, and U = {u}2,, a sequence of directions
in Ey. For each k € N, the function f;kgj restricted to Ly (U) is called the Ly derivative of

f at x along U.

Proposition 4.3.2. Let f € L(E1, Es), x € Ey, and U = {u,}32,, a sequence of directions

in Ey. For each k € N, the function f:(ck)U restricted to Ly, (U) is a bounded linear operator.

Proof. Let f € L(Ey, Ey), € Ey, and U = {u;}2,, a sequence of directions in F;. By
Corollary 4.1.19, the function fg% restricted to Li(U) is linear for each k € N. We show

that the function f;k)U restricted to Ly (U) is bounded for each k € N. Let h € L, (U).
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Since

FO( +th) — fO ()

)| = |
‘ fav(h) , = |[im ; 2
O+ th) — £ ()
= lim
tloo t
2
|00 (@ + th) = £ (@)
= lim 2
tloo t
< lim K|[(x +th) — x|,
tloo t
= K | b,

for some K > 0, the function f;l)U is bounded. Suppose that the function f:(ckgj restricted
to Lg(U) is bounded. Let h € Lyy1(U). Then

(k) (k)
(k+1) s fav(T+th) — fw,U(w)
|5 )|, = [fim t 2
k k
o [+ th) - £l (@)
tloo t 9
e s ) - £ (@)
a ti{g t
< i K @+ th) — =]
tloo t
= K ||h||,

for some K > 0. Hence, the function fgf;}l) restricted to Lg.1(U) is bounded. The

theorem follows from the principle of induction. m

4.3.3 The Lexicographic Derivative

Theorem 4.3.3. Let f € L(Ey, Es), x € By, and U = {uy}2,, a basis for Ey. Then there

exists a unique bounded linear operator f;OOU) . By — E5 such that

fouh) = Jim fUy(h), he B
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Proof. Let f € L(E1, Ey), ¢ € Ey, and U = {u;}2,, a basis for F;. If

h = ihkuk € Fy,

k=1

then let fgfi} : By — E5 be a function defined by
Foo(h) = hf oy ().
k=1

We first show that _f;OOU) exists. For each m € N, let

B = Y hyuy,
k=1

Ym = Z hkfa(:al)(uk)-
k=1

By Proposition 4.1.14, each member of the homogenization sequence of f generated by x
and U is Lipschitz continuous with a Lipschitz constant K > 0. Let € > 0. Since {h,,}>_,

is a Cauchy sequence, there exists N € N such that for any my, mg > N,

€
Py = Binglly < -

Then, for m; > my > N,

mi
[Ys = Ul = || D hfip” (ur)

k=mo+1

= Z hkffﬂ})(uk)

k=mo+1
mi
(3 )

= .f;(:}}) (hm1 - hm2) 5

2

< K Hh'ml - hmz”l

< €.
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Hence, {y,,}>°_, is Cauchy and therefore convergent, as needed. The function

f :(Bl} E, — Ej is linear since for

o
a= E apug € F,
k=1

b=> by € B,
and a, 8 € R,

fgfol}(aa, + pb) = Z aay, + Bby) f )(uk)

k=1

= n‘lbl—>H<1>o Z(aak + ﬁbk)fi’fz}l)(uk)
k=1

= lim (aZakf;k () +szkfk g ))

m—oo U

k=1
=a > anfly" (w) +6Zbkf““ Y (uy)
k=1

= afy(a) + BFEH(b).

It is bounded since if

h = Z hruy, € El,
k=1
then

Fooh)

2

Tim S (w)
k=1

m— 00

= lim thfw ()

m—r0o0

2
-t 125 (3
k=1 )

= T [ £9% ()

m—00

IN

lim M ||k,
m—0o0
=M |h|,.
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Note that
Foo(h) = lim > hfop (u)
k=1
= lim > I gy (w)
k=1

-t 3 (S
k=1

~ im0
= lim £ g (hm).

Hence,
|£50) — tim £h )| = || tm (£07(h) — £ ()|
1 (m) _ p(m)
- r%l_rgo fm,U(hm) fm,U(h’) 9
< K lim |k, - hl,
m—o0

=0.

Therefore,

FoU(R) = Tim fU5 (R).
Note that E, is Hausdorff since it is a metric space with respect to the norm ||-||,. This

limit is unique since every convergent sequence has a unique limit in a Hausdorff space.

]

Remark 4.3.4. The function f;oo(} : By — By is called the lexicographic derivative (or L

derivative for short) of f at x for U.

4.3.4 The Theoretical Toolkit of L-Derivatives
Theorem 4.3.5. Let f € L(Ey, Ey) and F € L(Ey, E3). Then F o f € L(Ey, Es).

Moreover, for any x € Ey and U = {uy}2,, a basis for Fy,

(Fof)lo=F),ofeo.

where the sequence V' = {wvy}32, of directions in Ey is given by

Z,
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Proof. Let f € L(Ey, Ey) and F € L(Es, E3). Then f € D(Ey, E2) and F € D(Es, E3).
Thus, F o f € D(E,, E3) by Proposition 4.1.6. Let € Ey and U = {u;}32,, a basis for
E;. By Theorem 4.1.16,

(Fo f)iu()=Fhy (FE0), kefo12,..},

where the sequence V' = {v;}7*, of directions in Ej is given by
v = fgfgj(uk), ke N.
For each k£ € N,
ve = Fop(u) = lim o (w) = £ (w).
Moreover, if h € F1,
|FepiD ) - (F) v o o) ),
= | (F o L () — 1m PG (Fo3M)|

m—00
= lim HF;"(Z)V (f;"?,(h)) B F?(ZLV (‘fgcooU)(h)> Hg

m—r0o0
< K Tim || £ () = £50 0|
=0.

Hence,
(Fo )50 () = (Fo) v o £50) (h), heEy,

where the sequence V' = {v;}2, of directions in Ej is given by
o= fio(w), keN,

as needed.

4.3.5 Examples
In this section, we provide examples to illustrate lexicographic differentiation in the

Banach space setting. Consider the collection C of all real sequences. Let
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{zi}2, {uk}e, € C and o € R. Define vector addition by

{oe}iy bz = {2 + Yntisy

and scalar multiplication by
afwi iy = {azk}iy
Then C equipped with the vector addition and the scalar multiplication is a vector space.

Consider the collection £*(R) of real sequences {z;}7, satisfying

f: |lzx|® < oo
k=1
Then ¢*(R) is a subspace of C. Moreover,
o0 1/2
kel = (Z my?) g € AR)
k=1

is a norm for /*(R). In fact, (*(R) is a complete metric space with respect to this norm and

therefore is a complete normed vector space.
Example 4.3.6. Let f : (?(R) — (*(R) be a function given by
F{zihis,) = {max (0, z4) 172,

The function f exists since

(o] o0
> max (0, z) [ <Y |zil” < o0,
k=1 k=1

It is Lipschitz continuous since for any {zy}32, and {y.}32, in (*(R),

. 1/2
1 Qe diz) = FHu bzl = (Z |max (0, ) — max (0, yk)l2>

. 1/2
= lim (Z |max (O, xk) — max (O, yk)’2>

m—0o0
k=1
m 1/2
li 2
im T8 — Yil
m—0o0
k=1

= [{7e}rz; — {yk}ZOﬂ”z,
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and 1s directionally differentiable on (*(R) since for any {z)}32, and {hi}32, in (*(R),

F iz {hdizy) = {uedits,
where for each k € N,
h; if xp >0,
0 if v <0,
Yr =

hy if x, =0 and h; > 0,

0 o x;=0andh; <O0.

\

In fact, f € L(FA(R),(*(R)) since for any {zx}32, {15, € (2(R) and any sequence
U = {{ur;}52,}32, of directions in £*(R),

fgi}zozl,U<{hk}zo:1) = {ynk}zozb n e N7

where for each k € N,

i
T 0
Uk 0
Uk 0
hk Zf -~ )
Unk 0
dy, 0
Ynk =
T 0
U1k 0
U2k 0
0 if =
Unk 0
dy, 0
\
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Example 4.3.7. Let g : (*(R) — (?(R) be a function given by

g{zr i) = ]}

The function g exists since

o0 oo
Dozl =) fanf* < oo
k=1 k=1

It is Lipschitz continuous since for any {zx}32, and {yx}2, in *(R),

o 1/2
lo({ies) — a(ue}iz)ll, = (Z e - w)
B m 1/2
= lim. (Zum - mu?)
k=1

m 1/2
< i — .l
< lim (Z|$k Y| )
h—1
= [Hoedizs — {wndeall,

by the reverse triangle inequality, and is directionally differentiable on (*(R) since for any
{zn}p2, and {h}72, in (R),
g {znties {hedize) = {ynlizs,
where for each k € N,
hy if xp > 0,
—hy, Zf x < 0,

Y =
hy, Zfl'k:() and dk>0,

In fact, g € L(FA(R), (2(R)) since for any {xx}32, {152, € (3(R) and any sequence
U = {{ux;}321}132, of directions in £*(R),

ggrk}“ U({hk}k 1) {ynk}zozl, n € N,
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where for each k € N,

)
T 0
Utk 0
U 0
Unk O
dy, 0
Ynk =
T 0
U1k 0
Uk 0
—hy af =
Unk 0
dy, 0
\

We check that Theorem 4.3.5 holds for the functions f and g and their composition
¢ = fog with U = {{uy;}52,}72,, a standard basis for /*(R), i.e., for each k € N,

0 ifj £k,
ukj
1 it j =k
First of all, ¢ = g since if {x;,}32, € (*(R), then
¢ ({ze}ily) = Fg({ze}ily)) = Izl 1) = {max (0, |z ) 132, = {lzl}i2) = 9 {2 }iZy) -

Thus, ¢ € L(*(R), (*(R)). Let {x}32, € £*(R). The sequence V' = {{v;}52,}32, of

directions in /*(R) is given by

{uri 152 g{mj}ool,U({ukj}?;)a keN,
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i.e., for each j € N,

(

1
Uk =4 —1

0

Let {hy}32, € (*(R). Then

ifj=Fkandx; >0
if j=Fkandz; <0 ke N.

if j £k

f(({:cg}g’i )V <{h }] 1) = {2

where for each k € N,

hy
0
2 =
hy
0
\
Hence,
(n)
Ttz v

where for each k € N,

hk if

Q

Znk =

{

(
(
(
0 ifg(
(
(

\

hi if g ({7152,
0 ifg({z;}52
{z; ;.;1
hy if g ({7152,

0 ifg {xj}(]?il

if g({z;}521)r >0,
if g({z;}521)k > 0,
lfg({itj};)il)k =0 and hg > 0,

y{352) = {zm e, nel,

>0,

21), <0,

L =0, Ee{l,...,n}, and 2 > 0,

}
1o
}
}

)
)
)
), =0, ke{l,...,n}, and 2 <0,
), =0, k¢ {1,....n}, and hy >0,
)

=0, k¢ {l,...,n}, and hy <0.

Thus, the L derivative of f at g ({zx}32,) for V is identity, i.e.,

(o0) =1
g({xk}zozl)vv '
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Therefore,
(o) 4 )  _ gl ()
Pl v =10 P, v = F (e, ) v © dlea, v

as expected.

4.4 A Remark on the Domains of Functions

In this chapter, we have presented results for functions whose domains are real normed
vector spaces or Banach spaces. The same results can be shown to hold for functions whose

domains are open subsets of such spaces.
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CHAPTER 5
CONCLUSION AND FUTURE WORK

In this thesis, we have presented a generalized theory of differentiation for the class of
locally Lipschitz continuous functions. First, we studied the classical theory of
differentiation in the Euclidean space setting. We explored the theoretical toolkit for the
classical derivative. We also noted the utility of the numerical toolkit for the classical
derivative, which includes Newton’s method for solving systems of nonlinear equations.
Next, we studied Clarke’s theory of differentiation, which generalizes the classical notion of
derivative to the class of locally Lipschitz continuous functions. In particular, we studied
Clarke’s derivative objects for a select subclass of locally Lipschitz continuous functions
called PC' functions, because they demonstrate Clarke’s theory of differentiation clearly.
We also explored both the theoretical toolkit and the numerical toolkit for Clarke’s
derivative objects, which preserve the powerful theorems and numerical techniques for the
classical derivative. We observed that although Clarke’s derivative objects are useful, they
are difficult to obtain, even for functions constructed from functions whose Clarke’s
derivative objects are known, because they obey inclusion-based calculus rules. To address
this issue, we introduced Nesterov’s lexicographic differentiation and Khan and Barton’s
lexicographic directional differentiation, i.e., generalized derivatives theories for a subclass
of locally Lipschitz continuous functions called L-smooth functions, which help to find
elements of Clarke’s derivative object systematically. We highlighted that L-derivatives are
at best elements of Clarke’s derivative object and at least indistinguishable from elements
of Clarke’s derivative objects as far as nonsmooth numerical tools are concerned. We also
noted that unlike Clarke’s derivative object, L-derivatives obey an equality-based chain
rule. Next, we introduced LD-derivatives for L-smooth functions, whose name, as well as

!

the term “L-derivative," comes from the fact that LD-derivatives of elementary L-smooth

functions are naturally expressed with lexicographic ordering. We observed that
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LD-derivatives of elementary L-smooth functions can be obtained readily from the
definition. Unlike elements of Clarke’s derivative object, it is less difficult to obtain
LD-derivatives of functions that are constructed from functions whose LD-derivatives are
known, thanks to the equality-based chain rule obeyed by LD-derivatives. A proposition
relating an LD-derivative to an L-derivative makes it straightforward to calculate an
L-derivative once an LD-derivative is known.

The definition of Clarke’s derivative object can be generalized to the class of locally
Lipschitz continuous functions mapping a Banach space into R (see page 27 of [3]).
Ultimately, the aim of our work is to find a systematic way to access elements of Clarke’s
generalized derivative object in this setting. To that end, we presented the class of
L-smooth functions, a subclass of locally Lipschitz continuous functions mapping between
Banach spaces that have Schauder bases. Next, we presented L-derivatives for such
functions and showed that these L-derivatives obey an equality-based chain rule, just like
the L-derivatives defined earlier. Lastly, we gave examples of L-smooth functions, found
their L-derivatives, and demonstrated that they indeed satisfy the chain rule.

In terms of future work, it remains to be shown that L-derivatives for L-smooth
functions mapping between Banach spaces that have Schauder bases are at best elements
of Clarke’s generalized derivative object or at least indistinguishable from elements of
Clarke’s generalized derivative object as far as nonsmooth numerical tools are concerned.
Next, it is desirable to define LD-derivatives for L-smooth functions mapping between
Banach spaces that have Schauder bases and to find LD-derivatives of elementary functions
for illustration. We also want to show that LD-derivatives satisfy an equality-based chain
rule in this setting. Moreover, we want to find a relation between an L-derivative and an
LD-derivative that enables us to obtain an L-derivative once an LD-derivative is known.

Once we have a theory of lexicographic directional differentiation for the class of

L-smooth functions mapping between Banach spaces that have Schauder bases, we want to
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apply this machinery to real-world problems arising in science and engineering, including

those involving variational inequalities, elliptic equations, and optimal control [2, 3, 8, 14].
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