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ABSTRACT

Neural activity in the brain involves a series of action potentials that represent

“all or nothing” impulses. This implies the action potential will only “fire” if the mem-

brane potential is at or above a specific threshold. The Wilson-Cowan neural mass

model [6, 28] is a popular mathematical model in neuroscience that groups excita-

tory and inhibitory neural populations and models their communication. Within the

model, the on/off behavior of the firing rate is typically modeled by a smooth sigmoid

curve. However, a piecewise-linear (PWL) firing rate function has been considered in

the Wilson-Cowan model in the literature (e.g., see [5]). This function, however, is non-

smooth, and cannot be analyzed using standard mathematical theory. In this thesis, we

considered the Wilson-Cowan neural mass model using a nonsmooth PWL firing rate

function and analyze its behavior using techniques from generalized derivatives theory.

To accomplish this, we calculated the sensitivities of the model parameters in order to

determine the parameters that most impact the dynamics of the model across a set of

parameter values. We also determined the stability of the model to better understand

the long-term behavior of the model. We then compared the results of these analyses

to that of the Wilson-Cowan model with a smooth firing rate function.
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CHAPTER I

INTRODUCTION

The brain can be described as an intricate network of 50 billion neurons, each

with 7 thousand axon terminals, that are activated or deactivated by signals passed

between neurons [6]. These signals are known as "action potentials", which can be

described as “all or nothing impulses”. Given the complexity of the brain, it is clear to see

that the creation of models for such a vast array of activity would prove to be difficult;

however, modeling such behavior would provide information on neural behavior and

further research on brain function. There have been many studies on mathematical

neural mass models in an attempt to do such a thing.

The aim of a “mean field" neural mass model is to capture the change in firing

rates involved in an array of neurons (i.e. a neural network) in a specific location of

the brain [27]. Different models consider different aspects of a neural network, such

as neuron types or ion channels. For example, in [29], a neural mass model is built

based on three neuron population types: excitatory, inhibitory, and pyramidal neurons.

Each of these neurons is defined by its function in the brain. An action potential that is

generated by excitatory neurons triggers an action potential in a receiving neuron with

the release of the neurotransmitter glutamate, while an action potential generated by

inhibitory neurons prevents one in the receiving neuron with the release of the neu-
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rotransmitter GABA [26]. Pyramidal neurons are one of the most common excitatory

neurons [2], thus the model created in [29] groups them on their own. The authors

of [14] follow a different neural mass model, which considers the synaptic reversal po-

tential of ion channels, which is the necessary potential to result in a net ion channel

current of zero. Another neural mass model is the θ -neuron model, which considers a

network of θ -neurons and models the dynamics in synchronous, spiking, and periodic

states [15]. Each neural mass model can be applied to different areas of the brain and

model specific scenarios based on how well the model’s considered aspects align with

the biological phenomena present.

The Wilson-Cowan model [28] is a popular neural mass model following the dy-

namics of neural activity through ordinary differential equations (ODEs). This model

considers a population of excitatory neurons and a population of inhibitory neurons and

models the relationship between the two [5]. The simplest form of the Wilson-Cowan

model is the “minimal network model", which considers the two populations with re-

spect to aspects such as their firing rates and synapse weights. More complicated ver-

sions of the model consider the distance between neurons throughout the network, such

as the “spatially structured model" [13]. Forms of the Wilson-Cowan model have been

used previously in a number of cortical modeling studies to inform targeted research

on visual hallucinations, epilepsy, the cognitive dynamics of movement, interpretation

of neuroimaging data, and more [3].

As in several popular neural mass models, the Wilson-Cowan model utilizes a

smooth “sigmoid” function to model the firing rate of neurons within a neural net-

work. The smoothness of the function indicates that the right-hand side functions of
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the model’s equations are differentiable. Since derivative information can provide de-

tails on the dynamics of a model, this implies that analyses of such dynamics can be

completed through standard methods. A background of smooth neural mass models

including the Wilson-Cowan model can be found in [27, 7]. As popular as it is, the

use of the sigmoid function to represent the firing rate of neurons is not necessarily

biophysically motivated [3], which is a topic of discussion throughout this thesis. Thus

a smooth firing rate function may not be the best choice to apply to the Wilson-Cowan

model. However, applying nonsmooth functions implies standard theories of analy-

sis may fail, thus research continues to be carried out using both forms of firing rate

functions.

Analyses of nonsmooth (i.e. nondifferentiable but continuous) and discontinu-

ous neural mass models have been completed by other authors. In [17], a mean field

neural mass model with discontinuous right-hand functions is built by the reduction of

a full network model to better analyze its behavior. This reduction allowed the authors

to perform a stability and bifurcation analysis in [18] using a combination of smooth

and nonsmooth theories. In another study, the authors of [5] consider a nonsmooth

piecewise linear (PWL) function as well as a discontinuous step function (namely the

Heaviside function) to represent the firing rate of the Wilson-Cowan model. They per-

form a stability analysis of the minimal and spatially structured models by applying

Floquet theory to investigate the model with the PWL firing rate and find an unsta-

ble equilibrium point surrounded by a stable limit cycle. However, the linearization

achieved through Floquet theory breaks down when the Heaviside function is used,

therefore an adaptation is made to analyze the stability of the model.
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The Heaviside function is used by authors to represent the firing rate of the

Wilson-Cowan neural mass model as there are arguments that suggest it is more rep-

resentative of biological phenomena. For example, in [10], they perform a bifurcation

analysis of the Wilson-Cowan model using the Heaviside function. When comparing

their results to the stability of the model with smooth and PWL firing rate functions,

they find that the bifurcations of the models do not align. Although studies have been

completed using discontinuous techniques, such discontinuous ODE functions are more

complicated to mathematically analyze and it is generally more difficult to apply such

tools in comparison to those developed for smooth models. Research on methods avail-

able for discontinuous neural mass models can be found in the references of [10].

On the other hand, authors have made developments in nonsmooth analysis

and generalized derivatives theory [1], making it possible to analyze the Wilson-Cowan

model and other variants with continuous but nonsmooth firing rate functions in a sim-

ilar way to their smooth counterparts. Lexicographic directional derivatives [12], built

from lexicographic differentiation [16], is one way in which such nonsmooth functions

can be analyzed. This technique allowed Khan and Barton to develop a sensitivity the-

ory [11] that can be applied to nonsmooth ODEs with right-hand side functions that

are nonsmooth but continuous by characterizing local first-order generalized derivative

information of the ODE solution with respect to the parameters of the system. Results of

this theory are computationally relevant to nonsmooth numerical methods that require

Clarke generalized derivative elements [4].

The theories discussed above can be utilized when analyzing the dynamics of

neural mass models that are represented by nonsmooth equations, such as the Wilson-
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Cowan model with a nonsmooth firing rate function. Such analyses may include a sen-

sitivity analysis of a model, which determines the parametric influence to the model,

where highly influential parameters greatly alter its dynamics when such parameter

values are varied. As discussed above, many authors have studied the stability of neu-

ral mass models, which determines the long-term behavior of the state variables and

provides information about the equilibria and limit cycles of a model. Both of these

analysis techniques are topics explored in this thesis.

We will begin by introducing the mathematical background of nonsmooth ODE

analysis in Chapter II. The formulation of the Wilson-Cowan model will follow in Chap-

ter III, where we will discuss the model as an ODE system, explain the possible smooth

and nonsmooth firing rate functions, and describe the state variable behavior. Next, the

main contributions of this thesis are given, beginning with a local and nonlocal sensi-

tivity analysis that is performed on the nonsmooth model in Chapter IV, during which

we will determine the most influential parameter. We will then compare the results of

this analysis to that of the sensitivity analysis of the smooth model. Then, in Chapter V,

we will calculate the invariant sets of the nonsmooth model and determine their stabil-

ity. Once again, after this analysis we will compare the results to those of the smooth

model. Finally, in Chapter VI, we will draw conclusions about the smooth and non-

smooth models based on our findings and hypothesize biological implications for the

results.

5



CHAPTER II

BACKGROUND

Analysis of Smooth ODE Systems

The material of this subsection has been adapted from [20], unless cited otherwise.

Models of neural networks are made up of ordinary differential equations (ODEs),

which are equations that define the relationship between unknown variables and their

derivatives (also defined as instantaneous rates of change). The realm of differential

equations can be broken up into two categories: ODEs and partial differential equations

(PDEs). ODEs involve the derivative of an equation with respect to one independent

variable, whereas PDEs involve derivatives with respect to multiple independent vari-

ables. A group of multiple ODEs is a system of ODEs and can be represented as follows:

ẋ(t) = f (p, x(t)),

x(t0) = f0(p),

(1)

for the initial time, t0, and initial conditions (ICs), x(t0), as well as the right-hand side

function

f (p, x) = ( f1(p, x), ..., fn(p, x)),
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such that f : Dp×Dx→Rn and f0 : Dp→Dx for the open and connected sets Dp⊆Rm and

Dx ⊆Rn where x =(x1, x2, . . . , xn) is the vector of state variables and p=(p1, p2, ..., pm)

is the vector of problem parameters. Here, x(t) is called a solution of the ODE system in

equation (1) on some interval T ⊆R containing t0 if it is differentiable for all time t ∈ T ,

x(t)∈ Dx for all t ∈ T , and x(t) satisfies ẋ(t) = f (p, x(t)) for t ∈ T and x(t0) = f0(p)

for some p ∈ Dp.

An important distinguishing factor of an ODE system is if the right-hand side

functions of the ODEs are made up of smooth functions or not. Here, the term "smooth"

indicates the function is C1, which means it is differentiable and its derivative is con-

tinuous for each point x ∈ Dx . If the right-hand side functions of the ODE system are

linear, the solution of the model can be found analytically. However, if these functions

are nonlinear, it is more difficult to analytically find the solution and therefore more

difficult to analyze the dynamics of the ODE system. Two methods of analyzing the

dynamics of a nonlinear ODE system indirectly are a sensitivity and stability analysis.

These methods of analysis can be completed using classical theory if all right-hand side

functions are smooth.

The sensitivity of a model informs us on how much change occurs to the behavior

of the states due to a perturbation of a parameter. If varying one parameter has a

higher impact on the state behavior than another, the model is more sensitive to this

parameter. To investigate this idea, a sensitivity analysis can be performed. Classical

sensitivity theory requires the calculation of a set of equations, the sensitivity equations,

which can then be solved to recover the sensitivity functions. For reference value p= p0

and corresponding ODE system solution x(t) = x(t, p0), the sensitivity functions are
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calculated by,

S(t) =
∂ x
∂ p
(t, p0) =















∂ x1
∂ p1
(t, p0) . . . ∂ x1

∂ pm
(t, p0)

...
...

...

∂ xn
∂ p1
(t, p0) . . . ∂ xn

∂ pm
(t, p0)















, (2)

where S : T→Rn×m. Each entry of S(t) is the derivative of a state solution with respect

to a parameter, so can answer questions regarding parametric influence.

Given a model of smooth ODEs, we can solve for the sensitivity functions in

equation (2) by calculating the sensitivity ODEs. For the ODE system in equation (1),

the sensitivity ODEs are calculated by,

Ṡ(t) = Jp f (p0, x(t, p0))+ Jx f (p0, x(t, p0))S(t),

S(t0) = J f (p0),

(3)

where J f represents the Jacobian of f and Jp f and Jx f denote the partial Jacobian

of f with respect to p and x , respectively, with IC, S(t0), and solution, S(t), defined

in equation (2). Therefore, solving the sensitivity ODE system in equation (3) allows

one to draw conclusions on the parametric influence of the state variables, which can

provide answers to questions about the sensitivity of the model.

To analyze the long-term behavior of the solutions of an ODE system, a stabil-

ity analysis can be performed. This entails the calculation of the invariant sets of the

model, such as the equilibria and periodic solutions, and determining the behavior of

nearby solutions in the long-term. An equilibrium is a constant solution of the ODE and

indicates the point at which there is no change in state variable activity. Such points
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occur when the right-hand side function of the ODE system is equal to zero. Thus, an

equilibrium, x∗= (x∗1, ..., x∗n), must satisfy,

f (p, x∗) = 0. (4)

A limit cycle is defined to be an isolated periodic solution, which implies it is a closed

trajectory of the model, so initial conditions that lie anywhere on this solution will

loop around the solution as time moves forward. The stability of an invariant set tells

us how nearby trajectories (solutions) of the model behave. There are three major

classifications of stability: stable, asymptotically stable, and unstable. An invariant set

is stable if, for all time, nearby solutions remain nearby, but is asymptotically stable if

nearby solutions approach the set as time moves forward (thus the set is “attracting"

nearby solutions). In contrast, an invariant set is unstable if nearby solutions move

away as time moves forward, indicating the set is “repelling" nearby solutions.

In particular, an equilibrium point, x∗, is stable if for all ϵ>0, there exists a δ>0

such that ||x0− x∗||<δ implies ||x(t)− x∗||<ϵ for a nearby solution with IC x0. In other

words, if a nearby solution is initialized within δ of a stable equilibrium point, then the

solution remains within ϵ of the equilibrium point for all time, t. An equilibrium point,

x∗, is asymptotically stable if limt→∞ x(t) = x∗ in addition to the above conditions. In

terms of this definition, an equilibrium is unstable if it is not stable.

A model can have multiple equilibria. For example the ODE

ẋ = x2−2x+2= (x−1)(x−2)
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has an equilibrium at x = 1 and at x = 2, since both of these values result in ẋ = 0. To

determine the stability of an equilibrium for a smooth ODE system, one can analyze

the eigenvalues of the Jacobian matrix of the right-hand side functions of the ODEs

in equation (1) with respect to x , evaluated at the equilibrium point x∗. That is, the

Jacobian matrix is calculated by,

Jx f (p, x∗) =























∂ f1
∂ x1
(p, x∗) ∂ f1

∂ x2
(p, x∗) . . . ∂ f1

∂ xn
(p, x∗)

∂ f2
∂ x1
(p, x∗) ∂ f2

∂ x2
(p, x∗) . . . ∂ f2

∂ xn
(p, x∗)

...
...

. . .
...

∂ fn
∂ x1
(p, x∗) ∂ fn

∂ x2
(p, x∗) . . . ∂ fn

∂ xn
(p, x∗)























. (5)

The eigenvalues of the Jacobian matrix above can be used to determined the stability

of the equilibrium, x∗ [20]. Such eigenvalues can be found using linear algebra.

Here, let

Jx f (p, x∗) =























j11 j12 . . . j1n

j21 j22 . . . j2n

...
...

. . .
...

jn1 jn2 . . . jnn























.

Then the eigenvalues, λ, of the Jacobian matrix satisfies,

0= det(Jx f (p, x∗)−λIn×n) = det













































j11−λ j12 . . . j1n

j21 j22−λ . . . j2n

...
...

. . .
...

jn1 jn2 . . . jnn−λ













































, (6)
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where det(M) represents the determinant of the matrix M and In×n is the n×n identity

matrix. Thus each eigenvalue is found by solving equation (6) for λ, which is called the

characteristic equation (note that if M is a diagonal matrix, the eigenvalues are on the

diagonal).

The stability of the equilibrium, x∗, can be determined by its corresponding

eigenvalues. Locally, an equilibrium is asymptotically stable if the real parts of all cor-

responding eigenvalues are negative (i.e. for λ= a+ bi, a<0), but if at least one eigen-

value has a positive real part (i.e. a>0 for at least one λ) then the equilibrium is unsta-

ble. Note that if the real part of an eigenvalue is zero (i.e. a= 0), this test fails. Making

conclusions on the stability of the equilibria of a model allows one to answer questions

about the long-term behavior of the states.

The theory discussed thus far is dependent on the right-hand side functions of

the ODEs involved in the model being smooth. However, some ODEs are “nonsmooth”,

which indicates they are nondifferentiable on some subset of their domain, therefore

standard ODE analysis theories fail. Next, we will discuss theories of nonsmooth analy-

sis that allow us to draw some conclusions on the dynamics of nonsmooth ODE models.

Generalized Derivatives

The following is adapted from concepts discussed throughout [4]. In contrast to a func-

tion being smooth (or C1), a function f : Dx ⊆Rn→Rm for f (x) = ( f1, f2, ..., fm) and

x = (x1, x2, ..., xn)∈ Dx where Dx is an open set, can be "nonsmooth", which is contin-

uous but indicates there is some subset Z f ⊂ Dx of its domain such that the function is

nondifferentiable on Z f . There are many forms of nonsmooth functions, such as piece-
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wise differentiable (PC1) functions. A function, f (x), is PC1 [21] at x ∈ Dx if there

exists a neighborhood N ⊆ Dx of x and a finite collection of C1 functions on N denoted

F f = { f(1), ..., f(k)} for some positive integer k, such that f is continuous on N and the

following condition is met:

f (y)∈ { f(1)(y), . . . , f(k)(y)},∀y ∈ N . (7)

A function is PC1 on the entire set Dx when f is PC1 for each x ∈ Dx .

For example, f (x) = |x | is a nonsmooth PC1 function, since it can be broken

into two C1 functions, f(1) = x and f(2) =−x , in the neighborhood of N =R (i.e. F =

{x ,−x}) and every point y ∈ N satisfies equation (7) since for y ≥ 0, f (y) = f(1)(y)

and for y ≤ 0, f (y)= f(2)(y). Additionally, f is nonsmooth since it is nondifferentiable

at the point x = 0. This is made clear by calculating the limit of f ′(x) as x approaches

zero from the right (denoted with a +) and from the left (denoted with a −). Then we

have,

lim
x→0+

f ′(x) = 1 and lim
x→0−

f ′(x) =−1.

Therefore, the limit from the right is not equal to the limit from the left, so f (x) = |x |

is nondifferentiable at the point x = 0. This implies that Z f = {0}, confirming the fact

that the function is nonsmooth.

In order to analyze the derivative information of nonsmooth functions, a theory

of "generalized derivatives" has been created. There is only one stipulation of the theory,

which is the need for a function to be locally Lipschitz continuous. Here, note that PC1
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functions are Lipschitz continuous, but not all Lipschitz continuous functions are PC1.

For example, f (x) =
q

x2
1+ · · ·+ x2

n is locally Lipschitz continuous but not PC1.

A function f is Lipschitz continuous on the region Y ⊆ Dx if there exists some

L> 0 such that

|| f (x)− f (y)|| ≤ L||x− y||, (8)

for all x , y ∈ Y . If there exists a neighborhood N ⊆ Dx of x for each x ∈ Dx so that f is

Lipschitz continuous on N, then the function is locally Lipschitz continuous on Dx . If f

is C1 on Dx , then it is automatically locally Lipschitz continuous on Dx . Here, note that

not all continuous functions are locally Lipschitz continuous. For example, f (x)=
p

|x |

is continuous, but not locally Lipschitz continuous.

Moving forward with the theory of generalized derivatives, the Bouligand subd-

ifferential (B-subdifferential) of a locally Lipschitz continuous function f that is differ-

entiable on the set Dx\Z f for Z f ⊂ Dx is defined by,

∂B f (x) ={H ∈Rm×n : lim
i→∞

J f (x i) =H for some sequence x(i)

such that lim
i→∞

x(i)= x , x i ∈ Dx\Z f ,∀i ∈N}.
(9)

A domain (or set) D⊆Rn is convex if for every x , y ∈ D,

λx+(1−λ)y ∈ D ∀λ∈ [0,1].
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If D is a finite nonconvex set, then the convex hull of D is

conv(D) =

¨ m
∑

i=1

λi x i : m∈N,
m
∑

i=1

λi = 1, x i ∈ D,λi ≥ 0,∀i= 1,2,...,m

«

,

and if D is an infinite nonconvex set, then the convex hull would be the smallest convex

set D∗ such that D⊆ D∗. Applying the definitions above, the Clarke generalized deriva-

tive (or the Clarke Jacobian) of f , ∂ f (x), is the convex hull of the B-subdifferential.

Thus it is calculated by,

∂ f (x) = conv(∂B f (x)), (10)

indicating it is the convex hull of the collection of derivatives around the point x .

Returning to the example of f (x) = |x |, the set of nonsoothness (nondifferen-

tiable points) is Z f = {0}. Thus, we are interested in calculating the B-subdifferential at

the point x =0 in order to understand what is going on at the points of nonsmoothness.

The Jacobian of f (x) when x and f are a scalar is the derivative of f with respect to x

(a 1×1 matrix), therefore the B-subdifferential of the absolute value of x is the set of

the nearby derivatives of f . In this case, there are only two derivatives near the point

x =0. As calculated previously, the limit of the derivative of the absolute function of the

points to the left of x = 0 is −1, while the limit of the points to the right is 1. Therefore,

∂B f (0) = {−1,1}.

As stated above, the Clarke Jacobian of a function is the convex hull of the B-subdifferential,
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so

∂ f (x) = conv∂B f (x) = conv{−1,1}= [−1,1].

Since this set is only two points, the convex hull is the line of points between the two

values. Therefore, the Clarke Jacobian of the absolute value of x is the interval [−1,1].

Clarke generalized derivatives are a useful way of differentiating nonsmooth

functions since they take into account all nearby derivative information. However,

they do not satisfy all standard calculus rules. For example, let f (x) = g(x)+h(x) =

mid(0, x ,1) +mid(0,1− x ,1), where mid(a(x), b(x),c(x)) denotes the function that

compares each input, and returns the one that lies in the middle of the three (i.e. the

median input) for a given value of x . Thus, when x ≤ 0, f (x) = 0+1= 1 and when

0≤ x ≤ 1, f (x)= x+1− x = 1 and when x ≥ 0, f (x)= 1+0= 1 (see Figure 1). In this

way, f (x) = 1.
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g(x)=mid(0,x,1)

h(x)=mid(0,1-x,1)

f(x)=1

Figure 1: Mid function example.
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Given the structure of f (x), we would like to think that the Clarke Jacobian of

f (x)would be equal to the sum of the Clarke Jacobians of g(x) and h(x). However, the

B-subdifferential of f (x) at the point x =0 is the set {0}, so the convex hull is again the

set {0}. On the other hand, the B-subdifferential of mid(0, x ,1) at x =0 is the set {0,1},

thus the Clarke Jacobian is the interval [0,1] and the B-subdifferential of mid(0,1− x ,1)

at x = 0 is the set {−1,0}, thus the Clarke Jacobian is the interval [−1,0]. This implies

that the sum of the Clarke Jacobians of these two mid functions is the interval [−1,1].

Therefore the Clarke Jacobian of f (x) =mid(0, x ,1)+mid(0,1− x ,1) is not equal to

the sum of the Clarke Jacobians of each mid function. Thus, the Clarke Jacobian does

not satisfy all sharp calculus rules, such as the sum rule. For this reason, it is generally

difficult to calculate Clarke generalized derivatives.

Lexicographic Differentiation

Given the Clarke generalized derivative is difficult to calculate for complex nonsmooth

functions, other tools have been studied such as lexicographic differentiation [16]which

does follow sharp calculus rules and is constructed from directional derivatives. The

one-sided directional derivative of the function f : X ⊆Rn→Rm at the point x ∈ X and

in the direction d ∈Rn is calculated by

f ′(x;d) = lim
α↓0

f (x+αd)− f (x)
α

. (11)
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where α ↓ 0 denotes that α approaches 0 from the positive side. If f ′(x;d) exists for all

d ∈Rn, then f is directionally differentiable at x and if f is a C1 function then

f ′(x;d) = J f (x)d. (12)

The definition of a lexicographically smooth (L-smooth) [16] function is a locally

Liptschitz continuous function f : Dx ⊆ Rn→ Rm such that the following sequence of

maps exists:

f (0)x ,P :Rn→Rm : d 7→ f ′(x;d),

f (1)x ,P :Rn→Rm : d 7→ [ f (0)x ,P ]
′(p(1);d),

f (2)x ,P :Rn→Rm : d 7→ [ f (1)x ,P ]
′(p(2);d),

...

f (k)x ,P :Rn→Rm : d 7→ [ f (k−1)
x ,P ]′(p(k);d),

(13)

where k is any positive integer and P =
�

p(1) . . . p(k)

�

∈Rn×k, is called the directions

matrix. If the function f is L-smooth at every point x ∈ Dx , then f is L-smooth on Dx .

The set of mappings in equation (13) is known as the homogenization sequence

and involves calculations of directional derivatives as defined in equation (11). The first

map of this sequence sends the direction, d, to the directional derivative of the function

f . From there, the i’th map sends d to the directional derivative of the directional

derivative found in the previous map (the i−1 map) for i = 1,...,k. The matrix P is

known as the directions matrix and is built based on the directions around the point x

in which derivative information is desired. Often, P = In×n, but it is not required.
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The homogenization sequence can be used to calculate lexicographic derivatives.

When P ∈Rn×k is full row rank
�

i.e. span{p(1), ..., p(k)}=Rn
�

and f is L-smooth at x ∈

Dx , then the final mapping f (k)x ,P in equation (13) is linear and so the lexicographic

derivative (L-derivative) [16] of f is defined by,

JL f (x; P) = J f (k)x ,P (0)∈R
n×k. (14)

Similarly to the B-subdifferential in equation (9), the lexicographic subdifferential (L-

subdifferential), denoted ∂L f (x), is the set of L-derivatives for all direction matrices P

with full row rank. Therefore,

∂L f (x) = {JL f (x; P) : P ∈Rm×k, P full row rank}. (15)

The aim of this theory was to build a nonsmooth derivative that acts like the

standard derivative. Using lexicographic differentiation, the nonsmooth equivalent of

the classic directional derivative is known as the lexicographic directional derivative

(LD-derivative) [12]. For an L-smooth function f : Dx ⊆Rn→Rm, the LD-derivative of

f at x ∈ Dx is calculated by,

f ′(x; P) =
�

f (0)x ,P (p(1)) f (1)x ,P (p(2)) . . . f (k−1)
x ,P (p(k))

�

∈Rm×k, (16)

for the directional derivatives f (i)x ,P as found in the sequence in equation (13).

As proved in [12], the LD-derivative satisfies desirable calculus properties, such

as the chain rule, the product rule, and more. For f =( f1, f2, ..., fn) and g=(g1, g2, ..., gn)
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L-smooth functions, these rules are calculated as follows:

• If k = 1, then f ′(x , P) = f ′(x; p(1)) (i.e. when the P has one column, the LD-

derivative is the directional derivative)

• If P is full row rank, then f ′(x; P) = JL f (x; P)P

• If f is C1 at x , then f ′(x; P) = J f (x)P

• f ′(x; P) = ( f ′1(x; P), ..., f ′n(x; P))

• (Sum Rule) [ f + g]′(x; P) = f ′(x; P)+ g ′(x; P)

• (Product Rule) [ f g]′(x; P) = g(x) f ′(x; P)+ f (x)g ′(x; P) for n= 1

• (Chain Rule) [ f ◦ g]′(x; P) = f ′(g(x); g ′(x; P))

Lexicographic ordering is defined to be the generalized inequalities ≺ and ⪯

such that

η≺ γ if and only if ∃ j ∈ {1,...,q} such that ηi = γi,∀i< j and ηi <γ j,

η⪯ γ if and only if η= γ or η≺ γ,

and ≻ and ⪰ are similarly defined. A basic explanation of this ordering technique is to

compare the first entries of each input and determine which is less than or greater than

the other and if there is a tie (i.e. the first entries are equal), then move on to the second

entries and determine which is less than or greater than the other. Carrying on in this

way, once there is no longer a tie, you can determine which input is lexicographically

greater or less than the other.
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Returning to LD-derivative theory, once again consider the function f (x)= |x |=

abs(x). Then it can be shown that the LD-derivative of f for a directions matrix m ∈

R1×k is calculated by,

abs′(x;m) = fsign(x ,mT )m,

where fsign(x) is the "first-sign function" such that

fsign(x ,mT ) =



































1, if (x ,mT )≻ 0(k+1)×1,

−1, if (x ,mT )≺ 0(k+1)×1,

0, if (x ,mT ) = 0(k+1)×1,

where 0i× j denotes the i× j zero matrix.

As another example, we will investigate the LD-derivative of the mid function,

as it will be used throughout this thesis. As explained above, the mid function inputs

three functions, f (x , y,z), g(x , y,z), and h(x , y,z), and returns the median input. The

“lexicographic mid" (lmid) function uses lexicographic ordering to determine the entry

that lies in the middle of the others (i.e. the median input). Therefore, lmid(x , y,z)= y

if x ⪯ y ⪯ z. For example,

lmid
��

1 2 3

�

,
�

1 4 7

�

,
�

1 4 9

��

=
�

1 4 7

�

.

Since the first entries of all three inputs are equal, we must move on and compare the

second entries. However, there is a tie here as well, thus we must move to the third

entries, from which we can conclude that the second input is the median of the three.
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By the above theory, it can be shown that the LD-derivative of the mid function

is

[mid◦( f , g,h)]′(x , y,z;(X ,Y, Z)) = slmid
��

f Jx f X + Jy f Y + Jz f Z

�

,

�

g Jx gX + Jy gY + Jz gZ

�

,

�

h JxhX + JyhY + JzhZ

��

,

(17)

for directions matrix P = (X ,Y, Z), where the functions above are evaluated at (x , y,z).

Here, slmid refers to the “shifted-lexicographic" mid function, which, similarly to the

lmid function, lexicographically compares the three input vectors and outputs the me-

dian input but without the left-most entry. In comparison to the lmid example above,

the slmid function follows the below calculation:

slmid
��

1 2 3

�

,
�

1 4 7

�

,
�

1 4 9

��

=
�

4 7

�

,

since the output vector is the median input, however the left-most entry, 1, is no longer

included.

Since these derivatives follow sharp calculus rules, lexicographic differentiation

is a key tool to analyzing nonsmooth ODE systems. As explained previously, under-

standing the dynamics of a nonsmooth model can be done by methods that involve

investigating the derivatives of the system. Lexicographic differentiation provides a

way to do this even if the model is nonsmooth, allowing for the nonsmooth analysis

performed throughout this thesis.

21



Analysis of Nonsmooth ODE Systems

Applying the theories of generalized derivatives and lexicographic differentiation has

allowed for the analysis of the dynamics of nonsmooth systems by replacing standard

derivatives with generalized derivatives. For the ODE model with state variables x =

(x1, ..., xn) and parameters p=(p1, ..., pm) in equation (1), but now with L-smooth right-

hand side functions f and f0, the L-sensitivity functions are calculated by [11],

S(t) = JL[x(t, ·)](p0; P) =















JL[x1(t, ·)](p0; P)

...

JL[xn(t, ·)](p0; P)















, (18)

which is equivalent to the smooth sensitivity functions in equation (2).

The L-sensitivity functions can be found using the solutions to the nonsmooth

sensitivity ODEs, which are obtained by taking the LD-derivatives of the model ODEs.

Thus the sensitivity ODEs are calculated by [11],

Ẋ (t) = f ′(p0, x(t, p0);(P,X (t))),

X (t0) = f ′0(p0; P),

(19)

for the initial condition X (t0) and directions matrix P. The term X (t) represents the

solution of the nonsmooth sensitivity system, which allows us to recover the nonsmooth

L-sensitivity function, S(t).

As stated previously, there is a relationship between the LD-derivative of a func-

tion and the L-derivative. If the L-derivative is known and the directions matrix is full
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row rank, the LD-derivative, X (t), can be calculated by,

X (t) = S(t)P,

for the directions matrix P. This relationship implies,

S(t) = X (t)P−1, (20)

where P−1 is the right-inverse matrix of P (which is the inverse of P when P is square

and nonsingular). Therefore, if the LD-derivative is known, we can use the above re-

lationship to solve for the L-derivative. In terms of a nonsmooth sensitivity analysis,

equation (20) shows that the L-sensitivity function, S(t), of a nonsmooth ODE system

is derived from the solution, X (t), to the sensitivity ODEs of the model.

Now we want to show that if the right-hand-side functions of the model ODEs

are smooth and P = I (for the identity matrix I), then we recover the smooth sensitivity

ODEs of equation (3) from the nonsmooth sensitivity ODEs. As stated in the previous

subsection, LD-derivatives satisfy the property, f ′(x; P) = J f (x)P, when f is C1 at x .

Therefore the nonsmooth sensitivity ODE system for C1 functions f and f0 and direc-
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tions matrix P = I is,

Ẋ (t) = f ′(p0, x(t, p0);(P,X (t)))

= J f (x)(I ,X (t)) =
�

Jp f (p0, x(t, p0)) Jx f (p0, x(t, p0))

�







I

X (t)







= Jp f (p0, x(t, p0))+ Jx f (p0, x(t, p0))X (t),

X (t0) = f ′0(p0; P) = J f0(p0)I = J f0(p0),

(21)

for initial condition X (t0). The sensitivity equations in equation (21) exactly match

the sensitivity ODEs in equation (3). Therefore a nonsmooth sensitivity analysis of a

smooth ODE system recovers the smooth sensitivity analysis.

In comparison to a stability analysis of a smooth ODE model, the stability of a

nonsmooth model can be difficult to determine. If an equilibrium lies on a region of

nonsmoothness, linearization of the system fails, since the Jacobian of an ODE model

is based on derivative information. There are other techniques that can be applied to

nonsmooth models, such as Lyapunov functions [24], although it is generally difficult

to come up with a function to apply to your chosen model. Having said that, since a

nonsmooth model is differentiable almost everywhere, equilibria could lie in parts of

the model that are smooth. In these cases, one can linearize the model via the Jacobian

matrix and analyze its eigenvalues. This happens to be the case for the nonsmooth

model studied in this thesis, therefore the nonsmooth stability analysis performed in

this project was completed using smooth methods.
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CHAPTER III

MODEL FORMULATION

Wilson-Cowan Type Neural Mass Models

The Wilson-Cowan neural mass model [28] is a popular mathematical model that groups

excitatory and inhibitory neural populations and models their communication [5]. For

a background in mathematical neural mass models, the reader may refer to [7, 27]. In

the Wilson-Cowan model, a population of excitatory neurons is coupled to a popula-

tion of inhibitory neurons through the transfer of neural signals between one another

and the relationship of the two groups can be modeled by equations representing the

firing rate of neurons at a given time in each population. The so-called minimal model,

implying it models two isolated neural populations, is given by the following ODEs:

u̇=−u+ F(Iu+wuuu−wvuv), u(0) = u0,

v̇=
1
τ
[−v+ F(Iv+wuvu−wvv v)] , v(0) = v0,

(22)

where p= (τ,ϵ, Iu, Iv,wuu,wvu,wuv,wvv,u0, v0) is a vector of problem parameters (see

Table 1). The state variables of the model are u and v, which indicate the proportion of

excitatory cells firing per unit time and the proportion of inhibitory cells firing per unit

time, respectively. This implies the ODEs in equation (22) represent the change in firing

rate within each population, rather than the change in individual spikes. This choice
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was made since the dynamics of neuron firing rates have been studied more frequently

and therefore have many more biological applications than the dynamics of individual

spikes [7]. Since the state variables represent a proportion of the population firing per

unit time, they take on values between zero and one, where zero is equivalent to 0%

of the given population firing and one is equivalent to 100% of the given population

firing. The function F(x) is the firing rate function of the model, which represents the

proportion of neurons receiving at least threshold excitation in a given population and

can take on different functional forms. The proportion of firing neurons depends on the

firing rates of both populations, therefore F(x) is dependent on both state variables of

the model.

Model Parameters
pi Description p0

i

τ relative time scale 0.6
ϵ sharpness factor of firing rate funtion 100
Iu external inputs to u population -0.05
Iv external inputs to v population -.3
wuu weight of synapses from u population to u

population
1

wvu weight of synapses from v population to u
population

2

wuv weight of synapses from u population v popu-
lation

1

wvv weight of synapses from v population to v pop-
ulation

0.25

u0 initial value of firing excitatory neurons 0.32
v0 initial value of firing excitatory neurons 0.14

Table 1: Parameters in equation (22), with reference values from [5].

The ODEs in equation (22) capture the relationship between a population of

excitatory neurons and a population of inhibitory neurons as they communicate with
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each other through neural signals (action potentials), which are passed by the presy-

naptic neuron to the postsynaptic neuron. The signal of an excitatory neuron causes

the postsynaptic neuron to fire, so an increase in the firing rate of an excitatory neuron

will increase the proportion of neurons firing, implying excitatory inputs involved in

the firing rate function must be represented by positive terms in both ODE equations

[27]. In contrast to excitatory neurons, the signal of an inhibitory neuron prevents the

firing of an action potential in the postsynaptic neuron, so an increase in the firing of

inhibitory neurons results in a decrease in the proportion of neurons firing. Thus, in-

hibitory signals should be represented by negative terms in the model equations. The

terms−u and−v represent the leak terms from the excitatory population and inhibitory

population, respectively, and quantify the number of neurons firing to neurons outside

the two considered populations per unit time, therefore exiting the group of isolated

populations being considered in this model [9].

The parameters of the ODE equations in equation (22) determine the dynamics

of the Wilson-Cowan model. The ODE equation representing the change in the number

of inhibitory neurons firing, v̇, is scaled by the time constant parameter, τ, because

inhibitory neurons tend to fire at a quicker rate than excitatory neurons [25]. Since it

represents a faster timescale, we assume this parameter to be less than one (i.e. τ< 1).

Another parameter of the Wilson-Cowan model is the sharpness factor of the firing rate

function, ϵ, which determines the gain (or slope) of the firing rate function, F(x).

The parameters wi j, for i, j∈{u, v}, represent the connection strength, or weight,

between neurons in the i population communicating with the j population. A stronger

connection between two populations implies an action potential can be transferred
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more quickly, therefore the rate of firing is greater than the rate between neurons with

a weaker connection. Here, the model assumes that any connection between two kinds

of neurons is equal no matter which two are being considered, which is why all exci-

tatory neurons can be grouped into one population and the same can be done for all

inhibitory neurons. This implies that the weight between any two excitatory neurons

is equivalent to the weight between any other two excitatory neurons, the weight be-

tween any two inhibitory neurons is equivalent to the weight between any other two

inhibitory neurons, and the weight between any excitatory and any inhibitory neuron

is equivalent to the weight between any other excitatory and inhibitory neuron (or vice

versa).

Other parameters are Ii, which are the external inputs to the i population (for

i, j ∈ {u, v}), which represent any signals coming from neurons outside the u or v pop-

ulations. As discussed in Chapter II, the Wilson-Cowan model can be applied to neural

networks of many brain regions, thus outside inputs can come from neurons located in

other brain areas not considered in the Wilson-Cowan model. For example, if the model

were applied to a neural network of the visual cortex, outside inputs might be coming

from neurons located in the thalamus. The final parameters of the model are the initial

conditions, u0 and v0, of the state variables, which represent the proportion of firing

neurons in each population at the initial time, t0. As described above, the states take

on values between zero and one, thus (u0, v0)∈ [0,1]2.
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Firing Rate Function Choices

In the literature, the firing rate function F(x) is typically modeled by a smooth sigmoid

curve such as,

F(x) = expit(x) =
1

1+ e−ϵx
. (23)

We will denote the Smooth Wilson-Cowan model as the model involving this firing

rate function. By construction, increasing the sharpness factor, ϵ, in equation (23) will

increase the gain of expit(x), as shown in Figure 2. However, the smooth form of the

firing rate function may not have been biologically motivated in its creation [3], thus

other forms firing rate functions have been studied.
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Figure 2: Smooth firing rate function with F(x) in equation (23) for various sharpness factors,
ϵ.

A nonsmooth firing rate function, F(x), can also be used in the Wilson-Cowan

Model, such as the piecewise-linear (PWL) function analyzed in [5]. This function can
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be represented by the following mid function,

F(x) =mid(0,ϵ−1x ,1) =



































0, if x ≤ 0,

ϵ−1x , if 0< x <ϵ,

1, if x ≥ ϵ,

(24)

which is equal to zero when 0% of a given population is receiving at least threshold

potential (thus all neurons are at rest), until a threshold is reached. Then there is an

incline that represents the increasing proportion of firing neurons, until the firing rate

function reaches one, which represents 100% of a given population firing. In contrast

to the smooth firing rate function in equation (23), decreasing the sharpness factor, ϵ,

in equation (24) will increase the gain of the PWL curve, as shown in Figure 3.

-4 -2 0 2 4 6 8

x

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

Figure 3: Nonsmooth firing rate function with F(x) in equation (24) for various sharpness
factors, ϵ.
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The fact that the firing rate of equation (23) is centered at x =0, while the firing

rate of equation (24) is centered at x = ϵ2 , proves to be a limitation when comparing

the models. Therefore a PWL function built based on the tangent line to the midpoint

of equation (23) and centered at x = 0 is more favorable to the analysis we would like

to carry out. Thus, we used the firing rate function

F(x) =mid
�

0,
ϵ

4
x+

1
2

,1
�

=



































0, if x ≤−2
ϵ ,

ϵ
4 x+ 1

2 , if − 2
ϵ < x < 2

ϵ ,

1, if x ≥ 2
ϵ ,

(25)

to represent what we call the Nonsmooth Wilson-Cowan model, which is made up of

the ODE system in equation (22) with the above firing rate function.
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Figure 4: Nonsmooth firing rate function with F(x) in equation (25) for various sharpness
factors, ϵ.
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This PWL firing rate function, identically to expit(x), is centered at x = 0 and

increasing the sharpness factor, ϵ, increases the gain of equation (25), as shown by

Figure 4. Moving forward, we implemented this function as it will more easily allow us

to compare the results of the Smooth Wilson-Cowan model to that of the Nonsmooth

Wilson-Cowan model.

Numerical Solutions of Nonsmooth Model

Simulating the ODE system in equation (22) using the nonsmooth firing rate of equation

(25) allowed us to analyze the behavior of the state variables, u and v, of the model

by using MATLAB to solve the ODE system for specific initial conditions, (u0, v0). We

plotted these variables in Figure 5 vs time, t, and have included a phase portrait in

Figure 6.

0 1 2 3 4 5 6 7 8 9 10

t

0.05
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0.2
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0.35
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v

Figure 5: State variable behavior vs time with ICs (u0, v0) = (0.32,0.14). Red and blue vertical,
dotted lines represent times when the nonsmooth F(x) in equation (4) switches outputs.
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Figure 6: Phase portrait of state variable u vs state variable v for a rang of ICs. Blue and green
dashed lines represent switching manifolds of the arguments in equation (4) and black dots
around the perimeter represent each IC. Red solutions represent possible invariant sets.

The vertical, dotted lines in Figure 5 are the times when the nonsmooth firing

rate function switches outputs, therefore these points represent the nonsmooth parts

of the model. The nonsmooth firing rate function in equation (25) has three possi-

ble output arguments based on the input argument, x . Thus, when the input crosses

any of the thresholds, F(x) switches outputs. As shown in the above figure, there are

many instances of nonsmoothness, indicating the need for the nonsmooth ODE theory

described in Chapter II.

While analyzing the state variable behavior of the model, it was found that some

initial conditions result in a spiking behavior of u and v, where the excitatory neuron

firing rate is balanced by inhibitory neurons. Figure 5 indicates that as the firing rate

of the excitatory neuron population increases, the firing rate of the inhibitory neuron
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population increases which, it turn, decreases the firing rates of all neurons involved in

the network. Then excitatory firing rates begin to climb again, resulting in this constant

spiking behavior. From here, we would like to determine which of the 10 problem

parameters listed in Table 1 influence this spiking behavior of the Nonsmooth Wilson-

Cowan model the most, which will provide information about the dynamics between

the two neuron populations.
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CHAPTER IV

SENSITIVITY ANALYSIS

The first goal of this thesis is to determine the parameters of the model that

most influence the dynamics of the state variables. In order to do this we performed

a sensitivity analysis. As discussed in Chapter II, this entails calculating the sensitivity

equations, which involve the derivatives of the right-hand side functions of the ODEs in

the classical case. However, since we have used a nonsmooth PWL firing rate function,

such equations must be computed using “generalized derivatives”, which are calculated

here using lexicographic differentiation.

Derivation of Nonsmooth Sensitivity Equations

Following the nonsmooth sensitivity analysis described in Chapter II, it can be shown

that the sensitivity system of the nonsmooth Wilson-Cowan model is calculated by,

Ẋ (t) = f ′(p0, x(t, po);(P,X (t))) =







f ′u(p0, x(t, p0);(P,X (t)))

f ′v (p0, x(t, p0);(P,X (t)))






,

X (t0) = f ′0(p0; P) =







f ′0,u(p0; P)

f ′0,v(p0; P)






,

(26)
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where x(t, p0)=(u(t, p0), v(t, p0)), f (p, x)=( fu(p, x), fv(p, x)), P is a 10×10 directions

matrix and X(t) is the 2×10 solutions matrix, denoted

X (t) =







Xu(t)

X v(t)






.

Here, f ′(p0, x(t, po);(P,X (t))) is the LD-derivative of the right-hand-side function of the

model’s ODE equations. Therefore, the sensitivity equations of the nonsmooth Wilson-

Cowan model are calculated as follows:

Ẋ (t) =







[−u+ F(Iu+wuuu−wvuv]′

[−v+ F(Iv+wuvu−wvv v)]′







=







[−u]′+[F(Iu+wuuu−wvuv)]′

[−v
τ ]
′+[ 1

τ(F(Iv+wuvu−wvv v))]′







=







[−u]′

[−v
τ ]
′






+







[F(Iu+wuuu−wvuv)]′

[ 1
τ(F(Iv+wuvu−wvv v))]′







(27)

where [·]′ denotes the LD-derivative of the argument evaluated at references (p0, x(t, p0))

in the directions (P,X (t)).

For simplicity, let

A=







[−u]′

[−v
τ ]
′






and B=







[F(Iu+wuuu−wvuv)]′

[ 1
τ(F(Iv+wuvu−wvv v))]′






.

Since matrix A is made up of smooth functions, we can use equation (12) to calculate
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the LD-derivatives. Thus the left matrix follows the below calculations:

A=







[−u]′

[−v
τ ]
′







=







J[−u](P,X (t))

J[−v
τ ](P,X (t))







=







Jp[−u]

Jp[
−v
τ ]






P+







Jx[−u]

Jx[
−v
τ ]






X (t)

=







0 01x9

v
τ2 01x9






P+







∂ (−u)
∂ u

∂ (−u)
∂ v

∂ (−v
τ )
∂ u

∂ (−v
τ )
∂ u













Xu(t)

X v(t)







=







0 01x9

v
τ2 01x9






P+







−1 0

0 −1
τ













Xu(t)

X v(t)







=









−Xu(t)

� 1
τ

�

��

v
τ 01x9

�

P−X v(t)
�









=







−Xu(t)

� 1
τ

�� v
τP1−X v(t)
�






,

where Pi for i= 1,...,10 denotes the i’th row of P.

Now we want to calculate matrix B in equation (27). The nonsmooth firing

rate function in equation (25) is a PWL function, which can be described by the mid

function,

F(x) =mid
�

0,
ϵ

4
x+

1
2

,1
�

. (28)

37



As outlined in Chapter II, the LD-derivative of the mid function is the slmid

function (see equation (17)). Due to the length of the following equations, we have

created several variables to simplify the calculations as found in Table 2. Thus, the LD-

derivative of the PWL firing rate function of the nonsmooth Wilson-Cowan model with

respect to state variable u is calculated by,

�

mid◦
�

0, ϵ4 xu+
1
2 ,1
�

�′
(p0, x(t, p0);(P,X (t)))

= slmid
��

0 Jp(0)P+ Ju(0)X (t)

�

,

�

ϵ
4 xu+

1
2 Jp
�

ϵ
4 xu+

1
2

�

P+ Ju
�

ϵ
4 xu+

1
2

�

X (t)

�

,

�

1 Jp(1)P+ Ju(1)X (t)

��

= slmid
��

0 01x10

�

,

�

ϵ
4 xu+

1
2 Jp(

ϵ
4 x+ 1

2)P+ Ju(
ϵ
4 xu+

1
2)X (t)

�

,

�

1 01x10

��

.

The LD-derivative of the firing rate function of the nonsmooth model with respect to

the state variable v is calculated similarly.

Returning to matrix B, the nonsmooth product rule must also be used, since this

matrix involves the nonsmooth firing function being multiplied by the term 1
τ . There-

fore, the right matrix of the sensitivity system in equation (36) is calculated by the
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Nonsmooth Sensitivity Equation Auxiliary Variables
Symbol Expression

xu Iu+wuuu−wvuv
xv Iv+wuvu−wvv v
Fu

ϵ
4(xu)+

1
2

Fv
ϵ
4(xv)+

1
2

midu mid(0, Fu,1)
midv mid(0, Fv,1)
F ′u − xu

ϵ2 P2+
1
ϵ P3+

u
ϵ P5−

v
ϵ P6+wuuSu−wvuSv

F ′v − xv
τ2ϵ

P1−
fv
ϵ2 P2+

1
ϵ P4+

u
ϵ P7−

v
ϵ P8+wuvSu−wvvSv

Table 2: Variables in equation (29) that simplify the derivation of the Nonsmooth Wilson-Cowan
sensitivity equations.

following:

B=







[F(Iu+wuuu−wvuv)]′

[ 1
τ(F(Iv+wuvu−wvv v))]′







=







[midu]
′

� 1
τ

�′
(midv)+
� 1
τ

�

[midv]
′







=









slmid
��

0 01x10

�

,
�

Fu F ′u

�

,
�

1 01x10

��

�

J
� 1
τ

�

(P,X (t))
�

(midv)+
� 1
τ

�

slmid
��

0 01x10

�

,
�

Fv F ′v

�

,
�

1 01x10

��









=









slmid
��

0 01x10

�

,
�

Fu F ′u

�

,
�

1 01x10

��

�

Jp
� 1
τ

�

P+ Jx
� 1
τ

�

X (t)
�

(midv)+
� 1
τ

�

slmid
��

0 01x10

�

,
�

Fv F ′v

�

,
�

1 01x10

��









=









slmid
��

0 01x10

�

,
�

Fu F ′u

�

,
�

1 01x10

��

��

− 1
τ2 01x9

�

P
�

(midv)+
� 1
τ

�

slmid
��

0 01x10

�

,
�

Fv F ′v

�

,
�

1 01x10

��









,

(29)
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which implies,

B=









slmid
��

0 01x10

�

,
�

Fu F ′u

�

,
�

1 01x10

��

� 1
τ

�

�

− 1
τP1(mid(xv))+slmid

��

0 01x10

�

,
�

Fv F ′v

�

,
�

1 01x10

���









. (30)

The ICs, Xu(t0) and X v(t0), of the sensitivity equations are the LD-derivatives of

the ICs, u(0) and v(0), of the model ODEs in equation (22) with respect to p. Therefore,

Xu(t0) = f ′0,u(p0; P) = J f0,u(p0; P)P =
�

01×8 1 0

�

P = P9

X v(t0) = f ′0,v(p0; P) = J f0,v(p0; P)P =
�

01×8 0 1

�

P = P10.

After combining all above calculations, the sensitivity equations of the nonsmooth Wilson-

Cowan model are:

Ẋu=−Xu+slmid
��

0 01x10

�

,
�

Fu F ′u

�

,
�

1 01x10

��

,

Ẋ v =
�

1
τ

���

v−mid(xv)
τ2

�

P1−X v+slmid
��

0 01x10

�

,
�

Fv F ′v

�

,
�

1 01x10

���

,

Xu(t0) = P9,

X v(t0) = P10.

(31)

The sensitivity function, S(t), is then calculated by,

S(t) = X (t)P−1. (32)

Since there are 10 problem parameters and 2 state variables, there are a total of 20
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sensitivity functions each corresponding to one parameter, p j (for j= 1,...,10) and one

state variable x i (for i = 1,2 where x1 = u and x2 = v). Therefore the nonsmooth

sensitivities can be represented by the 2x10 matrix,

S(t) =







Sp1
x1
(t) Sp2

x1
(t) . . . Sp10

x1
(t)

Sp1
x2
(t) Sp2

x2
(t) . . . Sp10

x2
(t)







where the term S
p j
x i
(t) denotes each sensitivity solution, which roughly represents the

change in behavior of x i when the parameter value p j is varied, associated with the

probing directions in P.

Local Sensitivity Analysis of Nonsmooth Model

A local sensitivity analysis is performed using a set of reference parameter values and

initial conditions. For this portion of the analysis we used the parameter values found

in Table 1 and simulated the sensitivity ODEs of equation (31) in order to solve for the

sensitivities, S(t) (note that P = I was used for all sensitivity equation simulations, so

S(t) = X (t) in this case). The results of this simulation are shown in Figures 7 and 8.

To get a clearer picture of the sensitivity activity, we compared the behavior of

each sensitivity solution, S
p j
x i
(t), to the results of the relative sensitivity solution, Ŝ

p j
x i
(t),

which are calculated by

Ŝ
p j
x i
(t) = S

p j
x i
(t)×

p0
j

x i(t, p0
j )+1

. (33)

The need for a relative sensitivity analysis is due to the differences in magnitudes of the

parameter values and corresponding reference solutions. This is addressed by scaling
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Figure 7: Sensitivity solutions, S(t), in equation (32) with respect to the u population.
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Figure 8: Sensitivity solutions, S(t), in equation (32) with respect to the v population.
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each sensitivity function by the associated parameter, p j, and state variable, x i(t, p0).

Then, given some state variable values are close to zero, the denominator includes

the term +1 to avoid relative sensitivity variables blowing up. As shown in Figures

9 and 10, the behavior of the relative sensitivity functions are similar qualitatively to

that of the sensitivity functions, but the use of the relative functions will provide a

more fair comparison between variables. For this reason, moving forward we will draw

conclusions based on the analysis of the relative sensitivity solutions.
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Figure 9: Relative sensitivity solutions, Ŝ(t), in equation (33) with respect to the u population.

In order to calculate each parameter’s influence on the model, we considered

the following sensitivity metric for j=1,.. . ,10 (corresponding to the ten parameters in

the model as outlined in Table 1) and i= 1,2 (corresponding to the two state variables
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Figure 10: Relative sensitivity solutions, Ŝ(t), in equation (33) with respect to the v population.

in the model):

∥Ŝ
p j
x i
∥1=
∫ t f

t0

|Ŝ
p j
x i
(t)|d t . (34)

This metric integrates across each sensitivity variables from the initial time, t0 = 0, to

the final time, t f = 10, which captures the parameter’s influence as a scalar value. We

then plotted the results so that we could easily determine the most influential parameter

(see the bar graph in Figure 11).

Due to the vast differences in parameter influence between each value, we have

used a logarithmic scale to portray the results. Based on Figure 11, it is clear to see that

the timescale constant, τ, is the most influential parameter to the Nonsmooth Wilson-

Cowan model as its parametric influence is greater than 1010, while most other param-

eters lie in a "mid-tier" level with parametric influences around 102. It is also apparent
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Figure 11: Parametric influence, ∥Ŝp j
x i
∥1, for different parameters, p j , and states, x i , as described

in equation (34) to the Nonsmooth Wilson-Cowan model.

that the sharpness factor, ϵ, is the least influential parameter and lies in the lowest tier

with parametric influence less than 1. This implies the proportion of neurons firing per

unit time (i.e. the state variables) are not significantly influenced by the gain of the fir-

ing rate function. This result is surprising, since we originally hypothesized the model

to be notably sensitive to this parameter. Instead, we can conclude that with the chosen

parameter values and IC, the rate at which the proportion of neurons firing increases

from 0% to 100% is not an influential aspect of the Nonsmooth Wilson-Cowan model,

but the timescale constant that determines how much faster the firing rate of inhibitory

neurons is relative to excitatory neurons is extremely influential. The next question to

investigate is if this result remains true for a range of ICs.
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Nonlocal Sensitivity Analysis of Nonsmooth Model

A local sensitivity analysis is specific to one set of ICs and parameters. To capture the

parametric influence of the Wilson-Cowan model over a range of initial conditions, a

nonlocal sensitivity analysis can be performed. To compute this, we used the influence

metric in equation (34) and summed over the influence of each parameter, p j, across

both state variables for some IC (u0, v0). This measurement was calculated by

H j,k =
2
∑

i=1

10
∑

ℓ=1

||Ŝpℓ
x i
(t)||1=

2
∑

i=1

10
∑

ℓ=1

∫ t f

t0

|Ŝpℓ
x i
(t)|d t , (35)

for the initial condition (u0, v0) = ( j,k). From there, we created a heatmap (see Fig-

ure 12) to represent the influence of all 10 problem parameters across a range of ICs

(u0, v0)∈ [0,1]2= {(u, v) : 0≤ u≤ 1,0≤ v≤ 1}.

Based on these, we determined six regions of distinct sensitivity behavior to

analyze: Region 1 is the area of the heatmap in the top left (dark purple), Region 2

is the area in the top right (medium purple), Region 3 is the area in the bottom right

(light purple), Region 4 is the green area in the bottom left, Region 5 is the orange area

in the bottom left, and Region 6 is the yellow area (this is the smallest region). For

reference, the ICs used to represent each region in the following figures is marked by a

red dot on the heatmap in Figure 12.

The figures below show that varying the initial conditions alters the influence

each parameter has on the model. In Region 1 (shown in Figure 13) the behavior of the

excitatory neuron population, u, is most sensitive to the initial condition of excitatory

46



Figure 12: Heatmap of the influence sensitivity metric in equation (35) for different ICs of the
Nonsmooth Wilson-Cowan model. Red dots represent ICs used for sensitivity simulations in
each region.

neurons, u0, while the behavior of the inhibitory neuron population, v, is most sensitive

to the initial condition of inhibitory neurons, v0. However, the parametric influence of

these parameters takes on values less that 0.3, thus the model is relatively insensitive

to all parameters. We believe this is due to the low state variable behavior within this

region. Since the ICs seem to be the determining factor of the level of neural activity, it is

not surprising that the nonsmooth model is slightly more sensitive to these parameters.

Initial conditions within Regions 2 and 3 follow a similar story to those in Region

1, with a slight increase in state variable behavior, resulting in an increase in parametric

influence. The bar graph of Figure 14b shows that u0 and the the weight of communica-

tion between the excitatory population and the inhibitory population, wuv, are the most

influential parameters. However, due to the low values of parametric influence overall,
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Figure 13: Sensitivity analysis of ICs in Region 1 of the Nonsmooth Wilson-Cowan model.
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Figure 14: Sensitivity analysis of ICs in Region 2 of the Nonsmooth Wilson-Cowan model.
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Figure 15: Sensitivity analysis of ICs in Region 3 of the Nonsmooth Wilson-Cowan model.
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(d) Sensitivity solutions with respect to v.

Figure 16: Sensitivity analysis of ICs in Region 4 of the Nonsmooth Wilson-Cowan model.
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Figure 17: Sensitivity analysis of ICs in Region 5 of the Nonsmooth Wilson-Cowan model.
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(d) Sensitivity solutions with respect to v.

Figure 18: Sensitivity analysis of ICs in Region 6 of the Nonsmooth Wilson-Cowan model.
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the model continues to be relatively insensitive to all parameters, which supports the

idea that in regions of low state variable activity, the model is fairly insensitive to all

parameters.

Regions 4, 5, and 6 are made up of initial conditions that exhibit high state

variable behavior. As shown in Figure 16a, a spiking behavior is present. This seems to

indicate that groups of neurons are firing more frequently than in other regions, which

implies there is a balance between the amount of excitation and inhibition of neurons

within the network. This balance results in a repeated pattern of an increase in the

proportion of firing neurons in each population followed by a decrease in the proportion

of firing neurons, building the repeated spikes shown in the figure. As shown by the bar

graphs of Figures 16b, 17b, and 18b, the timescale constant, τ, is the most influential

parameter of these regions. The distinguishing factor of these regions is the magnitude

of model sensitivity to this parameter, since Regions 4 and 5 are less sensitive to τ than

Region 6. In regards to other parameters, most of them lie in a similar "mid-tier" level

of influence as described in our discussion of the local sensitivity analysis, with the

sharpness factor of the firing rate function, ϵ, remaining the least influential parameter.

Comparison to Sensitivity Analysis of Smooth Model

A sensitivity analysis of the Smooth Wilson-Cowan model can be performed using classic

ODE theory since all equations are smooth. Here, let f ∗(p0, x(t, p0)) be the right hand

side function of the Wilson-Cowan ODE system using the smooth firing rate function

of equation (23) and S∗(t) be the 2×10 solutions matrix of the smooth sensitivity
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equations, which is denoted

S∗(t) =







∂ u
∂ p (t, p0)

∂ v
∂ p (t, p0)






=







S∗u(t, p0)

S∗v(t, p0)






,

where an asterisk is used to distinguish between the nonsmooth sensitivity variables

and the smooth variables. Then, as explained in Chapter II, the sensitivity equations of

the smooth model are found using equation (3) and thus are calculated by,

Ṡ∗(t) = Jp f (p0, x(t, p0))+ Jx f (p0, x(t, p0)) S
∗(t)

=







∂ (F∗u )
∂ p

∂ (F∗v )
∂ p






+







∂ (F∗u )
∂ x

∂ (F∗v )
∂ x













S∗u(t)

S∗v(t)







=







∂ F∗u
∂ p1

∂ F∗u
∂ p2

. . .
∂ F∗u
∂ p10

∂ F∗v
∂ p1

∂ F∗v
∂ p2

. . .
∂ F∗v
∂ p10






+







∂ F∗u
∂ u

∂ F∗u
∂ v

∂ F∗v
∂ u

∂ F∗v
∂ v













S∗u(t)

S∗v(t)







=







F∗
′

u

F∗
′

v






+







−1+ ϵwuue−ϵ(xu)

(1+e−ϵ(xu))2
− ϵwvue−ϵ(xu)

(1+e−ϵ(xu))2

ϵwuve−ϵ(xv )

(1+e−ϵ(xv ))2
− 1
τ −

ϵwvue−ϵ(xv )

τ(1+e−ϵ(xv ))2













S∗u(t)

S∗v(t)






,

(36)

using the variables in Table 3 for simplicity and the fact that

expit′(x) =
ex

(1+ ex)2
= expit(x)(1−expit(x)).
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Smooth Sensitivity Equation Auxiliary Variables
Symbol Expression

xu Iu+wuuu−wvuv
xv Iv+wuvu−wvv v
F∗u −u+ 1

1+e−ϵ(xu)

F∗v −v+ 1
1+e−ϵ(xv )

F∗
′

u expit′(xu)
�

0 −(xu) ϵ 0 ϵ(u) −ϵ(v) 0 0 0 0
�

F∗
′

v
expit′(xv)
τ

h

− (1+e−ϵ(xv ))
τ(e−ϵ(xv ))

−(xv) 0 ϵ 0 0 ϵ(u) −ϵ(v) 0 0
i

Table 3: Variables in equation (36) that simplify the derivation of the Smooth Wilson-Cowan
sensitivity equations.

Therefore the sensitivity equations of the smooth Wilson-Cowan model are,

Ṡ∗u = F∗
′

u −S∗u+

�

ϵwuue−ϵ(xu)

(1+ e−ϵ(xu))2

�

S∗u−
�

ϵwvue−ϵ(xu)

(1+ e−ϵ(xu))2

�

S∗u,

Ṡ∗v = F∗
′

v +

�

ϵwuve−ϵ(xv)

(1+ e−ϵ(xv))2

�

S∗v−
�

1
τ

�

S∗v+−
�

ϵwvue−ϵ(xv)

τ(1+ e−ϵ(xv))2

�

S∗v ,

S∗u(t0) =
�

01×8 1 0

�

,

S∗v(t0) =
�

01×8 0 1

�

.

(37)

For a local sensitivity analysis, we used the parameter values found in Table 1 to

simulate the smooth relative sensitivity equations and calculated the parametric influ-

ence using equation (34), which is shown in Figure 19. In contrast to the nonsmooth

model, the timescale constant, τ, is the least influential parameter to the smooth model.

Since τ reflects how much quicker the inhibitory neurons are firing in comparison to

the excitatory neurons, these results imply that the Smooth Wilson-Cowan model is rel-

atively insensitive to changes in the timescale on which v is functioning on. Instead,

the smooth model is sensitive to parameters such as external signals inputting to the
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Figure 19: Parametric influence, ||Ŝ∗p j
x i
||1, for different parameters, p j , and states, x1, as de-

scribed in equation (34) to the Smooth Wilson-Cowan Model.

v population, Iv, and the weight of the synapse between the excitatory and inhibitory

populations, wuv. Therefore, local sensitivity results about the smooth model do not

match the results of the nonsmooth model.

Next, we created a heatmap displaying the sum of each parametric influence

for each p j and state variable x i for a range of ICs, which is calculated by equation

(35) (see Figure 20). The heatmap showed that most initial conditions of the smooth

model resulted in low levels of parametric influence in comparison to the nonsmooth

model. Additionally, there is primarily one region of distinct sensitivity behavior, which

indicates that the smooth model is equally sensitive to the model parameters across most

initial conditions. Nonetheless, we analyzed the smooth model’s sensitivity information

for ICs in the six regions found in the nonlocal sensitivity analysis of the nonsmooth

model in order to gain a complete comparison, which is shown in the figures below.
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Figure 20: Heatmap of the influence sensitivity metric in equation (35) for different ICs of the
Smooth Wilson-Cowan model.

What stood out the most when analyzing the sensitivity information of the smooth

model was the fact that in regions of spiking behavior (i.e. Regions 4, 5, and 6) the state

variable behavior within each region was qualitatively similar to that of the state vari-

able behavior of the nonsmooth model, but that the sensitivity solutions differ. For

example, in Region 6, the state variable activity of the smooth model spike in a similar

way to the nonsmooth model, just at a slightly later time (see Figure 27), while the

sensitivities within this region appear slightly different in the smooth model than in the

nonsmooth, as discussed previously.

To further investigate the differences between both models, we created heatmaps

comparing the state variables between the smooth and nonsmooth models as well as

heatmaps comparing the sensitivity behavior between the smooth and nonsmooth mod-
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(d) Sensitivity solutions with respect to v.

Figure 21: Sensitivity analysis of ICs in Region 1 of the Smooth Wilson-Cowan model.
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Figure 22: Sensitivity analysis of ICs in Region 2 of the Smooth Wilson-Cowan model.
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Figure 23: Sensitivity analysis of ICs in Region 3 of the Smooth Wilson-Cowan model.
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Figure 24: Sensitivity analysis of ICs in Region 4 of the Smooth Wilson-Cowan model.
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Figure 25: Sensitivity analysis of ICs in Region 5 of the Smooth Wilson-Cowan model.
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Figure 26: Sensitivity analysis of ICs in Region 6 of the Smooth Wilson-Cowan model.
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Figure 27: State variable behavior of ICs in Region 6 in both the Smooth and Nonsmooth Wilson-
Cowan models.
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(a) Sensitivities of the Nonsmooth model.
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(b) Sensitivities of the Smooth model.

Figure 28: Sensitivity behavior with respect to the u population of ICs within Region 6 of both
the Smooth and Nonsmooth Wilson-Cowan models.
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(a) Sensitivities of the Nonsmooth model.
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Figure 29: Sensitivity behavior with respect to the v population of ICs within Region 6 of both
the Smooth and Nonsmooth Wilson-Cowan models.

els. In the following calculations, define the Wilson-Cowan smooth model state variable

solutions as elements of the matrix X ∗(i, j) and the nonsmooth model state variable so-

lution as elements of the matrix X (i, j) where

X ∗(i, j) =























u∗(t0) v∗(t0)

u∗(t1) v∗(t1)

...
...

u∗(t f ) v∗(t f )























and X (i, j) =























u(t0) v(t0)

u(t1) v(t1)

...
...

u(t f ) v(t f )























from the initial time, t0, to the final time, t f with the index (i, j) that is determined

by the initial condition, (u0, v0). The difference between state variable behavior of the

Wilson-Cowan model with a smooth and nonsmooth firing rate is then calculated by

C states
i, j =

||X (i, j)−X ∗(i, j)||1
||X (i, j)||1

. (38)
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To compare the sensitivity behavior, define the Wilson-Cowan smooth model sensitiv-

ity solutions as elements of the matrix S∗(i, j) and the nonsmooth model sensitivity

solutions as elements of the matrix S(i, j) where

S∗(i, j) =























S∗p1
u (t0) . . . S∗p10

u (t0) S∗p1
v (t0) . . . S∗p10

v (t0)

S∗p1
u (t1) . . . S∗p10

u (t1) S∗p1
v (t1) . . . S∗p10

v (t1)

...
. . .

...
...

. . .
...

S∗p1
u (t f ) . . . S∗p10

u (t f ) S∗p1
v (t f ) . . . S∗p10

v (t f )























and

S(i, j) =























Sp1
u (t0) . . . Sp10

u (t0) Sp1
v (t0) . . . Sp10

v (t0)

Sp1
u (t1) . . . Sp10

u (t1) Sp1
v (t1) . . . Sp10

v (t1)

...
. . .

...
...

. . .
...

Sp1
u (t f ) . . . Sp10

u (t f ) Sp1
v (t f ) . . . Sp10

v (t f )























,

once again from the initial time, t0, to the final time, t f , with the index (i, j)= (u0, v0).

Therefore, the difference between sensitivity behavior of the Wilson-Cowan model with

a smooth and nonsmooth firing rate, C sens
i, j , is calculated by

C sens
i, j =

||S(i, j)−S∗(i, j)||1
∥S(i, j)∥1

. (39)

We then computed C states
i, j and C sens

i, j across initial conditions (u0, v0) in [0,1]2 to produce

the heatmaps in Figure 30. As shown in these images, the difference in state variable

behavior is relatively low compared to the difference in sensitivity behavior.

The similarity in state variable behavior supports the idea that the Nonsmooth

Wilson-Cowan model resembles the smooth model studied in the literature, but the

slight difference in the timing of the spikes indicates the need to study both models.
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(a) Heatmap of C states
i, j .
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(b) Heatmap of C sens
i, j .

Figure 30: Heatmaps comparing state variable and sensitivity behavior between the smooth
model and the nonsmooth model with PWL firing rate function in (25).

In addition to this, the difference in sensitivity solutions between the two models gives

rise to many questions about which model better suits the dynamics of the neuron

populations the Wilson-Cowan neural mass model is aiming to capture. Though we

have made no concrete conclusions about which model achieves this, the fact that the

smooth model has been questioned in terms of how biologically accurate it is to the

"on/off" behavior of firing neurons indicates that any conclusions made based on the

sensitivity of the smooth model may not reflect the true biological phenomena of this

neural network.

Although the state variable behavior appears similar, differences remain between

the smooth and nonsmooth models. As shown in Figure 31, initial conditions within

Regions 1 result in the state variables of the nonsmooth model to approach the point

(u, v) = (0,0) while the state variables of the smooth model exhibit a spiking behavior

after a period of time. Furthermore, this is true for initial conditions within regions 2

and 3, implying all initial conditions exhibit a spiking behavior of the states. Consider-
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(a) State variable behavior of u and v popula-
tions of the Nonsmooth model.
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(b) State variable behavior of u and v popula-
tions of the Smooth model.

Figure 31: State variable behavior of ICs in Region 1 in both the Smooth and Nonsmooth Wilson-
Cowan models.

ing what is going on here motivates questions about the long-term behavior of the state

variables, which can be answered by performing a stability analysis of both the smooth

and nonsmooth models.
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CHAPTER V

STABILITY ANALYSIS

Equilibria and Limit Cycles of Nonsmooth Model

The ODEs of the Wilson-Cowan Model in equation (22) describe the change in state

variable behavior, u and v. Therefore, when the right-hand side of these equations are

equal to zero there is no change in state variable behavior. Thus any equilibria, (u, v),

is calculated by solving the nonlinear equation system

u̇= 0=−u+ F(Iu+wuuu−wvuv),

v̇= 0=
1
τ
[−v+ F(Iv+wuvu−wvv v)] .

(40)

In order to get a sense of the equilibria of the nonsmooth Wilson-Cowan model,

we first analyzed phase portraits of the model, which provided information on the re-

lationship between the excitatory and inhibitory neuron populations. As shown in red

in Figure 32, there appears to be two equilibria and one limit cycle (similar to the limit

cycle found in [5]), based on the flow of trajectories. We will denote the equilibrium lo-

cated to the left of the portrait (u1, v1) and the equilibrium inside the limit cycle (u2, v2).

We now want to verify the presence of these points analytically or numerically.

The blue and green dashed lines in Figure 32 represent the switching manifolds,

which are when the firing rate function in equation (25) crosses into a new input argu-
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ment, implying the function is now using a different piece of the PWL nonsmooth firing

rate function. These switching manifolds are calculated by,

§

(u, v) : Iu+wuuu−wvuv=−
2
ϵ

,
2
ϵ

ª

,

§

(u, v) : Iv+wuvu−wvv v=−
2
ϵ

,
2
ϵ

ª

,

(41)

since these are the bounds of the PWL firing rate function.
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Figure 32: Phase portrait of the Nonsmooth Wilson-Cowan model. Blue and green dashed lines
correspond to switching manifolds of the nonsmooth F(x) in equation (4). Red isolated solution
represents the limit cycle and red dots indicate the equilibria of the model. Black dots around
the perimeter represent ICs.

Based on the location of the equilibria and the switching manifolds, we can

conclude that one equilibrium occurs when the firing rates of both ODE equations are

equal to zero and the second equilibrium occurs when both firing rates take on the value

ϵ
4 x+ 1

2 . Because of this, we can analyze them by applying standard stability theories.
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When both firing rates are zero, the equilibrium point (u1, v1) = (0,0) can be

calculated by inspection. When both firing rates are equal to ϵ
4 x + 1

2 , the equilibrium

(u2, v2) can be calculated by solving,

u̇=−u2+
ϵ

4
(Iu+wuuu2−wvuv2)+

1
2
= 0,

v̇=−v2+
ϵ

4
(Iv+wuvu2−wvv v2)+

1
2
= 0,

(42)

which simplifies to the following system of equations:

�

wuu−
4
ϵ

�

·u2−(wvu) · v2=−Iu−
2
ϵ

,

(wuv) ·u2−
�

wvv+
4
ϵ

�

· v2=−Iv−
2
ϵ

.

(43)

To numerically solve this system of equations, we plugged in the parameter val-

ues found in Table 1, to get the system of equations:

�

1−
4

100

�

·u2−(2) · v2=−(−0.05)−
2

100
,

1 ·u2−
�

0.25+
4

100

�

· v2=−(−0.3)−
2

100
,

(44)

which results in the equilibrium,

(u2, v2) = (0.32,0.14).

According to the phase portrait in Figure 32, there is a limit cycle surrounding

the equilibrium point (u2, v2), as marked by the red curve. In general, the stability

of a limit cycle is difficult to analytically identify. Thus, any future conclusions made

72



about this invariant set are based on the behavior of nearby solutions (i.e. the numerical

solutions).

Based on the phase portrait in Figure 32, we grouped trajectories based on the

invariant set each one approached. These groups are known as the basins of attraction,

which indicate the regions of initial conditions that approach the specific invariant set as

time moves forward. The basins of attraction of the Nonsmooth Wilson-Cowan model

are shown in Figure 33, where the blue region corresponds to the basin of attraction of

the equlibrium (u1, v1) and the green region corresponds to the basin of attraction of

the limit cycle. This figure confirms the fact that the initial conditions within Regions

1, 2, and 3 exhibit no spiking behavior of the states since they approach the origin,

while initial conditions within Regions 4, 5, and 6 approach the limit cycle, so spiking

behavior is present.

Figure 33: Basins of attraction of the Nonsmooth Wilson-Cowan model. Solutions in blue are
approaching the origin while solutions in green are approaching the limit cycle.
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When comparing Figure 33 with the heatmap of Figure 12, it is clear to see that

the basins of attraction closely resemble the different regions of sensitivity behavior. The

parametric influence to the Wilson-Cowan model with initial conditions in Regions 1, 2,

and 3 are weaker than those in Regions 4, 5, and 6. This is due to these regions having

limited state variable activity, which corresponds to the region of initial conditions that

approach the origin over time; therefore, the initial conditions within Regions 1, 2,

and 3 are part of the basin of attraction of the equilibrium point (u1, v1) = (0,0), while

initial conditions within Regions 4, 5, and 6 are part of the basin of attraction of the limit

cycle. Thus the model’s sensitivity for a specific initial condition must be dependent on

the basin of attraction.

Long-Term Behavior of the Nonsmooth Model

The stability of an equilibrium point provides information about the long-term behavior

of nearby solutions. As shown in Figure 32, trajectories approach the point (u1, v1) =

(0,0) and the limit cycle, but are repelled from the point (u2,u2) = (0.32,0.14). Based

on the standard stability theories explained in Chapter II, we would hypothesize that

the point (u1, v1) = (0,0) and the limit cycle are asymptotically stable, while the point

(u2,u2)= (0.32,0.14) is unstable. To verify these conjectures we can linearize the ODE

systems by calculating the Jacobian matrix of the right-hand side functions and analyze

its eigenvalues at each equilibrium. The Jacobian matrix is calculated by,

Jx f (p0, x) =







∂ ( fu)
∂ u

∂ ( fu)
∂ v

∂ ( fv)
∂ u

∂ ( fv)
∂ v






, (45)
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for parameter values p0 found in Table 1 where fu and fv are the right-hand side func-

tions of the Wilson-Cowan model in equation (22) with nonsmooth firing rate function

in equation (25) with respect to u and v respectively.

Since the nonsmooth parts of the Wilson-Cowan model are the switching man-

ifolds and neither (u1, v1) nor (u2, v2) is located on these lines, they can be analyzed

using standard theory. As explained above, the equlibrium point (u1, v1)= (0,0) occurs

when both firing rates are zero. Thus we have,

Jx f (p0,u1, v2) =







∂ (−u)
∂ u

∂ (−u)
∂ v

∂ (− v
τ )

∂ u
∂ (− v

τ )
∂ v






=







−1 0

0 − 1
τ






. (46)

This is a diagonal matrix, thus it has eigenvalues λ1 =−1 and λ1 =−
1
τ . The real part

of these values are negative (since the timescale constant τ is positive), which confirms

that the equilibrium point (u1, v1) = (0,0) is asymptotically stable.

The equilibrium point (u2, v2) = (0.32,0.14) occurs when both firing rates are

equal to the second input of the mid function. Therefore, the Jacobian matrix is

Jx f (p0,u2, v2) =







∂ (−u+ ϵ4 (Iu+wuuu−wvuv)+ 1
2 )

∂ u
∂ (−u+ ϵ4 (Iu+wuuu−wvuv)+ 1

2 ))
∂ v

∂ (−v+ ϵ4 (Iv+wuvu−wvv v)+ 1
2 ))+

1
2 )

∂ u
∂ (−v+ ϵ4 (Iv+wuvu−wvv v)+ 1

2 ))
∂ v







=







−1+ ϵ4(wuu) − ϵ4(wvu)

ϵ
4(wuv) −1− ϵ4(wvv)







=







24 −50

25 21
4






.

(47)
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Using MATLAB, we calculated the eigenvalues of this matrix to beλ1=14.625+34.0897i

and λ2 = 14.625−34.0897i. Since the real part of at least one eigenvalue is positive,

we can confirm that (u2, v2) = (0.32,0.14) is unstable.
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Figure 34: Limit cycle of the Nonsmooth Wilson-Cowan model. Blue and green dashed lines
represent the switching manifolds. Red isolated solution is the limit cycle and red dot is an
equilibrium.

Since the limit cycle crosses the switching manifolds, standard stability theories

fail. Having said that, nearby solutions approach the limit cycle, as shown in Figure

34, which displays the phase portrait of the nonsmooth model in a zoomed-in window.

Thus, we expect the limit cycle to be asymptotically stable.

Comparison to Stability Analysis of Smooth Model

To compare the nonsmooth model to the smooth Wilson-Cowan model, we plotted the

phase portrait of the smooth model (see Figure 35). The results show that all trajec-
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tories of the smooth model spiral towards a limit cycle similar to the one found in the

Nonsmooth Wilson-Cowan model as shown in Figure 32. Since all trajectories are ap-

proaching this cycle, the solutions that are initialized within the limit cycle must be

moving away from a point inside of this cycle, indicating the existence of an unstable

equilibrium (both invariant sets are shown in red). We will denote the equilibrium

inside the limit cycle as (u∗, v∗), where the asterisk implies it is an equilibrium of the

Smooth Wilson-Cowan model. This figure also shows solutions approach the point

(u, v) = (0,0) for a period of time, but do not remain nearby this point for all t. In-

stead, solutions approach the limit cycle as t→∞ which is unlike the long-term state

behavior of the nonsmooth model.

To confirm the point (u, v) = (0,0) is not an equilibirum of the smooth model,

we calculated the right-hand side equations of the model at this point. Then we have,

fu(p,0,0) =−u+
1

1+ e−ϵ(Iu+wuu(0)−wvu(0))
= 0.006692,

fv(p,0,0) =−v+
1

1+ e−ϵ(Iu+wuv(0)−wvv(0))
= 9.357×10−14,

which indicates the origin does not satisfy the requirements of a fixed point and is not

an equilibrium of the Smooth Wilson-Cowan model. Therefore, there is an equilibrium

present in the nonsmooth model that is not present in the smooth one, supporting the

difference in state variable behavior discussed in Chapter IV.

The above calculation confirmed that the smooth model has a single equilibrium

point, (u∗, v∗), located within the limit cycle. This equilibrium can be calculated using
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Figure 35: Phase portrait of the Smooth Wilson-Cowan model. Red isolated solution represents
the limit cycle and red dots indicate the equilibria of the model. Black dots around the perimeter
represent ICs.

equation (40) with F(x) = expit(x). Then we have,

0=−u∗+expit(Iu+wuuu∗−wvuv∗),

0=−v∗+expit(Iu+wuvu∗−wvv v∗).

(48)

Further calculations using MATLAB allowed us to numerically determine that (u∗, v∗)=

(0.32,0.14), which equals the equilibrium (u2, v2) from the Nonsmooth Wilson-Cowan

model.

Similarly to the nonsmooth model, we grouped solutions of the model based on

the invariant set they approach as time moves forward (see Figure 36), which are the

basins of attraction. This figure shows that all solutions approach the limit cycle, which

supports the fact that spiking behavior is present in all regions of the smooth model.
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Figure 36: Basins of attraction of the Smooth Wilson-Cowan model. Solutions in green are
approaching the limit cycle.

To verify the stability of the equilibrium of the smooth model, we can investigate

the eigenvalues of the Jacobian of the right-hand side equations of the smooth model,

which is calculated by,

Jx f ∗(p0, x) =







∂ ( f ∗u )
∂ u

∂ ( f ∗u )
∂ v

∂ ( f ∗v )
∂ u

∂ ( f ∗v )
∂ v






, (49)

where f ∗u and f ∗v are the right-hand side functions of the Wilson-Cowan model in equa-

tion (22) with smooth firing rate function in equation (23) with respect to u and v

respectively.

We can then use the Jacobian of equation (49) to find the eigenvalues of the

matrix with respect to the smooth equilibrium point, (u∗, v∗)= (0.32,0.14) by plugging

this point in. Then we have,
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Jx f ∗(p0,u∗, v∗) =







− ϵwuue−ϵ(Iu+wuu(0.32)−wvu(0.14))

(1+e−ϵ(Iu+wuu(0.32)−wvu(0.14)))2
− ϵwvue−ϵ(Iu+wuu(0.32)−wvu(0.14))

(1+e−ϵ(Iu+wuu(0.32)−wvu(0.14)))2

ϵwuve−ϵ(Iv+wuv (0.32)−wvv (0.14))

τ(1+e−ϵ(Iv+wuv (0.32)−wvv (0.14)))2
− 1
τ −

ϵwvve−ϵ(Iv+wuv (0.32)−wvv (0.14))

τ(1+e−ϵ(Iv+wuv (0.32)−wvv (0.14)))2







=







−19.661 −39.322

24.858 −7.881






.

(50)

Using MATLAB we then calculated the eigenvalues of this matrix to be λ = 5.890+

28.0682i and λ= 5.890−28.0682i. Since the real part of at least one eigenvalue is

positive, the equilibrium point (u∗, v∗) = (0.32,0.14) is unstable.

As stated previously, the limit cycle of the smooth Wilson-Cowan model is com-

plicated enough that we could not analytically identify it. However, as shown in Fig-

ure 37, all nearby trajectories approach the origin, then after a period of time they

approach the limit cycle. Therefore, we expect it to be "attractive" which indicates so-

lutions approach the invariant set as t→∞. Note that the limit cycle does not seem

to be asymptotically stable, as it is in the nonsmooth model, since nearby solutions of

the smooth model first move away from the limit cycle and towards the origin. After a

period of time, these solutions then approach the cycle, indicating it is attractive, but

cannot be described as asymptotically stable. This behavior is unique to the smooth

case, as nearby solutions to the limit cycle of the nonsmooth model approach the cycle

itself, indicating the cycle is asymptotically stable.

As we did for the nonsmooth model, we compared the basins of attraction to the

heatmap displaying the parametric influence over a range of ICs of the Smooth Wilson-
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Figure 37: Limit cycle of the Smooth Wilson-Cowan Model. Red isolated solution is the limit
cycle and red dot represents an equilibrium.

Cowan model (see Figure 20). We found that these images appear to be similar, since

there is one basin of attraction in the smooth model and there is primarily one region

of distinct sensitivity behavior. This is a similar observation to the one we made about

the nonsmooth basins of attraction in comparison to the heatmap of the nonsmooth

model. Though the smooth model is less sensitive than the nonsmooth model overall,

there is still a notable level of parametric influence in each region, which results in

homogeneous levels of model sensitivity across all ICs.

Taking a closer look at the long-term behavior of the states of the smooth model

reveals the fact that there is a spiking behavior exhibited for all ICs, indicating a high

level of neural activity. The spiking behavior of the states for each region is reflected by

the basin of attraction, since all solutions approach the asymptotically stable limit cycle.

Based on these observations, we hypothesize that the sensitivity of the Wilson-Cowan
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model is dependent on the long-term behavior of the states. This conclusion supports

our findings that the model is relatively insensitive to the model parameters for ICs

that exhibit low state variable activity, such as regions 1, 2, and 3 of the nonsmooth

model, and is notably sensitive to parameters for ICs where the states exhibit a spiking

behavior, such as regions 4, 5, and 6 of the nonsmooth model and all regions of the

smooth model.

Though we can make the above conlusion about the Wilson-Cowan model as

a whole, the differences between the stability analysis of the nonsmooth model and

the smooth model supports the need to analyze nonsmooth firing rates in regards to

the Wilson-Cowan model. The most significant difference between the two models is

that there is an equilibrium present in the nonsmooth model that is not present in the

smooth model. Since the origin is not an equilibrium in the smooth model and the limit

cycle attracts all trajectories, this implies both state variables exhibit spiking behavior

for all initial conditions. However, this means that neurons in the brain are in constant

communication no matter how many neurons are initially active, which gives rise to

questions about how biologically accurate each model is.
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CHAPTER VI

Conclusion

Based on the results of Chapter V, it is apparent that the Nonsmooth Wilson-

Cowan model is most sensitive to specific problem parameters depending on what ICs,

(u0, v0), are used. For the initial conditions within Regions 1, 2, and 3, the model is most

sensitive to the initial conditions u0 and v0, yet is relatively insensitive to all parame-

ters. In these regions, the state variables exhibit no spiking behavior, which we assume

implies there is a lower amount of neural activity. However, once the initial conditions

cross over into Regions 4, 5, and 6, the state variables begin to spike, which would imply

there is a higher amount of neural activity. Thus, perturbations of the initial conditions

influence the level of neural activity exhibited by the states of the Nonsmooth Wilson-

Cowan model, supporting a higher influence from the these parameters in regions of

low neural activity.

Having said that, for ICs in Regions 1, 2, and 3, the nonsmooth model is influ-

enced by the initial conditions at a very low level. Overall, for ICs in regions of low neu-

ral activity, there is an insignificant amount of parametric influence to the nonsmooth

model. Based on these observations, we hypothesize that when the state variables ex-

hibit no spiking behavior, the Nonsmooth Wilson-Cowan model is relatively insensitive

to all model parameters.
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On the other hand, for ICs within Regions 4, 5, and 6, there are significant lev-

els of parametric influence, which indicates the nonsmooth model is more sensitive

in the areas. According to the sensitivity analysis of the nonsmooth model, the most

influential parameter of these regions is the timescale constant, τ. This parameter is

necessary to the model since the excitatory and inhibitory neuron populations function

on different timescales. Inhibitory neurons fire more quickly than excitatory neurons,

so the timescale constant must reflect a faster firing rate within this population in order

to create a more biologically accurate representation of this neural network. In order

to achieve this, the timescale constant is assumed to be less than one (note that τ= 1

would indicate both populations are functioning on the same timescale). The finding

that τ is the most influential parameter for these regions of the nonsmooth model is

unsurprising, since inhibitory neurons prevent receiving neurons from firing. If these

neurons are firing more quickly, a higher level of inhibition than excitation is present in

the network, resulting in a decrease in the proportion of firing neurons in both popula-

tions. Thus decreasing τ, which increases the firing rate of inhibitory neurons, would

decrease the level of neural activity in the states and vice versa. This phenomenon is

reflected in the results of our sensitivity analysis, validating these conclusions.

When comparing the sensitivity analysis of the Nonsmooth Wilson-Cowan model

to the analysis of the Smooth Wilson-Cowan model, we found that the state variable be-

havior of both models are relatively similar, while the sensitivities of both models differ.

This indicates that the nonsmooth model may be a good representation of the smooth,

but the most influential parameters to the one model are not the most influential to the

other. In fact, the smooth model seems to be somewhat sensitive to the model param-
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eters for all ICs, while the nonsmooth model is relatively insensitive to all parameters

in some regions of ICs and highly sensitive to specific parameters in others. Since the

biological motivation of the smooth model has been questioned by some authors [3],

these differences might influence conclusions about which model is more biologically

accurate. Overall, the results of this comparison supports the need to analyze nons-

mooth forms of the Wilson-Cowan model as different conclusions can be made about

the results.

Although similar, the state variable behavior of the smooth and nonsmooth mod-

els are not identical. When analyzing both models, it is clear to see that the nons-

mooth model exhibits spiking behavior in specific regions, while the state variables of

the smooth model spike in all regions of ICs. This difference in behavior raises ques-

tions about the long-term behavior of the Wilson-Cowan models, which we attempted

to answer with a stability analysis of the smooth and nonsmooth model.

While performing a stability analysis of the Nonsmooth Wilson-Cowan model,

we found an asymptotically stable equilibrium at the origin, an unstable equilibrium,

and an asymptotically stable limit cycle (similar to the cycle found in [5]). However,

the stability analysis of the smooth model resulted in an unstable equilibrium and an

attractive limit cycle, but no equilibrium at the origin. The difference in equilibria

between the smooth and nonsmooth models led to yet another consideration of how

biologically accurate each model is. The fact that there is no equilibrium at the origin

of the smooth model indicates that no matter what initial condition is implemented,

state variables will exhibit some level of neural activity. However, are there biological

scenarios that do not produce ongoing neuron firing? If so, the model should result in
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zero neural activity after an amount of time for specific ICs, similar to what we have

observed in the nonsmooth model. Having said that, if there truly are no ICs that

results in zero neural activity and neurons are constantly firing, then the smooth model

would be a more accurate representation of the long-term behavior of the biological

phenomenon. Having said that, some authors [27] say that a biologically accurate

space-clamped neural network model should not be reactive to small outside inputs.

Thus, when there is initially no neuron activity, indicating the only activity present

is from outside inputs, there should be no activity for any time. Therefore biologically

accurate models should include an asymptotically stable equilibrium point at the origin.

Based on this condition, we would hypothesis that the Nonsmooth Wilson-Cowan model

is more biologically accurate than the smooth.

The conclusions drawn based on the sensitivity and stability analysis of the non-

smooth model studied in this thesis show a difference in parametric influence and long-

term state variable behavior based on an initial ratio of firing excitatory and inhibitory

neurons. However, the analyses of the smooth model studied in this thesis show that

the initial ratio between these two neuron populations is not as influential to the state

variable behavior, given a recurrent spiking behavior for all ICs. Based on these results,

there is a possibility that our conclusions could be applied to research on the biological

relationship between excitatory and inhibitory neurons in the brain, which is referred

to as excitation-inhibition balance (E-I balance). It has been found that an imbalance

in the relationship can greatly impact neural activity. For example, a decreased number

of inhibitory neurons firing results in a limited amount of inhibition within a neural

network, which can cause excitatory neurons to fire uncontrollably [8]. This form of
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imbalance is a contributing factor to seizures, which arise if the brain is overstimulated.

Thus research on E-I balance applies to studies of neurophsychiatric conditions such as

schizophrenia as well as seizure disorders such as epilepsy [23].

In general, studies of neural mass models can provide clarity on how some ar-

eas of the brain interact. Further research of the Nonsmooth Wilson-Cowan model

can answer questions closely related to this topic through synchronization analysis,

which occurs both in normal and abnormal pathological conditions [19]. In addition,

an analysis of the full network model of the Wilson-Cowan neural mass model could

provide conclusions on neural activity that consider more complex levels of biological

phenomenon, such as the spatial structure of an array of neurons. Such analysis can ex-

plain some aspects of neurodegenerative diseases that cause damage to the brain’s neu-

ral connections and therefore synchronization. As explained in [22], examples include

Alzheimer’s disease, behavioral variant frontotemporal dementia, semantic dementia,

progressive nonfluent aphasia, and corticobasal syndrome. We hope to touch on these

subjects through future analysis of the Wilson-Cowan model.
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