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It has been observed in various practical applicationsthat data do not conform to
the normal distribution, which is symmetric with no skewness. The skew normal distribu-
tion proposed by Azzalini (1985) is appropriate for the analysis of data which is unimodal
but exhibits some skewness. The skew normal distribution includes the normal distribution
as a special case where the skewness parameter is zero.

In this thesis we study the structural properties of the skew normal distribution,
with an emphasis on the reliability properties of the model. More specifically, we obtain
the failure rate, the mean residual life function, and the reliability function of a skew normal

random variable. We also compare it with the normal distribution with respect to certain



stochastic orderings. Appropriate machinery is developed to obtain the reliability of a
component when the strength and stress follow the skew normal distribution. Finally, IQ

score data from Roberts (1988) is analyzed to illustrate the procedure.
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Chapter 1

INTRODUCTION

The celebrated Gaussian (Normal) distribution has been known for centuries.
Its popularity has been driven by its analytical simplicity and the associated Central
Limit Theorem. The multivariate extension is straightforward because the marginals
and conditionals are both normal, a property rarely found in most of the other multi-
variate distributions. Yet there have been doubts, reservations, and criticisms about
the unqualified use of normality. There are numerous situations when the assumption
of normality is not validated by the data. In fact Geary (1947) remarked, “Normal-
ity is a myth; there never was and never will be a normal distribution.” As an
alternative, many near normal distributions have been proposed. Some families of
such near normal distributions, which include the normal distribution and to some
extent share its desirable properties, have played a crucial role in data analysis. For
description of some such families of distributions, see Mudholkar and Hutson (2000).

See also Azzalini (1985), Turner (1960) and Prentice (1975). Many of the near nor-



mal distributions described above deal with effectsof asymmetry. These families
of asymmetrical distributions are analytically tractable, accommodate practical val-
ues of skewness and kurtosis, and strictly include the normal distribution. These
distributions can be quite useful for data modeling and statistical analysis.

In this thesis we are concerned with a skew normal distribution, proposed by

Azzalini(1985), whose probability density function is given by

b (22 = 26 (2)  (A2) (L.1)

where ¢ (z)and @ (=) denote the standard normal density and distribution function,
respectively. The parameter A varies in (—oo,o0) and regulates the skewness and
A = 0 corresponds to the standard normal case. The density given by (1.1)enjoys
a number of formal properties which resemble those of the normal distribution, for
example if Z has the pdf of (1.1), then Z? has a chi-square distribution with one
degree of freedom. From a practical point of view, the density (1.1)is suitable
for the analysis of data exhibiting a unimodal empirical distribution but with some
skewness present, a structure often occurring in data analysis. Arnold et al. (1993)
provided the following motivation for the skew normal model. Suppose students
admitted to a college are screened with respect to their SAT scores and their progress
is monitored with respect to their grade point average (GPA). Let (X,Y) denote
their (GPA, SAT). Assuming that (X,Y )follows a bivariate normal distribution and

assuming that only those students whose SAT scores are above average are admitted



to the college, the distribution of X follows a non-standard skew normal distribution
and its standardized version is given by (1.1).

A multivariate version of (1.1) has been recently studied by Azzalini and
Dalla Valle (1996) and Azzalini and Capitanio (1999). This distribution represents
a mathematically tractable extension of the multivariate normal density with the
addition of a parameter to regulate skewness. These authors demonstrate that the
multivariate skew normal distribution has a reasonable flexibility in real data fitting,
while it maintains some convenient formal properties of the normal density.

The purpose of this present work is to study, in detail, the model given by
(1.1)and investigate some of its properties useful in reliability. We also study the
maximum likelihood estimation of the parameters and present an application to the
strength-stress model useful in reliability. The strength-stress model consists in esti-
mating R = P (Y <X, which has been studied extensively in the literature. The
problem originated in the context of the reliability of a component of strength X
subjected to a stress Y. The component fails if at any time the applied stress is
greater than its strength and there is no failure when X > Y. Thus P (Y<X)
is a measure of the reliability of the component. More specifically, in Chapter 2 we
present the basic properties of the model including several representations, the mo-
ment generating function, and moments. Chapter 3 deals with the failure rate and
other reliability functions of the aforementioned model. We also compare it with

the normal distribution with respect to certain stochastic orderings and prove that



the failure rate of a skew normal distribution is increasing, a property enjoyed by the
symmetric normal distribution. In Chapter 4 appropriate machinery is developed to
obtain an expression for the P (Y <X),where X and Y each have a skew normal
distribution. In Chapter 5, the data of Roberts (1988) dealing with Otis IQ scores
is analyzed to illustrate the procedure. Finally, we give some conclusions and rec-
ommendations justifying the skew normal distribution. We also point out several

directions for future research.



Chapter 2

THE UNIVARIATE SKEW NORMAL DISTRIBUTION

2.1 The Model

In this chapter we shall define the univariate skew normal distribution, first pro-
posed by Azzalini (1985). The distribution will be defined by its density function
and three representations in terms of the normal distribution. We shall also discuss
several properties and the moments of the distribution.

First, we introduce two lemmas which can be used to prove that the skew normal

is a proper density and to derive the moment generating function.

Lemma 2.1 Let Y be a standard normal random variable and let h and k be real

numbers. Then

E{& (hy TK)} =¢{\/Tfm} for all h and k, (2.1)

where @ (.) is the standard normal distribution function.



Proof. Let X and Y be independent random variables where X ~ N (p,0?) and

Y ~N(0,1). Let Z =X —Y. Then Z is a normal random variable with mean

and variance o2 + 1.

P(Z <0)

We have
= P(X<Y)=Ey|P(X<Y|Y =v)]
[ (-5t o
- 7 (% 7e—%dt 6 (y) dy
= 7@("’2“)«»(.«/)@
- w{e (")}
— E{®(hY +k)} where h = L and k = -&.

We now derive an alternative expression for P (Z < 0) directly from the distribution

of Z. \We have

P(Z <0)

/0 _1—.exp {_E_:_/i)i} dz
V2my/o? + 1 2(02+1)

- {7
02+1

- q){ k } where h= 3 and k = —H.
V1+h?)’ o o

Equating the two expressions for P (Z <0), we have the desired result. =



We now present an alternative proof of Lemma 2.1.
Proof. Let Y be a standard normal random variable. For any real h and k,

define a function ¥ (h k) as follows:

[ o]

 (h k) = / @ (hy + k) b (4) dy. (2.2)

— 00

Then ¥ (hk) = E{® (hY tk)} . We now differentiate (2.2) with respect to &:

et — [otwrpoway

—-m

_ %j exp {—% [(hy + k) +¢°] } dy

2 *® 2 2
I exp{_(1+h)(y+_’£_) }dy_

2 2

— 00

Letting u = V1 + h? (y + i—%,—), we have

2 o0
ov (hk) _ 1 e /e—%du
Ok V21 + h?

- ()
T OVItR \VI+ R
Now, integrating with respect to k£, we have

k
V1 + h?

¥ (hk) :<I>{ } . Which proves the lemma.



Lemma 2.2 Let f be a density function which is symmetric about 0 and let G be a
distribution function which is absolutely continuous and whose derivative is symmetric

about 0. Then
2G (A\y) f (y), (—00 <y < 00) (2.3)
is a proper density functionfor any A € R.

Proof. Let X and Y be independent random variables where X has density
function G’ and Y has density function f. Since X and Y are both symmetric about
1

0, then X — XY must also be symmetric about 0. So we have P (X — XY <0) =3.

Conditioning on Y ,we also have
P(X-X <0 = Ey[P(X<AY|Y =vy)]
= Ey[G(AY)]Y =y]
- [cowrway -

It follows that [ 2G (\y)f (y)dy =1. ®

—cQ

We now define the skew normal probability density function (pdf) and prove that

it is a proper density.



Definition 21 Let A € R. A random variable Z is distributed skew normal with

parameter A if Z has the density function
d(z;A)=2¢(2) P(A2), (o0 <z < 00), (2.4)
where ¢ (-) is the standard normal density function.

If Z has the skew normal density, we write Z ~ SN (A). The fact that ¢ (z; A) is
a proper pdf can be verified by applying Lemma 2.1 or Lemma 2.2 as shown in the

following theorems.
Theorem 21 The skew normal density ¢ (z; A) is a proper density for each A € R.

Proof. Let Y be a standard normal random variable and fix A € R.  Apply

Lemma 2.1 with & =0. Then we have

[e o]

/ 2) (Xy) (y)dy = 2E 2 (\Y)} = 1.

—-m

We now present an alternative proof of Theorem 2.2.
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Proof. Let X and Y be independent standard normal random variables and fix
A € R. Define Z =X — XY. Then Z is a normal random variable with expected

value 0. Then we have

- P(Z<0)=P(X -X <0)=P(X <XU)

= By[P(X <MY |Y =y)]

[o o]

- / 3 (M) 6 (v) dy.

— 00

It follows from lemma 2.2 that

/2<1>(/\y)¢(y)dy=1

and therefore ¢ (z; A) is a proper density. m



2.2 Representations of the Skew Normal Distribution

In this section we present some useful representations of the skew normal distri-

bution in terms of normal random variables.

Theorem 2.2 Let U and V be independent standard normal random variables and

let

Z=—2uo Ul +———=V. (2.5)

V1+ A V1422

Then Z ~ SN (A)

1
Proof. Let a = —2— and let b = Ao Then

1422

P(Z<2) = EylP(Z<z||lUl=w

‘“‘) ¢ (u)du

Differentiation yields the density of Z as follows:

CZZP(Z 2) = 2/00%¢ (z—ba“> ¢ (u) du.

Using the fact that a? T2 = 1,we obtain
(v — az)’
{ oy du

:zP(Z ?) = 7

— 24(2) / \/%exp{—g}dt

—az/b

= 26(2) {1 ®(—az/b)}
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=2¢(z) ® (Az) , the skew normal density.

Theorem 23 Let X and Y be independent standard normal random variables and

A € R. The distribution of Y conditionally on X <AY isSN (}).

Proof. If X and Y are independent standard normal random variablesand A € R,

then

P(Y <t,X <XY)
P(X - )Y <0)

_ft ® (\y) ¢ (y) dy

P(Y <t|X <)Y) =

0

1
_{o Vara/ 1422
t

J2()g)dy
3 (0)

2
—_ u
e 2(1+7) du

t

= 2/¢(Ay)¢(y)dy-

— 00

Differentiating with respect to t,we have the skew normal pdf:

TP (Y SEIX <AY) =28 (M) (1),
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Theorem 2.4 LetY and W be independent standard normal random variables and

1/2

A€R. Define X =(X¥ —W)/(1+%)"" . Then

(1)(X,Y) has a standard bivariate normal distribution with

- . A
correlation coefficient T’ and
(ii)the distribution of Y conditionally on X >01is SN ()).

Proof. Let Y and W be independent standard normal random variables and fix

1/2

A € R. Define the random variable X = (AY - W )/ @+x?) Then X has a

standard normal distribution and

corr (X,Y) = E(XY)

5 (/\Y—W)Y]
(1+223)"2

A

1+ )Y

Thus (X,Y) has a standard bivariate normal distribution. Then we have

PlY <y|X>0] = P|V< XY - W) >0]

= PlY <y Y > W]

= ®(y; A by Theorem 2.4.

There is one further representation of the skew normal distribution which will be

discussed in a later section.
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2.3 Properties of the Skew Normal Distribution
The following are some useful properties of the skew normal density.

Property 1. The standard normal distribution is a special case of the skew-normal

distribution when A =0.
Property I1. As A — oo, ¢ (z; A) tends to the half normal density.
Property III. If Z ~ SN (A), then -Z ~ SN (=X).

Property IV. @ (z; —A)=1-®(—z; A) ,where ® (z; A) is the distribution function

of the skew normal.
Property V. ®(z; 1) = {®(2)}?

Property VI. If Z ~ SN (A), then Z2 is a chi-square random variable with one
degree of freedom. It is known that the square of a standard normal random
variable is a chi-square random variable with one degree of freedom. This
property of the skew normal implies that the converse is not true. A chi-square

random variable is not necessarily the square of a standard normal.
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2.4 Moments of the Skew Normal

In this section we derive the moment generating function and the moments of a

skew normal random variable.

Theorem 2.5 Let Z ~ SN (A). The moment generating function of Z is

My (t) = 2650 | —22_ |
V1+ A

Proof.

[o o]

Mz(t) = E[e®]=2 / e“d(2) D (\2)dz
— 2% / \/12_6_%("_‘)24) (At) dt
T

- 00

o0

= 26%2—/ 1
Ve

—0o0

— 27E{®(\(uwT1))} whereU ~N(0,1).

e d(\ (u+1)) du

) fid VI,
Applying Lemma 2.1, Mz (t)=2e7® (m) -

The first moment of a skew normal is given by

o 6223 A At e% M
B(2) = M“’)‘z[ m"’(m)” ‘I’(m)}
A

—\/1—?—/\—26’5 (0)

()

t=0

= 2
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The second moment of a skew normal is given by

E(Z%) = M”(0)

It follows that

and

2)?
Var (Z) = 1- m
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Chapter 3

RELIABILITY FUNCTIONS OF THE SKEW NORMAL

DISTRIBUTION

In this chapter we discuss the reliability properties of the skew normal distribution
and compare it with the normal distribution with respect to some stochastic orderings.

Before proceeding further, we present the following definitions:

Let X be a random variable having absolutely continuous distribution function F

and pdf f. Then

1. The survival function of X is defined as F' (t)=P (X >t)=1- F (t).

2. The failure rate (hazard rate) of X is defined as

P(t<X <t+At|X >t)
m
-0 At
(t

TF (t) =

w

~y

3

(t)
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3. The mean residual life function or life expectancy is defined as

e (t) = B (X — t|X > ¢) /(—”’-"7}(-:;—(‘”—) z

It is well known that F (t),rr (t), and pp (t)are equivalent in the sense that
given one of them, the other two can be determined. They also characterize the
distribution uniquely; see Gupta (1981).

We now define the following criteria used in reliability:

1. F is said to be Polya frequency of order 2 (PF3) if In f () is concave.

2. F is said to have increasing (decreasing) failure rate, IFR (DFR), if 77 (t) is

increasing (decreasing).

3. F is said to have decreasing (increasing) mean residual life, DMRL (IMRL), if

pp (t)is decreasing (increasing), assuming that the mean exists.

It is well known that PF, = IFR =—> DMRL. The reverse implications are

not necessarily true.
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3.1 Reliability Properties of the Skew Normal

In order to derive the failure rate of a skew normal random variable Z, we must

first define its distribution function, which is given by

z

B(z)) = z/ 6 (u) 6 (t) dudt

= <I>(z)—2//¢(u)¢(t)dudt
= CI)(z)—le"'(;);/\), A>0 (3.1)

where

co At
T = [ [owedud
z 0
see Azzalini (1985) for details. The function T (z; A) is an integral over a polygonal
region. Its derivation in closed form is not feasible. Owen (1956) gives tables of
values of T (z;A). Computer routines which evaluate T (z; A) are also available. The

following is an expression for T (z; A) in terms of an infinite series:

arctan A 1 2j+1
) = - =S¢ 2
T () o 2 e A (3.2)
Jj=0
where

1 1 I %
= (=1} — —=? .
6= 5| exP( 2z)§ 2%!}’ (3:3)

see Owen (1956). It is known that T (z; A) is a decreasing function of h and
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1. =T (zA) =T (5-2A),

2 T(—%A) =T (%)), and

3. 2T (2;1)=® (2)® (—=2) , see equations (2.4) and (2.5) of Owen (1956).

Therefore, the reliability function and the failure rate of a skew normal random

variable Z are given by
R(t)=P(Z>t)=1-a (t)tr27T (@A) (3.4)

and

F(t)= PN _ 202 (N)
T1-@(tp)  1-@(t)tar (tp)

(3.5)

The expressions for A < 0 can be similarly obtained.

We now derive the mean residual life function (MRLF) of Z which is given by

p()=E(Z-t|Zz>t)=E(Z|Z >!) -t.

Now
E(Z|Z>t) = ﬁ%/thqs(z)qa(xx)dx
= Ezt_)/t ¢ (z) ® (\z)dz
2 {o o]
- s [eonswea [Ts@o00al

- .R_Q(t_){q>(,\t)¢(t)+——\/2—_ﬂ—\;—l_l_—/\2-[1—q>(t 1+A2)]}.
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Hence

20 (M) (1) + —=2— |1 - (tV1+ N
L(t) = t t+m‘/ﬁ)[ (t i )]-—t. (3.6)

Due to the complicated nature of the expressions for the reliability function and
the failure rate, the usual derivative methods are cumbersome if we are interested in
studying the monotonicity of the failure rate or the MRLF. Accordingly, we take
an alternative approach. In the following, we shall examine the monotonicity of the

failure rate and the mean residual life function. First, we prove the following result.

Theorem 31 The skew normal density function is log concave.
Proof. To prove that log ¢ (z; A) is a concave function of Z, it suffices to show

that the second derivative of log ¢ (z; A) is negative for all z. Differentiating log
¢ (Z;A) we have

d? 2
Talog ¢ (7)) = dz—Z[I092+Iog¢(z)+log¢(>\z)]

_ 4 lf,;as(z)] L4 [.;%@(Az)]
dz

dz | ¢(2) ® (Az)
-l e

o —2X% (\2) @Az A (\2)
N 1“[ PME @ (Az)}}

A% (A2) [¢(X2)
3 (A2 [@(,\z)”‘z]‘

-1+

We will show that the above quantity is negative. Since ¢ (z)and ® (Xz) are positive
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for all z, it is sufficient to show that %%?) +zis positive for all Az.

Case I:  If Az > 0, then 282 4+ )z is clearly positive.

Case 11: If Az < 0,lett ==Xz. Then ¢(A2) = d(—=Az) =¢(t) and ®(A2) =

1-®(—Az) = 1= (t). Thus 303 +az =205 —t =h(t)-t, where h(t)
is the failure rate of the standard normal distribution. Since it is known (see

Azzalini (1986)) that h(¢t) > t for all t, the assertion is proved.

Corollary 31 The skew normal random variable Z has increasing failure rate (IFR)

for all values of A and hence decreasing mean residual life (DMRL).

3.2 Comparison with the Normal Distribution

We shall now compare the skew normal distribution with the normal distribution

with respect to some stochastic relations. First we present the definitions of some

stochastic order relations.

Let X and Y be two absolutely continuous random variables with probability

density functions f and g and survival functions F and G. Then
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1. X is said to be larger than Y in likelihood ratio ordering, written as X LZR Y, if

F (X)/g (X)is nondecreasing as X increases.

2. X is said to be larger than Y in failure rate ordering, written as XFZRY, if

rr (z) < rg(z) for all z.

3. X is said to be larger than Y in stochastic ordering, written as X .Y, if

F (z) > G (X)for all X.

4. X is said to be larger than Y in mean residual life ordering, written as X Mﬁu Y,

if up (z) > pg (z) for all =.

It is well known that X 2, Y => X 2 ¥ => X 2Yand X 2 Y = X 2, Y;

see Gupta and Kirmani (1998).

Now suppose X is a random variable having a skew normal distribution function
F given by (3.1) and pdf given by f (X)= 2¢ (X)® (Az). Also, suppose Y is a
random variable with a standard normal distribution function G (z) =@ (X)and pdf
g (X)=¢ (X). Then

f (=) 2¢(z) @ (\z)
g(z) ¢ (=)

= 20 (\z),

which is increasing if A > 0 and decreasing if A < 0. Thus if A > 0, it follows that



X 2. Y. This implies that:
1. rr (2) < r¢ (2)forall z,
2. F(x) > G (z)for all z, and

3. pr(z) > pg (z)for all =.

Similarly, if A <0, it follows that X LSR Y and hence:

1. rp (@ re (X)for all z,
2. F(2) < G(2)forall z, and

3. pp(z) < pg (z) forall z.

24
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Chapter 4

APPLICATION TO STRENGTH-STRESS MODEL

In this section we are interested in estimating the P (Z1 < Z2) when Z; and Z3 are
independent skew normal random variables with parameters A; and x2, respectively.
Before proceeding further we obtain the distribution function of a1Z; + 4925, where

a; and ay are constants.

Theorem 4.1 Let Z; and Z, be independent where Z; ~ SN (A\;) and Zy ~ SN ().

For any real numbers a; and as, the distribution function of a;Z; ta2Z, i given by

u— (0161 + 0262)t
g

P(a1Z1 4+ a2Z, < u) = 2]°<I> ( ) @ (t)de, T (4.1)

0

where §; :7;\?’ i=1,2and o? =a? (1-63) ta? (L -63).

) . _ __a
Proof. Using Theorem 2.2,with &, —&—m and 6, ﬁg , Z1 and Z, can be

written as
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Zy =6 Yol + (1 - 5%)%3"1
and
Zo =& Yol + (1 - 8)7 s,

where Yy, Y71, and Y, are independent standard normal random variables. Thus

")

+ ay (52 Yol + (1 - 82)F Yz) <

Nt

P(a1Zy + 032y <u) = P (ab1 (51 Yol + (1 —62)

u)
1
3

= P(a(1-8)1

1
2

tap (L 62)? Yy < — (a16; T as65) Yol +u)

o0

= /P(Allfl + A2Y'2 <u — (a161 +a252) t) 24 (t)dt,

0

1
2

where A; =a, (1-62)% and A, —a, (1-62)7 . Let V = A,Y; T 4;Y;. Then V has

a normal distribution with E (V) =0 and Var (V) = A2 + A3 =02 Therefore,

P (a2, '|'a,2Z2 <u) _— jP (V—O < u — (3.16i_-+a252)t) 2¢(t)dt
ag
— 2/(1) (’U, _(0;1(510-+(1252) t) (b(t)dt

0
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Remark 4.2 In general, if fori =1,2, ..n, the Z; are independent, and each Z; ~

SN (Xi) , then

P (f_: 0:;Z; < u) = 27@ (“ — tz}l ai&") & (t) dt (4.2)

i=1 0

Ai
1+2?

and o2 =Y a? (1 —&2).

where 6; =
The next theorem deals with the pdf of a12, +a2Z2.

Theorem 4.3 Let Z; and Z be independent where Z; ~ SN (A1) and Zy ~ SN (Ag) .

For any real numbers a; and as,

a1Z1 + a2Z2 a
ST 2 O8N (= 4.3
At SN (7)), (4.3)

AL 5 =1,2; a=a16; + az6, and02=a"1’(1—6f)+a§(1—6§).

where 6; =
V142

Proof. From (4.1) the pdf of a1Z; + a2Z5 is given by
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d d Vi u — (a161 + a262) t
— = — t)dt
duP (a1Z1 +aq9Zy < u) du2/<I> ( o ¢( )
0
_ g /¢ (u — (a161 + az67) t) b () dt
o o
0
1 T 1 2 1 2
= S —— —at dt
7rU/exp{ 2[t +02(u a)]}
0
~1_u? oo ua \2
e 2 (a2+02) 1 (t — a2+02)
T T
0 aZ4o?
1 u2
€_§(a2+02) —ls2d h —ua
= —— 2 where ¢ = ————
Va2 + o? ¢ s ova? + o?
_1___u?
V2me 2 (@+e?) 5 ( ua )
N mva? 4 o2 ova? + o?
2 ivig (gw) where w = ———
- Vor o va?+ o?
= 26 (W)@ (ﬂw) .
o
Thus
a1Z1 -+ 02Z2

= ~SN ().

Remark 4.4 In general if Z; are independent SN (Xi) ,i =1,2, ..m, then

210 a 4.4
T SN () .

Ai

where §; = Nk =Y aib;and o2 =Y ;a2 (1-67).
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We now apply the skew normal to a strength-stress model. If Z, is the stress on

a component and Z, is the strength of the component, we use the previous theorem
to evaluate P (Z; < Z,) , where Z; ~ SN (\;) and Z, ~ SN (). First we must

prove the following lemma.

Lemma 4.1 For any real h,

1 1
f@ (hu)p (upu = Marctanh'l'z. (4.5)
0
Proof. Consider a more general integral, given by

[e o]

9 (hk) :/@ (hu T k) ¢ (u) du. (4.6)

Taking the derivative of (4.6)with respect to h, we get

a
Lo k) = [us(huti)o

o0

0

Ji 1
= %/uexp{—é [(hu+k)2+u2]}du
0

s 2
1 (1+ h?) hk P
= _27re 2(1+h)/uexp{-— 2 u+ Y U
0

k2 h2)2
1 e 0+ | g 2007 /2 (hk) {1 q)( hk )}
VIt R |VithE 1+ h?

k2 k2

" waem e (ﬁ"fﬁ-ﬁ)] (47)




Strictly speaking, (4.7) has to be integrated back with respect to h.
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However, the

value of this cannot be obtained in a closed form. It can be obtained in an infinite

series form as it is the same form of integral involved in the distribution function of

Z, see Theorem 1of Henze (1986).

For our purposes, we can consider the case kK =0 and get

a 1
an” "= my

where

v (hQ)= 2in arctanh + B, for some real constant B.

Since ¥ (0,0) =1, it follows that B = 3. Hence

f@ (hu)p (upu = %arctanh + ;1'

0

We are now in a position to evaluate P (Z; < Zs) .

(4.8)

Theorem 4.5 Let Z; and Z, be independent where Z; ~ SN (Ay) and Z; ~ SN (A).

Then

where §; = —R2i— i =1, 2.

Va2’

(4.9)
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Proof. We apply Lemma 4.1 in the case where a; =1,a, = —1,and uv = 0. We

get 02 = (1-62) t (1 - 62) =2 — 62 — 62 and hence using (4.1) ve have
T t
P(Zy<Zy) = 2/ B bt o (t)dt
2 V-8 _&
0
o | L aret 8 — b + 1
= — arctan | —F/———y7——orx -
L ct b2~ & + .
= —arctan | ———— -.
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Chapter 5

ANALYSIS OF THE ROBERTS DATA

Before proceeding further, we present the following motivation, due to Arnold et
al. (1993), for the skew normal distribution involving location and scale parameters.
Let (X ,Y)wave a bivariate normal density with mean vector (g, i4), variance vector

(0%,02) and correlation p. Let f (z,y) denote the joint density of X and Y . If Y'is

truncated below at its mean, p,, then the joint density of X and Y is given by

2f($>y)’ —0<T<OO, Y> Uy

fxx (@y) = { 0, elsewhere, (5.1)

which is a truncated bivariate normal distribution. We shall now derive a non-

standard skew normal random variable X .

Theorem 5.1 Let X and Y have thejoint density (5.1). The marginal distribution

of the untruncated variable X is given by

fx (@)= 24 (3”—‘—"—) 3 (N, (5.2
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where A = ﬁ The random variable X 1is said to have a non-standard skew
—P

normal distribution.

Proof. Integrating the joint density of X and Y with respect to ¥, we have

fx(@) = 2/f(:v,y)dy

Y R A
27['0'10'2 l—p

)

;_l

= 2e_ : i / T 2(a- p’ ) ( )]
27('010'2\/1—

2¢ (m-“ ) / ~saimyeg [V P"?(‘:’fl)]zd
\/—0102\/1_————

Letting V =y — 1, —pa2 ( )/02\/1_—-—; we have

Y.

Jx (z) %Q%\>7 LIPS h AN, o
r) = e Zdv, wherec= ,
x o1 / V2r 1—p2

= 3¢ <£:ﬂ) F) P (%_l_f_)

01 71 1—p?

If X has the pdf given by (5.2), it is called a non-standard skew normal with

parameter A = —£—.
A/1-p?
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The moments of the non-standard skew normal are given by

E(X) = ,u1+p\/gcrl
Var (X) = [1—,)2 (%)}03

and

1 3
4 2\? 20%\ 2
Skewness (X) = <-7; - 1) (7—;) p° (1 - —%) .

Let X1, Xs, ..X» be a random sample of size n from the pdf (5.2). Then the

moment estimators are given by

wi=

N £ ms

P VR -2
2
3

52 _ g2 2 ms3

IR VA (7P

1

2\ "2
3

2, (-1 /7

p s msa

o= P

1—p2

where Z is the sample mean, s? is the sample variance, and mj is the third central

sample moment. These moment estimators will be useful in choosing the initial

values for solving the nonlinear likelihood equations given in the next section.



5.1 Maximum Likelihood Estimates

The log likelihood function is given by

n 2
_o_" ule:i)_
InL=C Elntf 22.:1 = +

The likelihood equations are given by

OlnL
op

olnlL
do?

OlnL
o

n

) mnd

[z — A= ¢ A (B2)]

> (%) 5 e e =
n 1 (w,-—u)z_ A =g [ ()]
202 244 ot 208 4 @ [A(35H)]
and

oA ()] (-

S ene (1) -

35
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If we let W(z;) =¢ [A (_ﬂ_:f_g)] /q, [)\ (:E_;_;ﬁ)] , the above equations become

i (mi(,; #> = 3 2;: W (zi), (5.4)

=1
n (@i -p) A
§=Z P - 243 ZW(ZII,) (mi_#’)’ (55)
=1 =1
and
D> W (z:) (z:—p) = 0. (5.6)
=1
Solving (5.3), (5.4), and (5.5), the maximum likelihood estimators are given by
E 1E,'W (IE,)
po= S5—, (5.7)
n A2
~2 (z: — &)
3* = ; S (5.8)
and
S CT
A= (5.9)
W (z;)

i=1

The inverse of the Fisher Information Matrix can be used to find the variance-

covariance matrix for the estimates. The Fisher Information Matrix is given by



13x3 =

[ ( 2 2 2
n{14+A%ao nbA{1+2A n,\za] 1 b
o o2 (1+22)>? T an [(1“2)3 P A
ndA(1+2A2 nxZa n nla
02(1422)** + 25 2 (1+ )‘2(12) —e
1 b nia
| " [(1+,\2)3/2 - )\al} e o
where
2
b = 4/—, and
T
¢(22) )" i
= EZF[| 2L k=20,1,2), with
a’k { (¢ (AZ) ] ( ?+ ) I
7 - ¢

The derivation of the matrix can be found in the appendix.

5.2 Estimates for 1Q Data

Arnold et al. (1993) applied the skew normal distribution to a portion of an IQ

score data set from Roberts (1988). In this section we expand the application to the

full data set. The Roberts IQ data gives the Otis IQ scores for 87 white males and

52 non-white males hired by a large insurance company in 1971. The data is given in

the following tables:
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Table 5.1: Otis IQ scores for whites
124,106, 108, 112, 113,122, 100, 108, 108, 94, 102, 120, 101, 118,
113,117, 100, 106, 111, 107, 112, 120, 102, 135, 125,98, 121, 117,
124,114,103, 122,122,113, 113,104, 103, 113, 120, 106, 132, 106,
112, 118,113,112,112,121, 112,85, 117, 109, 104, 129, 140, 106,
115,109, 122, 108, 119, 121, 113,107, 122, 103, 97, 116, 114, 131,
94, 112, 108, 118,112, 116, 113, 111,122, 112, 136, 116, 108, 112,
108,116, 103

Table 5.2: Otis IQ scores for non-whites
91, 102, 100, 117,122, 115, 97, 109, 108, 104, 108, 118, 103, 123,
123, 103, 106, 102, 118, 100, 103, 107, 108, 107,97, 95, 119, 102,
108, 103, 102, 112,99, 116, 114, 102, 111,104, 122,103, 111, 101,
91, 99, 121, 97, 109, 106, 102, 104, 107, 95

To apply the skew normal as a truncated normal according to the motivation
of the model given by Arnold et al. (1993), we assume that these individuals were
screened with respect to some variable Y , which is unknown. We further assume
that only individuals who scored above average with respect to the screening variable
were hired.

Let X represent the IQ scores of the individuals hired. The variable X is the
unscreened variable, and only this variable is observed. We assume that (X,Y’) has
a bivariate normal distribution with mean vector (u;, i), variance vector (¢?,03%)
and correlationp. Therefore the observed IQ scores represent a sample from a non-
standard skew normal distribution.

We apply the non-standard skew normal maximum likelihood estimators to the
IQ score sample to estimate the mean and variance of IQ scores for the unscreened
population. We now let X; represent the score for whites and let X, represent the

scores for non-whites. The two data sets displayed above are analyzed separately,
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each under the assumptions of normality and skew normality. The estimates are

given in the following tables:

Table 5.3: Parameter estimates for Otis IQ scores for whites
paramer normal skew normal (95% Confidence Interval)

M1 112.86 105.78 (100.38, 111.26)

a1 9.58 11.94 (8.81, 15.86)

A1 1.14 (-0.09, 1.77)
Table 5.4: Parameter estimates for Otis IQ scores for non-whites
paramer normal skew normal (95% Confidence Interval)

H1 106.65 98.79 (93.11, 104.47)

01 8.23 11.38 (8.17, 11.71)

A 1.71 (0.4, 2.02)

For both data sets, under the assumption of normality the mean is overestimated
and the standard deviation is underestimated.

Using the estimates from above, we first transform the data sets, given in Tables
5.1 and 5.2, to the data sets on standard skew-normal random variables Z; and Z,.
We then estimate A} and X, for the standard skew-normal random variables. The
resulting estimates are A\; = 1.15and X\, = 1.84. We now employ the machinery
developed in section 4 to estimate the probability that the IQ score for a white
employee is less than the IQ score for a non-white employee. From the estimates of

A} and X, and (4.9), we have §; =.755 and 6, =.878 and

1 -6 1
P(Zy< Zy) = ;arctan (——-(?2——1———) + =

/-8 -8) 2

= .5473.



Chapter 6

CONCLUSIONS AND RECOMMENDATIONS

In many real life applications, it has been observed that the unrestricted use of the
normal distribution to model data can yield erroneous results. For the Roberts (1988)
data analyzed in chapter 5, the application of normality resulted in overestimates of
the mean IQ scoresin both cases. This is due to the fact that the scores were obtained
by screening on some other variable which is unknown, giving rise to skewness in the
data. For this reason, we have used the skew normal distribution to estimate the
desired probability.

There are many possible extensions of the skew normal model. Azzalini and Dalla
Valle (1996) and Azzalini and Capitanio (1999) have investigated the properties of the
multivariate skew normal. The reliability functions examined in this paper may also
be extended to the multivariate case. Also many other reliability properties of skew

normal or multivariate skew normal models which are true for a normal distribution
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can be investigated, see for example Gupta and Gupta (1997, 2000).

Another area of interest is the application of the univariate skew normal to linear
models. In the recent presidential election, there was considerable discussion about
the measurement error of the machine and hand recounts. In linear models, the
error term is assumed to be normal with mean zero. However, if we consider each
Florida county separately, with each showing a significant margin of victory for one
of the two candidates, then the measurement error will have skewness in favor of the
winner. Therefore, it is appropriate to investigate the nature of a linear model with

a skew normal error term.



42

BIBLIOGRAPHY

(1] Arnold, B. C., Beaver, R. J., Groeneveld, R. A. and Meeker, W. Q. (1993). The
nontruncated marginal of a truncated bivariate normal distribution. Psychome-

trika, 58(3), 471-488.

[2] Azzalini, A. (1985). A class of distributions which includes the normal ones.

Scandinavian Journal of Statistics, 12, 171-178.

[3] Azzalini, A. (1986). Further results on a class of distributions which includes the

normal ones. Statistica, 46(2), 199-208.

[4] Azzalini, A, and Capitanio, A. (1999). Statistical applications of the multivariate
skew normal distribution. Journal of the Royal Statistical Society, 81(3), 579-

602.

[6] Azzalini, A. and Dalla Valle, A. (1996). The multivariate skew-normal distribu-

tion. Biornetrika, 83(4), 715-726.

[6] Geary, R. C., (1947). Testing for Normality. Biometrika, 34, 209-242.



43

[7] Gupta, P. L., and Gupta, R. C. (1997). On the multivariate normal hazard.

Journal of Multivariate Analysis, 62(1), 64-73.

[8] Gupta, P. L., and Gupta, R. C. (2001). Failure rate of the minimum and maxi-

mum of a multivariate normal distribution. To appear in Metrika.

[9) Gupta, R. C., (1981). On the mean residual life function in survival studies.
Statistical Distributions in Scientific Work, 5, D-Reidel Publishing Company,

Boston, 327-334.

[10) Gupta, R. C. and Kirmani, S. N. U. A. (1998). Residual life function in reliability

studies. Frontiers in Reliability, 4, 175-190.

{11] Mudholkar, G. S. and Hutson, A. D. (2000). The epsilon-skew-normal distribu-
tion for analyzing near-normal data. Journal of Statistical Planning and Infer-

ence, 83, 291-309.

[12] Owen, D. B. (1956). Tables for computing bivariate normal probabilities. Annals

of Mathematical Statistics, 27, 1075-1090.

[13] Prentice, R. L. (1975). Discrimination among some parametric models.

Biometrika, 62, 607-614.

(14] Roberts, H. V. (1988). Data Analysisfor Managers with Minitab. Redwood City,

CA:Scientific Press.

[15) Turner, M. E. (1960). On heuristic estimation methods. Biometrics,16, 299-401.



APPENDIX

FISHER INFORMATION MATRIX

The elements of the Fisher Information Matrix are derived as follows. We let

p = |
T
_ v [ 9(A2) 2 _
a = E{Z <——<I>()\z)> },(k—-0,1,2), and
7, = Xi—p
o

The log likelihood function is given by

n 59 n
lanC—nmaz—Z%i+Zh1<I>(/\Z,~), where Cisaconstant.
=1

i=1

We now derive the elements of the matrix. First, we have



& ¢ (AZ:
_E<5u—lnL) { (Z———Zq, AZ)>}
n AN (AZ) o (AZ) ¢ (A\Z;)
—E {‘55 o2 ®(AZ) " (<I> (AZi)) ]}

2 42 .n 7 . .
£+2‘M+1\_E/(_’\.Z'_)?QZ—')2¢(Z,-)@(AZ,-)dZ,-

o? o? 0% & ) ® (AZ;)
% nc;o;\? 20)\23 Iz";—]o T ue 3 du
It is known that the first moment of a standard normal random variable is zero. Thus
Ly = % + na;);\2



Next, we have

he = =5 (ant) - {30 (Z_“me)}
_ —E{ -2Z A e (223 - ¢(}‘Z)+AZ< (,\z))

2 (\Z) ®(\Z:)
2 +£ n /°°Z,?¢(AZ,-)
CoeV1+ X P ) 2(AZ)

Ai/ 52620202 2)dz; + 20

}

20 (Z:;) ® (\Z;) dZ:

o? . ®(A\Z;)
ST 72 (14 22
_ 2nAb + ’\2 / — 27?2 exp{ _(_2___2 dZ;
o214+ 07 ¢ g
S| 72 (1+ X) \na,
2 Py =2 3 dZ;
= _/ 2r exp{ 2 + o2

—00

2nAb 2,\3 - / ,
- — Z ———u’e Tdu
Ny '10027r1+)\2

) / 1 e_%du—{— Nnay
o* 5 J a1+ X o?

It is known that the even moments of a standard normal random variable equal one,

thus

2nAb ,\snb n\b N A2'I?,0,1

" U aVIEN (1400 a2V14a o

Anb (14222 . M’na,
- gl + 7
o2 (1 + A?)? o
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Next, we have

o B 0 [~ Zip(A\Z;)
Ly = I3 =-F (3[13/\ lnL) = E{B/.L (izl VAR (0Z)

—E{}Ti (z222 - 1) $(A%) | 3z, (M> }

- o (\Z;) D (M\Z;)

X T 2202 |
= = 2 / 5 07Z) 2¢(Zi)<I>(/\Z,-)dZ,

13 [ ¢(0Z) o dnay
+;;/(I)(/\Zi)2¢(zi)q>()\z,)dz, =

- 00

_ A2bn 4 bn _Anay

c(1+A3)F  oV1+A O

n b
= — ————3-—(11)\ .
‘7((1+A2)5 )

Next, we have

? 0 2n Zqﬁ()\Z
Ioo = —E(WlnL>=—E{% (“"a_ Z Z d (\Z)) )}

2 372
- —pl{-“_ s
o i1 o
n 2
A 2,3 ¢ (AZ;) 2 ¢(/\Z,-))
2 3_ 97, Vil et .
7 2 (WA -22) 507y P 30z

Again using the fact that the odd moments of a standard normal are zero and the

fact that the second moment is one, we have

n
12,2 = 03 (1+ )\2a2) .



Next, we have

I3

o < Z;i¢ (AZ;)

lnL> = —E{aa (izl ® (\Z:) >}

; 2 (9 (AZ)\?
(o0 -2) 502 0z (302)'

5
faz=—F (806)\

_E{

—n)\a2

1 n
52

=1

® (\Z:) :

g

Finally, we have

I33

0 (= Zip(NZ:)

32
5(Fomr) - {5 (S50}
" [A226(0Z) . (3(AZ)\]
_E{_g [ soa+ 7 (502) H

nas,
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