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The lateral-field excited (LFE) acoustic wave sensor element has been shown to be
more sensitive to mass, viscous, and electrical loading than the quartz crystal microbalance.
Despite this, no equivalent circuit exists to model the LFE sensor element under
simultaneous mechanical and electrical loading by a liquid. In this work an equivalent circuit
model of the LFE sensor element loaded with a Newtonian liquid is developed. This
equivalent circuit model is the first to model an LFE sensor under liquid loads with lumped
elements that relate to the piezoelectric crystal and the material properties of the contacting
liquid.

The LFE sensor element is examined by solving the coupled-wave equations for the
thickness-shear mode in the multi-layered LFE sensor structure, resulting in an expression
for the admittance of the LFE sensor element. The effects of liquid perturbations to the
admittance of the LFE sensor element are modeled as discrete circuit elements in an

equivalent circuit. The model is verified independently by measuring the sensor response of



LFE sensor elements with a variety of electrode gap separations, (0.5, 1.0, and 2.0 mm), to
changes in liquid viscosity, permittivity, and conductivity.

The equivalent circuit model developed is accurate, within +5%, admittance near the
resonant frequency for LFE sensor elements in deionized water. The model predicts the
frequency shift of the LFE sensor element to perturbations in the density, viscosity,

permittivity, and conductivity of the contacting liquid
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Chapter 1

INTRODUCTION

Sensors are prevalent in many areas of society. They are used in healthcare,
automobiles, security systems, and environmental protection to name but a small number of
applications [1, 2]. This dissertation focuses on a novel bulk acoustic wave (BAW) sensor
element for chemical and biological analytes, the lateral-field excited (LFE) sensor element,
developed by Dr. Vetelino [3] and his research group at the Laboratory for Surface Science
and Technology (LASST), University of Maine, Orono, ME. Specifically, an equivalent
circuit model is developed for the LFE sensor element on AT-cut quartz, under liquid loads
that accurately predicts the sensor response due to mechanical and electrical perturbations of

measured liquids.

1.1. Background

BAW devices are a well-established technology and have a long history of use as
feedback elements in oscillators, electronic filters, and sensors [4]. A BAW device consists
of a piezoelectric crystal with two exciting electrodes. Piezoelectricity is the generation of
bound electrical charges in a material due to strain in that material [5]. This effect is
bidirectional and an applied electric field causes strain in the material. Two methods of
exciting acoustic waves in BAW devices are thickness-field excitation, where the applied
electric field is directed along the thickness of a piezoelectric plate, and lateral-field
excitation, where the electric field is directed parallel to the major surfaces of a piezoelectric
plate [6]. Generally, there are many types of vibrations that can occur in piezoelectric
crystals including thickness shear, face shear, extension, flexure, to name a few [7]. The

discussion in this work will be limited to thickness shear vibrations. There are three



thickness modes that occur in BAW resonators, the 4, b, and ¢ modes, with each mode
having perpendicular particle displacements from the others [7, 8].

One of the more common BAW structures is an AT-cut quartz crystal resonator
with metal electrodes deposited directly on both major surfaces [7, 9]. This method of
excitation is thickness-field excitation because the electric field is directed through the
thickness of the quartz plate. The AT-cut of quartz is a singly-rotated cut, described relative
to the crystallographic axes in Figure 1. This orientation is particularly attractive for quartz
crystal resonators, since only the thickness shear mode, also referred to as the ¢ mode, is
excited [8]. Further, the velocity of the r mode does not vary appreciably with temperature
over a wide range near room temperature [8]. This mode propagates through the thickness
of the plate and has particle displacements parallel to the major surfaces of the plate |7, 9].
Quartz crystal resonators are used as the timekeeping element in watches and clocks [10], as
electronic filters [11], and as physical, chemical, or biological sensors [12]. When operated at
its resonant frequency, the induced strain in the quartz crystal resonator generates an elastic
standing wave that propagates through the thickness of the crystal [6, 7]. Conversely, the
propagated elastic wave generates an electric field that can be measured at the electrodes
[12]. A more detailed theory of operation for quartz crystal resonators is discussed in

chapter 2.
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Figure 1. Crystal and electrode orientation for LFE sensor element on AT-cut quartz

The quartz crystal resonator is often used as a gravimetric sensor, where it is called a
quartz crystal microbalance (QCM) [13, 14] . The electric field associated with the BAW
does not penetrate into the sensing medium due to shielding by the sensing electrode on the
surface. The QCM is in widespread use as a deposition monitor to measure the amount of
material deposited in chemical and vacuum deposition systems. The simplicity of the QCM
design and the linearity of the sensor response as mass accumulates on the sensing surface
make the QCM a popular choice for vacuum deposition. Numerous published studies exist
on the QCM as a sensing element for chemical and biochemical analytes in gas-, liquid-, and
solid- phase environments, see for example [4, 12, 15]. The low cost and durability of the
QCM sensor makes it a good choice for many physical, chemical, and biological sensors.

However, when operating in liquid-phase environments or with a film that is not



mechanically rigid, the QCM exhibits a response that is not linear as mass accumulates on
the surface.

Variations of the QCM have been examined and some are still in use such as the
electrochemical QCM (EQCM) [16] and the QCM with dissipation monitoring (QCM-D)
[17-20]. Several researchers have investigated probing electrical properties of a medium or
sensing layer using thickness shear mode resonators by modifying the electrode geometry of
the QCM. Josse, ¢f al. 21, 22] modified the size and/or shape of the sensing electrode and
found the resulting electrodes were effective in detecting conductivity and permittivity
changes in liquid environments. In particular they investigated the effect of decreasing the
size of the sensing electrode (Figure 2a) and used a ring-shaped sensing electrode (Figure 2b)
to detect electrical properties in liquid environments. They recognized that resonators with
these modified electrodes were capacitance sensors. Measurement of static capacitance
changes due to perturbations in the liquid environment is made through measurement of the
anti-resonant frequency. Thus, these devices combine advantages of a mass-sensitive QCM

with those of a capacitive sensor.

(@) (b) ©

Figure 2. Geometries of thickness shear mode resonators with a (a) small sensing
electrode, (b) ring-shaped sensing electrode, and (c) open ring sensing electrode

Zhang and Vetelino [23, 24] also examined resonators with small sensing electrodes

(Figure 2a) and ring-shaped sensing electrodes (Figure 2b) as well as open ring electrodes
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(Figure 2¢). They performed extensive experiments characterizing these modified electrode
resonators exposed to liquids while independently changing viscosity, conductivity, and
permittivity of different solutions. They found that as the overlap between the sensing
electrode and the reference electrode was minimized, sensitivity of the thickness shear mode
resonator to liquid electrical property changes was almost 25 times greater than for the
standard QCM electrode.

The thickness shear mode can also be excited in piezoelectric materials by
application of an electric field parallel to the major crystal surfaces. This method of
excitation is known as lateral-field excitation, and was previously called parallel-field
excitation [6]. With LFE sensor elements the electrodes are commonly positioned on the
same crystal face and an applied electric field is directed parallel to the face of the crystal. In
order to excite only the thickness shear mode in AT-cut quartz, (Figure 3), the electrodes

must be oriented with the electric field directed along the crystallographic z" axis, , where
w = 190", as shown in Figures 1 and 4. The bare sensing surface allows the LFE sensor

element to detect both electrical and mechanical property changes in the analyte or sensing

film.
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Figure 3. Lateral coupling factors for the a, b, and C modes in AT-cut quartz for an
electric field directed along y [25]
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Figure 4. Electrode orientation for excitation of thickness shear mode in LFE
resonator on AT-cut quartz: the shaded regions are the metalized electrodes



Lateral-field excitation of piezoelectric crystals has been used since 1941, when
Atanasoff and Hart [26] determined the elastic parameters of quartz crystals using this
method. Since then research has been performed on the lateral-field excitation of
piezoelectric crystals for their use as bulk resonant filters [27-37]. Although Vig and Ballato
[38, 39] suggested the possibility of LFE devices as sensors, Vetelino ez /. [3, 25, 40] were
the first to use LFE devices as sensors.

In an LFE sensor element both electrodes are placed on the surface opposite the
sensing medium while still exciting the thickness shear mode (Figure 4). In this case, the
sensing surface of the device is bare and one can either expose it directly to an analyte or
attach a chemi-selective or bio-selective layer directly on the bare crystal surface. Recently
Hempel, ¢# al. [41] have shown that changes in electrical properties of the analyte can cause a
redistribution of the electric field from the lateral direction to the thickness direction. This
redistribution results in a piezoelectric stiffening, which produces a change in the velocity of
the acoustic wave.

The primary advantage of the LFE sensor element is the detection of both
mechanical and electrical property changes at the sensor surface. It should be noted that the
ability to detect both mechanical and electrical property changes in an LFE sensor element
necessitates measurement techniques in which both effects on the sensor element can be
differentiated. There may also be measurement environments where electrical effects on the
sensor element are so large as to mask mechanical effects and zice versa. Other advantages of
LFE resonators include the ability to excite multiple modes and reduced stress at the non-
metallized surface [32-35]. The LFE sensing element has a simpler electrode structure than

the QCM sensor and can be realized in a small portable package. Like the QCM sensor, the



measurable output from an LFE sensing element is a change in its resonant frequency due to
mechanical and electrical property changes in the sensing film caused by the measurand.
Although a significant amount of research has been performed on the lateral-field
excitation of the thickness shear mode in BAW resonant filters [27-37], it has been focused
on operation in benign and stable environments, such as air. However, the use of LFE
resonators as chemical and biological sensors often requires that they be exposed to liquid
environments. To date, the theory describing an LFE sensor element operating in a liquid

environment has not been explored in detail.

1.2. Approach

The primary goal of this work is to develop the theory and subsequent experimental
verification of an LFE sensor element operating in liquid environments. The thickness shear
mode in the LFE sensor element will be examined by solving the coupled wave equations,
subject to the appropriate boundary conditions, in a multi-layered LFE sensor structure. A
theoretical expression for the admittance of the LFE sensor element will be derived. The
admittance will be examined and circuit elements relating to the material properties of the
substrate and liquid will be derived. The circuit elements will then be configured as an
equivalent circuit for the LFE sensor element operating in liquid environments. A simplified
relationship for the admittance at or near the resonant frequency of the LFE sensor element
will be derived, along with an explicit expression for the change in resonant frequency of the
LFE device under liquid loading. The model will be verified by experimental measurements
of the admittance of the LFE sensor element to changes in viscosity, permittivity, and

conductivity in the contacting liquid.



1.3. Organization

Chapter 1 presents a historical perspective of BAW resonators with a specific focus
on LFE resonators and sensor elements to date. Limitations of the current theoretical
models and the need for developing a model for the LFE sensor element operating in liquid
environments are discussed. The introduction closes, qualitatively describing the approach
used in developing the model for the LFE sensor element.

In chapter 2, the theory of acoustic waves in non-piezoelectric and piezoelectric
solids is presented and applied to describe the operation of BAW resonators. The chapter
concludes with commonly used models for describing BAW resonators.

An equivalent circuit model for LFE sensor elements under liquid loads is developed
in chapter 3. The chapter begins with a detailed discussion of LFE resonator theory. The
theory is extended to LFE resonators perturbed by different mechanical and electrical
loading conditions at the sensor surface. An expression for the admittance of LFE sensor
elements is derived and a theoretical equivalent circuit model for the LFE sensor element is
presented for the sensor operating under liquid loads. A simplified admittance equation for
the LFE sensor element operating at, or near, resonance is given. Finally, an expression for
the frequency change of the LFE sensor element due to mechanical and electrical variations
in the contacting liquids is developed.

The experimental methods used to measure the LFE sensor elements’ responses to
different liquid loads are presented in chapter 4. The equipment used, the solutions
measured, and the rationale for the choice of liquids is discussed in this chapter.

The experimental results for the LFE sensor element tests are presented in chapter 5.
The data are analyzed and the results are discussed. The summary, conclusions of the

research, and future research directions are presented in chapter 0.



Chapter 2
BACKGROUND THEORY

The introductory chapter presented a qualitative discussion of lateral-field excited
(LFE) resonators, which included a brief historical perspective and the rationale for the
research. In this chapter the theory of acoustic waves in non-piezoelectric and piezoelectric
crystals is discussed. Next, the theory associated with bulk acoustic wave (BAW) resonators
is presented, followed by an analysis of the thickness shear mode in AT-cut quartz for
thickness-field excitation and lateral-field excitation under air loading. Finally, three
equivalent circuit models are examined for BAW resonators, the Mason model [42], the
Martin model [43], and the transmission line model [35, 44]. The Mason model is given for
thickness-field excited and LFE BAW resonators under air loading. The Martin model is
given for thickness-field excited resonators under simultaneous mass and liquid loading and
is shown to reduce to the air loaded case. Finally, the transmission line model is examined
for thickness-field excited resonators under air and liquid loading and LFE sensor elements
under air loading. This leads to chapter 3 in which an equivalent circuit model for a liquid-

loaded LFE sensor element is derived and presented.

2.1. Acoustic Waves in Non-Piezoelectric Crystals

2.1.1. Mechanical Considerations

“Acoustics is the study of time-varying deformations, or vibrations, in material media
[45].” This simple definition of acoustics is the starting point in developing a mathematical
description of acoustic waves in solid media. However, before a mathematical description of
acoustic waves can be presented, the physical phenomena of strains, S, and traction forces,

T, more commonly known as stresses, in solids will be discussed.
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When external forces are applied to a solid body, it may undergo a rigid translation
or rigid rotation, such as when one moves a box from one position to another or rotates the
box. However, the box may become deformed and internal forces may result from the
external forces applied to the box in addition to, or instead of, the rigid translation or rigid
rotation of the body. It should be noted that an applied force to a rigid body results in
material deformation if and only if the particles of the body are displaced with respect to the
other particles, not if the body undergoes rigid translation or rigid rotation. The
deformations of a material can be described by strain, S, a measure of deformation
representing the relative displacement between particles in the material [46]. Strainis a
dimensionless quantity, having no units.

When evaluating acoustic waves in three dimensions, using Cartesian coordinates,

the strain is represented by a 3 x 3 matrix.

Su S S
S=|Sx Su Syl 2.1
Sai Sm Sux

where the subscripts relate the differential particle displacement in the direction of the first

subscript with respect to the direction of the second subscript, ze. S, is the strain

component relating the differential particle displacement in the X; direction with respect to
the X, direction. Due to symmetry S; =S; where i and j are any Cartesian coordinates
X;, X,,and X,. The result is that S has a maximum of 6 independent values instead of 9,

allowing us to write S as a 1 x 6 matrix,
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with the index transformations shown in Table 1. Please note that while equation 2.2
provides us with a simpler mathematical form, equation 2.1 provides us with more insight as

to the physical deformations that are occurring in the material.

Table 1. Index transformation for elastic wave equations [47]
J
11
22
33

23,32

13, 31

12,21

AN~ (|~

When a body undergoes a time-varying deformation, internal restoring forces
develop between neighboring particles. These internal restoring forces are traction forces,
T, and are commonly called stresses. The stresses between neighboring particles act upon a

surface, and can be represented as a 3 x 3 matrix,

Ty, T, T
T=Ty T, Tyl (2.3)
Ty Ty Ty

The individual components are best described by examining a cube of arbitrary material

(Figure 5). Let’s examine the shaded face of the cube in Figure 5, which is one of the two

surfaces normal to the X, axis. Any internal traction forces acting on this surface can be

described as the sum of the traction forces acting in the X, X, , and X, directions. The X;-

12



and X, -directed components of stress on the shaded X; face of the cube are the shear
stresses, T, and T,,, whereas the X,-directed component of stress on the shaded face of the
cube is the compressional stress, Tg;. Thus, for an arbitrary geometry, the stress component

T; is the j-directed stress acting on an i surface, where i and ] correspond to the

Cartesian coordinates X, X, , and X,. From this description it can be seen that the units of
stress are N/m” Due to symmetry Tij = Tji and a simplified form of the matrix T can be

represented using the transformations given in Table 1 as follows,

2.4)

—
I
m_| U'|_| J>_| w_| v\:_| r—\_|

o
\/

X
Figure 5. Stresses on a surface of a cube of arbitrary material
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If we imagine that the particles or atoms that make up the solid are connected by
springs, it is easy to see that, as a particle is displaced, the restoring force will work to bring
the particle to its initial position. The relation of the restoring force to this displacement is
Hooke’s Law, [48, 49] described symbolically by the equation

[T1=le]s]. @5)
where [C] is a matrix of elastic stiffness constants. Since strain is dimensionless, elastic
stiffness must have the same units as stress, which are N/m?” Materials that have small
values of C are easily deformed whereas materials that have larger values of C are more
rigid. This is the same as for a spring, thus elastic stiffness can be imagined as the

microscopic spring constant of a material [48]. The elastic stiffness constants form a 6x6

matrix.

[c]= . (2.6)

The elastic stiffness constants are a material property and, for anisotropic solids, depend on

the orientation of the solid body. If the solid is a crystal and the location of the crystalline
axes are known, then [C] can be easily rotated to the desired crystal orientation using

transformation matrices.

Conversely, Hooke’s law can also be used to relate the strain to a known stress,
[s]=[sIT]. 27)
whetre [S] is a matrix of elastic compliance constants. Elastic compliance has units of m?/N

and is the measure of the deformability of the material. Thus, materials with large values of
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[S] are easily deformed while materials that have smaller values of [S] are more rigid. The

matrix has the same form as [C], therefore

[s]= , 2.8)

Hooke’s law is an idealized model for relating stress and strain. However, close
inspection of equation (2.5) reveals that, under resonant conditions, vibrations in solids
would persist indefinitely since there is no term for damping the vibrations. It is similar to
investigating a mass attached to a spring—if the mass is dropped the mass will oscillate up
and down as the restoring force of the spring acts on the mass. Intuitively, we know that
eventually the magnitude of the oscillations will decrease until the mass stops vibrating on
the spring. The same is true for elastic waves in solids with the vibrations of the particles
being damped over time. Acoustic losses in many materials at room temperature can be
adequately described by a viscous damping term [48] and Hooke’s law can be modified as

follows,

1= [cJs)+ [} 2 [s], 29)

ot
where [77] is the viscosity constant matrix. Viscosity is a linear relation of the rate of strain

to stress in the solid and has units of Nes/m” Mathematically, it can be seen that, in the
absence of a source of vibrations, the vibrations will initially have an amplitude related to the
applied external force, and will decay with a rate depending on the viscosity. Equation (2.9)

is the elastic constitutive equation.
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In addition to the elastic constitutive equation there are the Newtonian stress

equations of motion [50],
T, =Pl (2.10)

where T;; is the derivative of T; with respect to the i direction, p is the density of the

I
material, and U; is the particle displacement in the ] direction. The two dots above U,
denote the second derivative of displacement with respect to time. Equation (2.10) is in
Cartesian tensor notation where the equation is summed over the subscript i for the X;, X, ,
and X, directions.

The final equation that is needed to describe elastic waves in solids are the strain-

mechanical displacement relations

1
Sy =5 (U, +u;,). @11)

2.1.2. Electromagnetic Considerations
When a solid is exposed to electromagnetic fields and waves the behavior is
described by the boundary conditions of the solid and Maxwell’s equations which are given

below in Cartesian tensor notation [50] as follows,

H,; =D +J;, 2.12)

E., =B, (2.13)

B,=0, (2.14)
and

D =p.- (2.15)
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H is the magnetic field intensity in units of A/m, D, the electric displacement in units of
C/m’, J, the current density in units of A/m” E | the electric field intensity in units of
V/m, B, the magnetic flux in units of Ves/m?* and p,, the electric charge density in units of

C/m’. The linear electromagnetic constitutive equations [5] are

D =c.E., 2.16
i i
B =uH,, (2.17)
and
J, =oyE;, (2.18)

where ¢ is the permittivity of the solid in units of F/m, g, the permeability of the solid in

units of H/m, and o, the conductivity of the solid in S/m.

2.2. Acoustic Waves in Piezoelectric Crystals

In chapter 1 piezoelectricity was defined as the generation of bound electrical
charges due to a strain in a material and conversely an applied electric field can result in
strain in a material [5]. In the previous section the theory of acoustic waves in solids was
presented while considering both mechanical and electrical effects on the material.
However, the previous equations described either mechanical effects or electrical effects of
the material separately. In piezoelectric solids the coupling of the mechanical and electrical
equations must be described. The following equations ignore losses due to crystal viscosity.

The magnitude of the piezoelectric effect is described by piezoelectric stress

constants, €. , which are measured in units of C/m? The piezoelectric stress constants

ijk >

allow for the coupling of the mechanical and electrical equations through the piezoelectric

constitutive equations [50],
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Tij = CijkISkI — €j Ek (2.19)
and

D; = & B+, Sy - (2.20)
Careful examination of the first terms in equations (2.19) and (2.20) reveal that they are
simply Hooke’s law, equation (2.5), and a linear electromagnetic constitutive relation,
equation (2.16), without considering the piezoelectric properties of the solid.

As with Hooke’s law, stress rather than strain can be the independent variable. The
piezoelectric constitutive equations are then given as

Si =SiuTa + dijk E, (2.21)
and

D, = &;E; +dy Ty, (2.22)

where d are the piezoelectric strain constants in units of C/N.

2.2.1. The Quasistatic Approximation

In the analysis of acoustic waves in piezoelectric solids, it is convenient to use the
quasistatic approximation. This approximation is a result of the fact that the generated
electric field, E, due to strain in a piezoelectric material does not couple to the magnetic
tield, H. Thus, no electromagnetic energy is carried because of the acoustic wave [51] and

the electric field is simply the gradient of scalar potential, ¢, as follows,
E.=—9d,. (2.23)
This also means that there is no free charge, (however, there are bound charges due to the

acoustic wave), in the solid. This allows for equation (2.15) to be written as

=0. (2.24)
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Finally, the quasistatic approximation results in a generated electric field that is longitudinal.
This means that the electric potential varies spatially in the direction of the acoustic wave

propagation.

2.3. Bulk Acoustic Wave Resonators

Bulk acoustic wave (BAW) resonators have been used since the early 20" century [4]
and are used as frequency control devices, electronic filters, and sensors. There are many
designs of BAW resonators, but essentially a BAW resonator consists of a plate of
piezoelectric material with two electrodes. The electrodes provide the electrical contact both
for delivering the electrical signal to and receiving the electrical response from the resonator.
The piezoelectric material undergoes a deformation due to the applied electrical signal and,
with proper orientation of the piezoelectric plate, an acoustic wave is propagated through
the bulk of the plate. This BAW generates bound charges in the piezoelectric plate resulting

in an electrical response of the plate to the input signal.

Electrodes

Top Surface Quartz

Side View

Bottom Surface

Figure 6. Geometry of a simple bulk acoustic wave resonator on quartz, not drawn to
scale.
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The simplest geometry for a bulk acoustic wave resonator consists of a quartz disc of
thickness, h, with the major surfaces covered by a metallic electrode (Figure 6). Applying a
high frequency electrical signal to the electrodes excites the thickness shear mode in the
quartz disc.

The thickness shear mode is an elastic standing wave propagated through the
thickness, h, of the crystal. The particle displacement for this mode is perpendicular to the

propagation direction (Figure 7). The velocity, V,, of the thickness shear mode is expressed

as

v, = fA

s , (2.25)
where f is the frequency and A, the wavelength of the acoustic wave. The orientation of
the crystal, the crystal density, and its mechanical compliance and piezoelectric properties

determines V. The wavelength of the acoustic wave is constrained by the geometry of the

plate as follows,

nA
h=— 2.26
: 220
where N=135,---. The allowed frequencies of operation can be found by solving equation

(2.26) for A and substituting into equation (2.25) yielding:

nv,
2h

f =" 2.27)

where f™ is the Nnth harmonic of the thickness shear mode. Only odd-numbered
harmonics, (Ze. N =1,3,5...), can be excited since the even-numbered harmonics have no

particle displacement at the surface of the quartz disc as opposed to odd-numbered

harmonics, which have maximum particle displacement at the surfaces of the disc.
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Figure 7. The particle displacement profile of the thickness shear mode having
arbitrary amplitude, A, in a quartz disc (side view) for (left) the fundamental (n = 1)
and (right) the third (n = 3) harmonic.

2.3.1. Thickness-Field Excited BAW Resonators

The most common way of exciting the thickness shear mode in BAW resonators is
by means of thickness-field excitation. Thickness-field excited resonators have electrodes on
both major surfaces of the crystal (Figure 6), thus the applied electric field is directed
between the electrodes through the thickness of the piezoelectric plate.

The most popular and well-known BAW sensor platform is the quartz crystal
microbalance (QCM). The standard electrode geometry of the QCM sensor is shown in
Figure 8. The metalized region on the opposite surface (reference side) is outlined with
dashed lines. The tab of the electrode on the sensing side wraps around the edge of the

crystal to the reference side so that both electrodes can be contacted on the reference side.
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Figure 8. The top view (sensing surface) of a standard QCM sensor. The shaded
and dotted regions are gold. The dotted regions indicate the reference (bottom) side
while the shaded regions indicate the sensing (top) side [52].

QCM rate monitors have a slightly different electrode configuration with the sensing
electrode covering almost the entire surface and no electrode wrap-around [14]. In the
QCM sensor an electrical signal is delivered to the QCM via two leads that contact the back
surface or reference surface of the crystal. The application of a high-frequency electrical

signal excites the resonant thickness shear mode in the crystal. The thickness shear mode

has mechanical displacements in the X; direction that are perpendicular to the propagation

in the X, direction and parallel to the crystal surfaces (Figure 7). When a mechanical change
(mass, viscosity, or elasticity) occurs on the sensor surface, the resonant frequency of the
device changes [13, 43, 53]. For the QCM rate monitor, leads are attached to both crystal
surfaces, also resulting in thickness field excitation.

Although the QCM rate monitor is the standard for monitoring thin film thicknesses
in deposition systems, there are disadvantages associated with the QCM sensor platform.
For some chemical or biological sensing applications, such as antibody attachment, the gold
electrode on the sensing surface of the QCM necessitates using techniques such as the
Langmuir—Blodgett method [54] to attach the selective chemical or biological film to the

sensor sutface instead of the silicon-based surface chemistries that are often used in chemical
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and biological sensing applications. Further, the electric field associated with the thickness
shear mode cannot penetrate into the measurand or sensing layer due to the conducting
electrode on the sensing surface. Therefore, electrical property changes to the permittivity
and/or conductivity of the adjacent liquid or chemi- or bioselective film caused by the target
analyte cannot be detected with the standard QCM sensor.

Several researchers have investigated probing the electrical properties of a medium
or sensing layer using thickness shear mode resonators by modifying the electrode geometry
of the QCM. Josse, ¢ al. modified the size and/or shape of the sensing electrode and found
that it was effective in detecting conductivity and permittivity changes in liquid environments
[21, 22]. In particular, they investigated the effect of decreasing the size of the sensing
electrode (Figure 2.(a)) and also used a ring-shaped sensing electrode (Figure 2.(b)) to detect
electrical properties in liquid environments. They recognized that resonators with these
modified electrodes were capacitance sensors. Measurement of the static capacitance
changes due to changes in the liquid environment is made through measurement of the
changes in anti-resonant frequency. Thus, these devices combine the advantages of a mass-
sensitive QCM with a capacitive sensor.

Zhang and Vetelino also examined the resonators with small sensing electrodes
(Figure 2.(a)) and ring-shaped sensing electrodes (Figure 2.(b)) as well as an open-ring
electrode (Figure 2.(c)) [23, 24]. They performed extensive experiments characterizing these
modified electrode resonators to liquid loads with changing viscosity, conductivity and
permittivity. They found that as the overlap between the sensing electrode and the reference
electrode was minimized, the sensitivity of the thickness shear mode resonator to liquid
electrical property changes was almost 25 times greater than for the standard QCM

electrode. Specifically, the results obtained when the devices were exposed to various
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concentrations of NaCl in solution showed the decreased size and open-ring sensing
electrodes to have much higher frequency shifts than the standard QCM.

Andle, e al. examined a novel thickness shear mode sensor referred to as a
monolithic piezoelectric sensor [55-57]. This sensor has a circular electrode on the reference
side of the piezoelectric disc and two semicircular electrodes separated by a gap on the
sensing surface. This structure results in a two-pole coupled resonator in which the electrical
response is determined by the mechanical coupling between the input and output electrodes.
The two resonant modes of the monolithic piezoelectric sensor were found to be equally
sensitive to mass loading by thin solid films, yet exhibited different responses to viscous
liquid loading. The advantage of this sensor is that a single-frequency oscillator can be
designed to be sensitive only to bound mass at the sensing surface and not to solution
effects. The design of the monolithic piezoelectric sensor must be optimized so that there is

minimal compressional wave generation.

2.3.2. Lateral-Field Excitation of BAW Resonators

The thickness shear mode can also be excited in piezoelectric plates by application of
an electric field parallel to the crystal surfaces. This excitation is called lateral-field
excitation. In an LFE sensor element both electrodes are placed on the surface opposite the
sensing medium while still exciting a thickness shear mode (Figure 4). In this case, the
sensing surface of the device is bare and one can either expose it directly to a measurand or
attach a chemi- or bioselective layer directly on the bare crystal surface. The LFE sensing
platform has a simpler electrode structure than the QCM sensor and can be realized in a
small portable package. Like the QCM sensor, the measurable output from an LFE sensing
platform is a change in its resonant frequency due to mechanical and electrical property

changes in the sensing film caused by the measurand.
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Recently Hempel, ¢f a/. have shown that changes in the electrical properties of the
analyte can cause a redistribution of the electric field from the lateral direction to the
thickness direction [41]. This redistribution results in a piezoelectric stiffening which
produces a change in the velocity of the acoustic wave. Thus, the bare quartz sensing
surface allows the LFE sensor element to detect both electrical and mechanical property

changes in the analyte or sensing film.

2.4. Modeling Bulk Acoustic Waves

The theory of elastic waves in both non-piezoelectric and piezoelectric solids has
been discussed in section 2.2. A full coupled-wave analysis of the thickness shear mode in
piezoelectric crystals is mathematically advanced, requiring knowledge in linear algebra,
multidimensional calculus, and tensor analysis. The resulting systems of equations often
must be solved using numerical methods as the equations can’t always be determined
analytically and a full 3-dimensional analysis is difficult to solve. Due to the piezoelectric
nature of the resonator crystal the particle “displacements and the electrical potential as well
as their derivatives with respect to time and location are coupled with each other... [58].”
This can result in large errors of the predicted behavior of the thickness shear mode for
small errors in the crystal alignment. For certain crystal and electrode orientations a one-
dimensional analysis may be used to model the thickness shear mode. In order to use a one-
dimensional analysis for a thickness shear mode resonator, the lateral dimensions of the
resonator crystal must be much greater than the crystal thickness [59]. The resonator crystal
is assumed to be infinite in the lateral directions and further, the physical properties of the

crystal are assumed to be constant in the lateral directions [60].
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One may simplify this complicated analysis through the use of models. In this
section three models for describing the thickness shear mode in BAW resonators will be
presented. The models examined are:

1. the Mason circuit model;

2. the Martin circuit model;

3. a transmission line model.
All of the models are derived through use of the equations given in sections 2.1. - 2.3.
applied to the specific electrode geometry and crystal orientation for a particular BAW
resonator. Since all of the devices examined for this research were fabricated on AT-cut
quartz, the following analysis will be applied using this crystal. A summary of the various

models and the loads under which an admittance is presented in this section are given in

Table 2.

Table 2. The equivalent circuit models for BAW resonators and the loads under
which the admittance is presented

model thickness-field excitation lateral-field excitation
Mason model air load air load
Martin model liquid load reduced to air N/A
load
transmission line model air and liquid loads air load

2.4.1. An Analysis of the Thickness Shear Mode in BAW Resonators

In order to understand the physical significance of the three models, it is useful to

present the equations describing the thickness shear mode in AT-cut quartz for both

thickness-field and lateral-field excited BAW resonators. For both methods of excitation the

analysis will end with an expression for the admittance of the thickness shear mode in AT-

cut quartz. The analysis of thickness-field excited BAW resonators is performed for

resonators under liquid loading. The admittance for the thickness-field excited BAW

resonator is presented for the special case of a resonator under air loading. The analysis for
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the LFE BAW resonators is performed only for the case of an air load. The full analysis of

the LFE BAW resonator under liquid loading is given in chapter 3.

2.4.1.1. Thickness-Field Excited BAW Resonator

A BAW resonator under liquid load has the geometry shown in Figure 9. The large
lateral dimensions of the AT-cut quartz disc (25.4 mm in diameter), with respect to the
crystal thickness, (h = 0.33 mm) allows one “to treat the crystal as an infinite plate with finite
thickness [59].” Because the quartz plate is assumed to be infinite in the X, and X,

directions (Figure 9), the associated physical properties in these directions are assumed not

to change.

A X
Liquid
b
AT-cut quartz
0| x (n) X5
Air

Figure 9. Cross-sectional view BAW resonator with infinitesimally thin electrodes at
X, =0 and X, =h.

If it is assumed that the thickness shear mode in AT-cut quartz is a pure shear wave
when excited by an electric field directed along the X, axis, then a one-dimensional model

provides a good approximation. The shear stresses for the geometry given in Figure 9 are
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the stresses in the X, and X, direction acting on the surface normal to X,, which are defined
as T, and T, from Figure 5. Recall from section 2.1. that due to the symmetry of the
crystal that Sy, =S, and T; =T;;. The pure shear stresses are found from equation (2.19)
and can be expressed as

Ty =Ti, = CssS1 +CegSp1 —€x6E, = 2C55S,, —€5E, (2.28)
and

Tos = Tgp = CuSps +CuySqp =54 Ep = 2C4,S 3 — €5, (2.29)
It must be noted that when applying the index transformation in Table 1 to the piezoelectric
stress constants, the transformation is applied to the last two indices, with the first index

remaining unchanged. Substituting equations (2.11) and ((2.23)) into equations (2.28) and

(2.29) yields

Ty, =Cgely, + €550, (2.30)
and

Ty, =Chly, +€5,0,. (2.31)
However, if one examines the piezoelectric stress constants for AT-quartz (Table 3), it is
found that e,, =0, meaning that the shear stress, T, , can not be generated by the electric
field, E,, and thus, may be ignored. The electrical displacement, found by substituting
equations (2.11) and (2.23) into equation (2.20), is

D, =€yl , — 50, (2.32)
For a pure shear wave in AT-cut quartz there are only displacements along the X; axis that
vary only in the X,direction (Figure 7), i.e. U, = f (Xz,t). Therefore, the equation of motion,

from equation (2.10) is
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T = Pl (2.33)
and Maxwell’s equation for electrical displacement, from equation (2.24) is

D,,=0. (2.34)

Table 3. Non zero material constants for AT-cut quartz [47, 61]

C,, =86.74x10° N/m’ C, = —8.25x10° N/m? C, = 27.15%x10° N/m?
¢, =—3.66x10° N/m’ C,, =129.77x10° N/m? Cpy = —7.42x10° N/m’
C, =5.7x10° N/m? Cy; =102.83x10° N/m? Cyy = 9.92x10° N/m?
C,, = 38.61x10° N/m’ Cs; = 68.81x10° N/m’ C = 2.53%10° N/m’
Ce = 29.013x107 N/m? e, =-0.171 C/m? e, =-0.152 C/m’
e, =—0.0187 C/m’ e,, =0.067 C/m? €, =0.108 C/m’
€, =—0.0949 C/m’ €, =—0.0761 C/m’ €, = 0.06707 C/m’
&, =39.21x10"% C*/Nm®  &,, =39.816x107™" C*/Nm® &,,=0.8678x107"% C*/Nm’
&35 =40.424x107 C*/Nm’ p =2649 kg/m’

Since the particle displacement and the electric potential have a harmonic time

dependence,

u(t) =ue (2.35)
and

#(t) = g’ (2.36)

equations (2.30) and ((2.32)) can be rewritten as

Tp= Caﬁul,zejwt + eza¢,2ejwt (2.37)
and

D, =e,U, ' —&,,¢,0'". (2.38)
Substituting equation (2.37) into equation (2.33) and rearranging results in:

CogUy 20 + €260 + pw’u; =0. (2.39)
Similarly, substituting equation (2.38) into equation (2.34) and rearranging yields:
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e
¢,22 = iul,zz . (2.40)

22
Next, equation (2.40) is substituted into equation (2.39),

- 2

CoglUy 2o + p0°U; =0 (2.41)
where Cg is defined as the piezoelectrically stiffened elastic contant [62] as follows,

02
= 26
Cos = Cos + : (2.42)
€2
Since the thickness shear mode generates a standing wave in the quartz crystal, the
acoustic wave is moving in both the + X, and — X, directions. The shear particle
displacement is then described by

u, = (Ae + A vz )el (2.43)

where K, is the wave propagation vector for the thickness-field excited thickness shear

k= |2 (2.44)
Ces

Substituting equation (2.43) into equations (2.39) and (2.40) and integrating both equations

mode,

twice with respect to X, gives

Ty, =| ik G (A ™™ — A% ) e, A RI, (2.45)

e _ _ _
¢ — gA(AieJktxz 4+ Aze*Jkth )+ ASXZ + A4 ela’t’ (246)
22
and
D, = -¢,,Ae’". (2.47)
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The liquid in contact with the sensing surface is non-piezoelectric and can be treated
as infinite in the X, direction since the acoustic wave decays in the liquid within several
wavelengths. The differential equation in the liquid is

U, +@°pU;, =0, (2.48)
where C; and p, are the shear modulus and density of the liquid [60]. The shear modulus
for a semi-infinite Newtonian liquid is defined [60] as follows,

c, = o, (2.49)
where 7, is the bulk viscosity of the liquid. The solution of equation (2.48) in the liquid then
takes the form

u, = B (2.50)
where K, is the propagation vector in the liquid.

The boundary conditions for the thickness-field excited BAW resonator are [43, 60]:

1. the particle displacement is continuous at the boundary between the
resonator and the contacting liquid, (ul(h‘) = Ul(h+)),

2. the shear stress is continuous at the boundary between the resonator and the
contacting liquid, (le (h7)=T,(h" )) ,

3. the shear stress at the free surface of the resonator disappears, (le 0)= O) ,

4. the electrical potential is the same as the applied potential at the sensing
sutface, (¢(h) = i¢oej“’t) and

5. the electrical potential is the same as the applied potential at the reference

surface, (¢(0) =T )
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This analysis of the thickness shear mode in an AT-cut quartz BAW resonator results
in five unknowns: A, A, A;, A,,and B. The five boundary conditions listed above
provide one with the equations necessary to solve for the unknowns. Standard linear algebra

methods can be used to solve this system of equations. The impedance for a liquid-loaded

thickness-field excited BAW resonator can be shown to be the following [60],

K, . Z,
N e
7 - 1 1— eze/(gzzcee) PCes

JaC KN/ 20 cot(kh) |

2.51)

pCGG

where Z, is the impedance of the liquid load, defined [60] as follows,

Z, =0+ j)wf@. (2.52)

2.4.1.2. Lateral-Field Excited BAW Resonator

The analysis of LFE BAW resonators is presented for the case of a resonator under
air loading. The treatment for lateral-field excited BAW resonators is similar to that given
for thickness-field excited BAW resonators. The primary difference is that the electrodes are

positioned such that the electric field is directed along the X; axis (Figure 10). The approach

used here to find the admittance of LFE resonators was first reported by Yamada and
Niizeki [63].

Two assumptions are made to ensure that only laterally-directed electric fields are
considered. The first is that the thickness of the plate is small when compared with the
other dimensions. The second is that the applied electric field is strictly parallel to the major

faces of the plate throughout the crystal plate. Since the applied electric field is assumed to
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be only laterally oriented, the fringing fields, which occur due to the small dimensions of the

quartz plate, are neglected.

|
1
3l
gl
1

Figure 10. A lateral-field excited BAW resonator with the origin of the coordinate
system centered on the bottom surface of the plate

The mechanical boundary condition is that the two major faces of the plate are

traction free,
T,; =0 at X, =0,h. (2.53)

The electrical boundary condition is that the electric displacement must be continuous at the

major faces of the plate,
D, = &,(E,.), at X, =0,h, (2.54)
where (Eout )2 is the external electric field in the X, direction. Because of the second

assumption where the electric field components are strictly parallel to the major faces of the

plate, (E,;), =0. Thus,

D, =0 at X, =0,h. (2.55)
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From the two initial assumptions on page 32 all of the basic quantities except ¢
should be independent of X; and X;. The electric potential, ¢, depends on X, and X;. The

basic equations, (2.10)-(2.24) for a vibrating plate can now be simplified,

To50 =P}, (2.56)

D,,=0, (2.57)

Ty =Copaly 2 —€5;E; — €5 Es, (2.58)

D, = €Uy 2 + €E, + €3Es, (2.59)
and

D; =ep U, , + &5, +&55E;. (2.60)

From equations (2.55) and (2.57),
D,=0 (2.61)

for any value of X; or X,. Substituting equation (2.61) into (2.59),

e &
g, %oy  _fmp .62)
&y &9

This new expression for E, can then be substituted into equations (2.58) and (2.60), yielding

_ P
T, =Cply, —[em —ﬁezzij3, (2.63)
Ex
and
€, & _
D, = £e32k — R Juk,z +&5,E, (2.64)
22

where

~ €22€22k

Ci =Copo t——— (2.65)

22
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and

2
& (2.66)

33 = &3~ .
&y

Since the index, 2, is fixed in equations (2.53)-(2.63), equations (2.56) and (2.63) can
be written in matrix notation as follows,

T, = pi (2.67)

T=[CjJu, —ek;. (2.68)

The components of these vectors are defined [63] as

Ty U, €31 — €21803 1 €
T=|T, |,u=|U, |, e=|8€;, —€,,ExlEy | (2.69)
Ty Us €325 — €29303 | €4

The boundary condition given by equation (2.53) may be rewritten using matrix notation and
is given:

T=0 at x,=0,h (2.70)
where 0 is the zero vector.

Since [Cjk] is a real and symmetric matrix, it can be diagonalized by an orthogonal
matrix [64], [£] as follows,

BT [C; 1181 =[cV5,] (2.71)
where

@ (2) (3)
1 1 1

= 80 B0 e
SN

and [c¢Vs i] 1s a diagonal matrix. [,B]T is the transpose matrix of [ﬂ], which satisfies the

relation
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16T 181=1814T =5 jk]’ 2.73)

and &, are the elements of the identity matrix defined as

1=k

0 ik (2.74)

Multiplying both sides of equation (2.71) by [,B] and substituting (2.73) yields

[AILAY [e; 11A1=[C; I8 =[BlIc V5]

€ 0] eT~0
A7 BT BT et 00 (2.75)
_| p@ ) ®3) (2 ’ )
=5 ) ) 0 ¢ 0
€ (2 (3) ®)
A 3 3 0 0 c

Since the matrix [¢'V§ ] contains only nonzero values on the diagonal equation (2.75) can
be rewritten as an eigenequation as follows,

[c, 18V =cVp®, 2.76)
where

B
B =| B’ (2.77)

2
is the eigenvector of [Ejk] and ¢ is the eigenvalue for each of the acoustic modes, where
I=a,b,c. Physically, the eigenvalues, c® , are related to the longitudinal mode, (i =a), the
fast shear mode, (i =D), and the thickness shear mode, (i =¢) [35]. The longitudinal mode

has the eigenvalue, c® , with the largest root and, thus the greatest acoustic wave velocity,

V,, and the eigenvector, B(a) , has its largest component in the X, direction. The fast shear

mode has the eigenvalue, c® , with the median root and, thus the median acoustic wave

velocity, V,, and the eigenvector, B(b) , has its largest component in the X; direction. The

36



thickness shear mode has the eigenvalue, c®© , with the smallest root and, thus the smallest
acoustic wave velocity, V,, and the eigenvector, B(C) , has its largest component in the X,

direction. These results are summarized in Table 4.

Table 4. The relationship between the acoustic modes and the eigenvalues for an
LFE resonator on AT-cut quartz

mode eigenvalue (C(i)) eigenvector (B(i) )

longitudinal mode (a) the largest root the largest component is in
the X, direction

fast shear mode () the median root the largest component is in
the X, direction

thickness shear mode (¢) the smallest root the largest component is in
the X; direction

It is convenient to transform the vectors given in equation (2.69) as follows,

T =[p]1°,
u=[ph’, (2.78)
e=[pl’

The transformed vectors in equation (2.78) are used along with equations (2.71) and (2.73) to

rewrite equations (2.67), (2.68), and (2.70), as
T) = pii’, (2.79)
T =[5T [5, J sl - [T [B°E, = [cV5, S, - °E,, (2.80)
and
T°=0 at X, =0,h. (2.81)
Substituting equation (2.80) into equation (2.79) yields
[C(i)5jk}.l?22 —e°E,, = pii’ =—po’u’. (2.82)
The applied electric field, E;, is parallel to the quartz plate and thus, uniform along

the X, axis, but may vary along the X, axis since the mechanical displacement changes along
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this axis. The electrodes are on the faces normal to the X, axis, therefore the potential
difference between the electrodes does not vary along the X, axis. If the potential difference
between the electrodes is @, then using equation ((2.23)) and taking the derivative of both
sides with respect to X, yields

E;, =—¢y5 =0. (2.83)
Substituting equation (2.83) into equation (2.82) results in

|8, %, =—pou’. (2.84)
Since the ¢ mode is the only mode that is piezoelectrically coupled to E; (Figure 3), equation
(2.84) can be simplified as follows,

¢’y = —pw’u’®. (2.85)

The standing wave solution to equation (2.85) is

u’@ = A sin(k,‘c)x2)+ B, cos(kl(")xz), (2.86)

OB .
where A, and B, are constants and K, is the propagation constant, expressed as

k® = % . (2.87)

Taking the derivative of equation (2.86) with respect to X, yields

u%® =k (AC cos(k,“’xz)— B, sin(k,‘”x2 )) (2.88)
Substituting equation (2.88) into equation (2.80) yields

T°® = c@k© (A, cos(kx, ) B, sin(kx, ))—e°“E,. (2.89)
Substituting equation (2.89) into the boundary conditions given in equation (2.81) results in

T (x, =0) =ck @A —e*“E, =0. (2.90)

and

38



T’ (x, = h) = ¢k (A, cos(k©h)- B, sin(k©h))-e"“E, =0. (2.91)

Solving equations (2.90) and for A, and B, results in

~ eO(c)E3
A = cOK®
. (2.92)
0(c) (c) 0(c)
e WE, [ coslk;“h)-1 e E ¢
NG (cs)( ( I (c>) jz_ O tan(k7h/2)
¢k sm(kI h) ck,
Substituting equation (2.92) into equation (2.88) makes
0(c)
ul® = ec(—c)Ee’ (cos(k(©x, )+ tan(k©h/2)sin(kx, )) (2.93)

The electric displacement, D,, between the electrodes can be found by substituting equation
(2.69) and then into equation (2.64) results in the following,
D,=eeu+c,E,. (2.94)
Substituting equation (2.78) into equation (2.95) for the ¢ mode yields
D, = [BJ" o[Bl? +,,E, =" eu® +5,E,
T oo, ot 2, ) s, 296)

= 2, 1+ (kO (cos(k®x, )+ tan(k@n/2)sin(k %, ))

where ké,c) is the lateral coupling factor to the ¢ mode, defined as

eO(c)
kKO = ———. 2.97)
’C (c) 533
The total charge on the electrode is given as [65]
Q= jA Dy, .dA, (2.98)

where dA=dx,dx,is the differential area of the electrode. Substituting equation (2.96) into

equation (2.98) yields
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Q= J'A £,E, (1+ (k© ¥ (cos(k©x, )+ tan(k@h/2)sin(kx, )))dxldx2
= 47, [ L+ (KO (coslk©x, 1+ tan(k®n/2)sin(kx,

o)
= dggsEa[sz +M(sin(k,@x2]2 —tan(k®h /z)cos(k,“)xz}zn : (2.99)

kI(C)

k©h

¢) ¥
=dhz, E3[1+ M(sin(kl“)h)— tan(k©h /2Xcos(kf”h)—1))}

Recall, from equation (2.26), that the thickness of the crystal, h=n4/2 wheren is an

odd integer, thus
k@h=nx. (2.100)

Substituting equation (2.100) into (2.99) results in the following

Q=dhz, E{1+ (:z%hl(tan(kl“)h /2)(1+1))]

(2.101)
(c)
_ dh533E3(1+ (k@) J—)kflﬂh
Remembering that the thickness shear mode has a time dependence el , the current
between the electrodes is calculated to be
oQ .
| =—= . 2.102
P [29] ( )
The applied voltage between the electrodes is
V =Ew. (2.103)

The admittance of the LFE resonator can be found by substituting equation (2.101) into
equation (2.102) and dividing by equation (2.103) as follows,

jodhé,, (14_ (k(c) )2 tan(kl(C) h/Z)J. (2.104)

|
Y=— C
Voow k' 'h/2

The static capacitance for the LFE resonator is
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C, = : (2.105)

allowing equation (2.104)to be rewritten as

Y = ja)c{u(kn(f) i M} (2.106)

k'h/2
Comparison of equation (2.106) to equation (2.51) reveals similarities between the
impedance of thickness-field excited BAW resonators and the admittance of lateral-field
excited BAW resonators. This duality between the impedance of thickness-field excited
resonators and the admittance of LFE resonators is due to the differences of the electrode

geometries to excite the thickness shear mode [6].

2.4.2. Mason Circuit Model

One of the earliest lumped circuit element models is the Mason model, (Figure 11),
after Warren Mason, one of the pioneers in crystal acoustics [42]. The term lumped means
that the circuit elements have constant impedance, both magnitude and phase, over the
length of the element. The lumped elements are derived from the physical characteristics of
the piezoelectric crystal.

Some advantages of the Mason model are that it is an accurate wideband
representation of a BAW resonator and is capable of modeling layered BAW resonator
structures. Disadvantages of the Mason model are that it is “cumbersome to work with
[42]” and the impedance of layered structures, including mass and liquid layers, is
transcendental. Since the impedance of a liquid-loaded BAW resonator using the Mason

model is transcendental, we will examine only the air-loaded case.
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2.4.2.1. Thickness-Field Excited BAW Resonator

The Mason model for a thickness-field excited BAW resonator is shown in Figure
11. Examination of Figure 11 reveals that there are two acoustic ports and one electrical
port, and that the relations between the input force, F, the output force, F,, and the
voltage across the electrodes, V , can be obtained by use of this model. One should also

note that this model contains the physically unrealizable static capacitance —C,. The
acoustic impedance, Z_, of the crystal for a given propagation direction is defined in terms
of stress, T , and particle velocity, V, as follows [60],

Z,=-T)v, (2.107)
where

V= a . (2.108)
ot
The negative sign in the characteristic impedance of the crystal accounts for the fact that T

and V are 180° out of phase [66]. When evaluating the acoustic impedance, only the term

corresponding to the wave travelling in the + X, direction in equation (2.45) needs to be

considered. The wave travelling in the — X, direction can be ignored as the acoustic
impedance is for a given propagation direction. The term containing the electrical
components of the thickness shear mode can also be neglected as the acoustic impedance is
only a function of the mechanical properties of the crystal. The acoustic impedance for the
thickness shear mode in AT-cut quartz is found using by substituting equation ((2.44)) into

equation (2.45) and substituting equation (2.43) into equation (2.108),

_ (—: ) I e‘j(kxxz_wt)
7 =T~ I%0yp/Ch _ /s . (2.109)

c v, ja)Aze—j(ktxz‘Wt)
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However, the Mason model is characterized as a function of the applied force rather than
stress. Knowing that the relationship between stress and force is
T=FA, (2.110)
where Ais the surface area the force is acting on. The characteristic impedance of

the medium can then be expressed as a function of force as follows,

= AT, . @.111)

N
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Figure 11. A three-port Mason model for a thickness-field excited BAW resonator
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The transformer in the Mason model is the means by which the electrical energy is
converted to acoustic energy, or vice versa. The turns ratio in the transformer determines

the acoustic current due to the conversion of electrical energy to acoustic energy by the
piezoelectric effect. The term N, , (Figure 11), is obtained ditectly from equation (2.40),
which describes the scalar potential in terms of the particle displacement, and is defined as

[42]

2.112)

The acoustic current is N,C,(V, —V,), where V, and V, are the input and output

patticle velocities, respectively. The static capacitance, C,, is due to the geometric

configuration of the electrodes on the AT-cut quartz plate (Figure 9) and is given as

_ExA

C ,
° h

(2.113)

where A is the surface area of the electrodes.
Physically, the BAW resonator in Figure 9 is a one-port device. If we assume that
the major surfaces of the resonator are stress free then both acoustic ports are shorted. This

reduces the Mason model to a one-port model, which can be characterized by the input

impedance, Z;, of the resonator. The closed-form expression for Z,, is [42]

Z,=——|1-K tan(kih/2) , (2.114)
joC, kih/2

where kri is the electro-mechanical coupling constant

(2.115)
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Substituting equation (2.115) into equation (2.114) reveals that it is similar to equation (2.51).

Since this model accounts only for the air loaded case, the sensing surface is stress free and
Z, =0, making equation (2.51) identical to equation (2.114). A detailed detivation of the

impedance expression for the Mason model is presented in Appendix B.

2.4.2.2. Lateral-Field Excited BAW Resonator
The Mason model for an LFE BAW resonator is shown in Figure 12 [6]. The turns

ratio, N,, for the lateral-field excited BAW resonator is

€

N, = .
€33

(2.116)

Unlike the Mason model for thickness-field excited BAW resonators the model for LFE
resonators does not contain the term — C,. Thickness-field excitation and lateral-field
excitation exhibit a duality, thus rather than expressing the LFE resonator in terms of its

input impedance it will be expressed in terms of its input admittance, Y, [6],

Y, = joC,| 1+ Kf—tan(kth/z) , 2.117)
kh/2
where,
dhe
Co==_2 (2.118)
and
e2
KzZ=—3%_, (2.119)
Ce6€33

Comparison of equations (2.117) and (2.106) shows that they are similar in form to each

other with differences in defining the propagation constant and the coupling constant.
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Figure 12. A three-port Mason model for a lateral-field excited BAW resonator
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2.4.3. Martin Circuit Model

One solution to the disadvantages of the Mason model is to examine the impedance
of the BAW resonator at or near resonance. A lumped circuit element model has been
described for quartz crystal resonators under mass and viscous loading [43]. The QCM is
modeled by using the one-dimensional thickness shear mode equations, (equations(2.30) —
(2.50)), and applying the boundary conditions given on page 31. The impedance of the

QCM under simultaneous mass and liquid loading is then derived [43] and expressed as

1+ A cot(k.h)—k? W
" kh/2
Z= ! 2.120
jaC, 1+ A cot(k,h) ’ (2120

where A is a complex factor containing the influence of liquid and mass loading at the

QCM surface and is defined as [43]

A a)pm+\/a)p,77|/2—j\/a)/?|77|/2‘ (2.121)

\/ Ces2

and p, and 7, are the density and viscosity, respectively, of the liquid load and p,, is the
density of the mass load.

If the sensing surface of the QCM is exposed to ait, then the term A =0 and the

impedance in equation (2.120) becomes

—— 1—kﬁw , 2.122)
joC, k.h/2

Comparison of equations (2.114) and (2.122) reveals that the impedances of an unloaded

QCM are the same for both models.
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The impedance for the QCM derived in [43] is next approximated for operation at or
near the resonant frequency. Lumped circuit elements are then derived that are related to
the material properties of the mass and viscous loads at the sensing surface and the crystal.

The parasitic capacitance, C_, is experimentally determined and accounts for the parasitic

p’

effects of the electrical interface to the QCM. The static capacitance, C,, is a function of

the electrode geometry and crystal thickness, and does not influence the resonant conditions

of the quartz crystal resonator but is dominant when the conditions are far from resonance.

The circuit elements, C;, L, and R, model the unperturbed quartz crystal. The inductor,
L, and resistor, R,, model the behavior of the QCM due to viscous loading. The inductor,
L, models the admittance of the QCM due to mass loading in the motional arm of the

circuit (Figure 13). This model predicts the same behavior as given by the Kanazawa

. . Af : . . . .
equation [14] with T oc / pnp where p is the density and 7 is the viscosity of the material
0

at the surface of the resonator.
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Figure 13. Equivalent circuit under mass and liquid loading including parasitic
capacitance C,.
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The static capacitance is the same as for the Mason model and given by equation

(2.113). The other circuit element values for the Martin model [43] are

8k’C

C =m0 2123

S oa)y (2.123)
1

L=—, (2.124)
a)gcl

R =—1 (ﬂjz (2.125)

' CoeCy @, ) '

L= @b [2om (2.126)
N7\ &Cep

2

R, = %ok |2OA (2.127)

nz Cee 0
and

L, = 2Ll (2.128)

N7+ Ces P

If one removed the liquid and mass layer from the sensing surface of the QCM, then
both 7, and p,, are zero, as are equations (2.126)-(2.128). This reduces the circuit in Figure

13 to that shown in Figure 14. The equivalent circuit in Figure 14 is known as the

Butterworth-Van Dyke circuit.
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Figure 14. Butterworth-Van Dyke equivalent circuit for resonator

When using the LFE resonator as a sensor under liquid loads, the Martin model is

insufficient to describe or predict the modifications to the input admittance, Y, , due to

in»>
electrical or mechanical changes at the sensor surface. Until now, no model exists for a

liquid-loaded LFE BAW resonator similar to the Martin model. The derivation of such a

model is the purpose of this work and is presented in chapter 3.

2.4.4. Transmission Line Model

The final model that will be examined is the electric transmission line model. The
transmission line starts with a three-port model for the piezoelectric crystal itself with two
acoustic ports and an electric port. The acoustic input and output ports represent the two

major surfaces of the crystal while the electric port represents the exciting electrodes. As
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layers are added to the resonator they are modeled as a series of two-port transmission lines,
unless the layer is piezoelectric, then it is represented as a three-port transmission line.
The advantages of the transmission line analog are:
e multiple layers on the sensor surface can be easily modeled regardless of the film
properties or layer thickness;
e the model is accurate for the entire operating spectrum of the resonator;
e loading effects of the electrodes and standing acoustic waves in the substrate are
considered; and
e it can be implemented and integrated in a complete electrical system.
The major limitation of the transmission line model is that it describes the #za/
system characteristics. Thus, the transmission line model provides no understanding of what
perturbations at the sensing surface of the resonator are due to, i.e. mass accumulation,

physical property changes, electrical property changes, etc.

2.4.4.1. Thickness-Field Excited BAW Resonator

The most common transmission line model for thickness-field excited BAW
resonators is referred to as the KILM model after Krimholtz, Leedom, and Matthaei who
first described it in [44]. This model is ideal for sensors that have multiple film layers, such
as the layers used in thin film bulk acoustic wave resonators. The KILM model for a BAW
resonator with an acoustic load on one side of the plate can be represented by the equivalent

circuit shown in Figure 15. The elements are [60]

N, = L@Z;‘] (2.129)
28,6 sin(kt 2}

and
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2

€% .
=——%__sin(kh), 2.130
" AT (k.h) (2.130)

with C; given by equation (2.113). The admittance for the BAW resonator is then
expressed as [60]

1 k> tan(ktzhj_j?
1——m c |, (2.131)

jaCy| - kh/2y_ j?cot(kth)

c

where Z, is the load impedance and can account for any number of coatings or layers, (see

full analysis in Appendix B). For a liquid loaded sensor the load impedance is [60]

Z =2, tanh(j \/%J (2.132)
| 1

where Z

o 1s the acoustic impedance of the liquid load and is expressed as [60]

Z,=AJop . 2.133)

I | I

h/2 1 h’ T

quartz; Z, [ I liquid; Z

Figure 15. A transmission line model for a thickness-field excited BAW resonator
with an acoustic load on one side

If we examine the impedance given in equation (2.131) and model the resonator with

no load at the sensing surface, Z, =0, the impedance becomes
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7 1 1k tan(k.h/2) ’ 2.134)
jaC, k.h/2

which is precisely the expression for the impedance of a thickness-field excited resonator as
given in equation (2.114).
2.4.4.2. Lateral-Field Excited BAW Resonator

A transmission line model for an LFE resonator with two stress free surfaces has

been described by Ballato, e /. [35] and is shown in Figure 16. The static capacitance, C,,

for the circuit is given by equation (2.105), the turns ratio of the transformer, N, is

expressed as

©A
N, =k [CoC A (2.135)
h
and the characteristic admittance, YC(C) ,1s defined as
Y© = ;() : (2.136)
Ay pc'

Analyzing the transmission line, (see Appendix B), one can find the admittance of an LFE
BAW resonator, air loaded on both major surfaces, as follows,

tan(k,(C)h/Z)j

2.137
k\°h/2 @137

Y = ja)Co(l+(kr§f) ¥
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Figure 16. A transmission line model for an LFE BAW resonator with an acoustic
load on one side

The admittance derived using the transmission line analysis in equation (2.137) is
identical to that given in equation (2.106) using the coupled wave equations and similar to
the admittance found using the Mason model in equation (2.114). Thus, all three models

yield the same results for an LFE BAW resonator exposed to air on both major surfaces.
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Chapter 3
EQUIVALENT CIRCUIT FOR A LATERAL-FIELD EXCITED SENSOR
ELEMENT
In chapter 2, the theory for elastic waves in solids, for both nonpiezoelectric and

piezoelectric crystals was presented. This was followed by the theory of operation for bulk
acoustic wave (BAW) resonators. The analytic theory for thickness-field excited resonators
exposed to liquid on one side and lateral-field excited (LFE) resonators in air was presented.
The Mason model for both thickness-field excited and LFE resonators in air was discussed.
This was followed by a description of the Martin model for thickness-field excited
resonators under simultaneous mass and liquid loading, which was reduced to the air loaded
case. The chapter concluded with the theory for the KLLM transmission line model for
thickness-field excited resonators under liquid loading and LFE resonators under air loading.
This chapter focuses on the derivation of the equivalent circuit model used for a liquid-
loaded lateral-field excited (LFE) sensor element. Chapter 4 will contain the experimental
methods used to obtain the supporting data to verify the accuracy and precision of the

equivalent circuit model developed in this chapter.

3.1. Setting up the Analysis

The geometry of the liquid-loaded LFE sensor element is shown in Figure 17. The
shaded regions are the metal electrodes, which are on the reference surface, leaving the
sensing surface free of metal electrodes. The electrodes are assumed to be perfect
conductors and have an infinitesimal thickness. The rotated material constants used in this
analysis are for AT-cut quartz (Table 3), although the analysis can be extended to any

piezoelectric material and orientation.
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Figure 17. LFE sensor element geometry — the electrodes are shaded and on the
reference side only.

3.2. Analysis of a Vibrating Lateral-Field Excited AT-Cut Quartz Sensor Element

under Liquid Load

3.2.1. Equations for a Vibrating Quartz Plate
The following equations for a vibrating AT-cut quartz plate are derived using the
same method as Mindlin [67]. While the fundamental equations were presented in chapter 2,

they are simplified in this section for the crystal symmetry of AT-cut quartz. Further
simplification of the equations is possible if we consider only simple X, -thickness-shear
modes in the AT-cut quartz plate. Thus, in the quartz plate, 0 < X, <h,

U, =Uu,(x,,t) (3.1)
and

u,=u,=0. (3-2)
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Since only the displacements, U,, are nonzero we can rewrite equation (2.11) for

shear strain as

1
S12 = S21 = Eul,z 3.3)
and
1
S13 = S31 = §u1,3' 3.4

However, from equation (3.1) we see that U, is not a function of X,, thus only the strain
components that must be considered are S;, and S,,.

Rewriting equation (2.19) for simple X, -thickness-shear modes in AT-cut quartz
(Table 3), and applying the transformations in Table 1, yields

T21 = T12 = C66812 + C66821 — € El — € Ez — €5 E3
= 2C66812 — € El — €% Ez - eseEs

(3.5
It must be noted that the piezoelectric stress constant €4 is zero in AT-cut quartz (Table 3).
Thus, the shear stress, T,,, is coupled to the electric field components E, and E; but not
the electric field component E;. This allows us to distegard the term containing the electric
field component E,, thus,

E, =0. (3.6)
Substituting equations (3.3) and (3.4) into equation (3.5) results in

Ty, = Cgely, —€5E, —e5E;. (3.7)

The acoustic energy in an LFE sensor element was found by Pinkham, 7 a/ to have a

Gaussian distribution in both the X, and X; directions under the electrodes (Figure 18)[68].

Thus, the plate can be approximated as infinite in the X, and X; directions, the electric field
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components E, and E; will vary only in the X, direction. The electric field components
may now be written

E, =E,(x,1) (3.8)
and

E, = E,(X,,1). (3.9)

1.2 1

Normalized Af/f,

0.2 A

[an]

-1 -0.8 -0.0 -0.4 -0.2 0 0.2 0.4 0.6 0.3 1
Normalized Electrode Radius

¢ Measured Gaussian Distribution

Figure 18. Acoustic energy of an LFE sensor element under the electrodes in the X

and X, directions

Evaluating equation (2.20) for simple X, -thickness-shear modes in AT-cut quartz

and again applying the transformations in Table 1 and the material constants in Table 3
yields
D, =0, (3.10)

D, =€x3), + €55y + &nE, +63E5 = 26,5, + &,,E, + &,E;, 3.11)

and
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D; = €465,, + €365, +65E, + 65y = 2845, + £5F, + £3,F5. (3.12)
Substituting equation (3.3) into equations (3.10) and (3.12) results in

D, = €Uy, + &5, E) +655E;, (3.13)
and

D; =egU;, +&5E, +&53E;. (3.14)

It is informative to look more closely at the physics of the propagating wave in the
crystal [69]. The assumption is that the electrode configuration shown in Figure 17 results in
a driving electric field, E;, in the crystal. It will further be assumed that the driving electric
field is uniform through the thickness of the crystal. The result is that the LFE sensor

element can be treated as an AT-cut quartz plate with the electrodes on the side of the plate

(Figure 19).

XA

D1H, k

> BLE, k
x3

Figure 19. Propagation of a plane harmonic electromagnetic wave in quartz — the
shaded region is the LFE electrode.

Maxwell’s equations in differential form are

VxH=D (3.15)

and
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VxE=-B. (3.16)

Expanding the curl in equations (3.15) and (3.16) yields

oH, _oH, i+ oH, _H, i+ oH, _oH, k = a)(Dﬁ+ Dzj+ DJ{) (3.17)
OX,  OXg OX;  OX 0%, OX,

and

OE, OE, -, OE, OE, i ok, Ok Kk = —a)(Bli+ sz+ B31A<). (3.18)
axz aX3 aXS aXl aXl aXZ

Equating the i, j, and K components for D and H in equation (3.17) and for B and E in
equation (3.18) reveals that D L H and B L E | e.g in equation (3.17),

oH
oH, _on; — D, (3.19)
OX,  OXg

for arbitrary components i, j,and K. Furthermore, since quartz is nonmagnetic, B = g H

and therefore, H is parallel to B .

(a)t—kox)

Considering plane harmonic waves with the form e’ , where K is the

propagation vector, the spatial derivatives in equations (3.17)and (3.18) can be evaluated,

(keH, —koHo i+ (kHy —kgH )i+ (k,H, —kH, )k = 0(Di + D,j+ D) (3.:20)
and

(k,E, — kB i + (K E, — k,E, )i + (KB, —kE, k =—0(Bi+B,j+Bk).  (321)
The left-hand side of equations (3.20) and (3.21) are seen to be the negative curl of kK and
H and k and E, respectively. Equations (3.20) and (3.21) are then rewritten as

kxH =-wD (3.22)
and

kxE = oB. (3.23)
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Equations (3.22)-(3.23) show that D L k and B L k. Given that the propagation of the
thickness-shear mode, K , is in the X, direction and the driving electric field is in the X,
direction, then, from equation (3.23), H must be oriented in the X; direction. Thus, from
equations (3.10), (D, =0), and (3.22), D has only an X, component in the crystal and
D,=0.

Equation (3.13) becomes

€Uy, + € E, +65E; =0, (3.24)

Solving equation (3.24) for E, yields

E,=——%y,-S2E, (3.25)

2 &

Substituting equation (3.25) into equations (3.7) and (3.14) results in

T12 = 666u1,2 — €3 E3 (3.26)
and
D; =€3U,, +&5E5, (3.27)
where
e
€3 = €3 El——gzs 26] (3.28)
€236
and
&2
£y = 533[1— 23 J . (3.29)
E92€33

Rewriting equation (3.16) for the quasistatic approximation results in

VXE=0. (3.30)
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Noting that the acoustic wave is propagating in the X, direction and E; =0, equation (3.30)
becomes
E,, =0. (3.31)

Substituting equation (3.26) into equation (2.33), performing the indicated

differentiation, and substituting equation (3.31) into the resulting equation yields

CosUy o + p0°U; =0. (3.32)
The standing wave solution for equation (3.32) is

u, = (e + Le e it (3.33)
where Ly and L, are amplitude constants found by applying the appropriate boundary

conditions and

K= L (3.34)
C66

and is defined as the LFE propagation constant.

3.2.2. Boundary Conditions

3.2.2.1. Mechanical Boundary Conditions

The first boundary condition from chapter 2.4. is that the particle displacement is

continuous at the boundary between the quartz and the contacting liquid, (ul(h*) = Ul(h+)).

The particle displacement in the quartz crystal is determined from equation (3.33). The
particle displacement in an isotropic, Newtonian liquid can be found by substituting
equation (2.11) into (2.9), yielding

Ty, =mUy, =mVy,, (3.35)
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where 7, is the bulk viscosity of the liquid, V.= 0U/dt, and the elastic stiffness, C, of a

Newtonian liquid is zero [60]. The stress equation of motion for the shear stress is, from
equation (2.10),

Too = Ay, (3.36)
where p, is the bulk density of the liquid. Taking the derivative of equation (3.35) with
respect to X, and substituting into (3.36), yields

MV122 = AUy - (3.37)
Equation (3.37) is the Navier-Stokes equation for one-dimensional plane-parallel flow [43],

rewritten as follows,

2

oV . ..
n 87221 =PV = pUg, (3.38)

where and, respectively. The solution to equation (3.38) at the sensor/liquid interface is [70]
v, = Lg7teMelet (3.39)
where L, is an amplitude constant determined by applying the appropriate boundary
conditions and y is a complex decay constant for the liquid velocity field. We can see only
the root containing the positive real part satisfies the condition that V; = 0 as X, — oo [43].

Substituting equation (3.39) into equation (3.38) results in

y= %(H . (3.40)
Ul

The particle displacement in the liquid at the solid/liquid interface is obtained by integrating

equation (3.39) with respect to time and satisfying the condition that U, — 0 as X, —> o

L .
u =—j—=e7te Mgl (3.41)
w
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Equating equations (3.33) and (3.41) at X, =h, the first boundary condition is

i i L
Le* +Le M =—j=. (3.42)
@
Rearranging equation (3.42) yields

Lek + e 4 jﬁ =0. (3.43)
[0

The second boundary condition is that the shear stress, (T, =T12), at the

solid/liquid interface is continuous, (le (h") = le(h+)). The shear stress on the solid side of
the interface, T,(h7), is found by substituting equation (3.33) into equation (3.206)

Too(h) = (jkcee (L™ - Le ™ )-g, E . (3.44)
In fluid dynamics, shear stress in fluids, T, , is defined [71] to be

ov.
12 =1 ox, (3.45)

The shear stress, T, (h+ ), exerted on the sensing surface by the liquid is obtained by
substituting equation (3.39) into equation (3.45) and evaluating the derivative at X, =h,
resulting in

To(h* )= —mL,e. (3.46)
Equating the shear stresses in the liquid, (equation (3.40)), and solid, (equation (3.44)) at the
boundary X, =h, yields

Gy (L ™ = Le ™ 4 i, = 8,,E,. (3.47)

The third boundary condition is that the shear stress at the reference sutface, T, (O) ,

is zero. Substituting equation (3.33) into equation (3.26) and evaluating at X, =0 results in
jlzese (L1 -L, ) =85Es. (3.48)
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The three mechanical boundary conditions, equations (3.43), (3.47), and (3.48) can be

arranged in matrix form as follows,

o ifh oIk J

ANEE

jlzcesejlzh - jlzesseijﬁh my || Ly | = 8sEs |- (3.49)
jkeee - jkE% 0 I-3 €3 E3
Solving for L, L,,and L; yields
LBy nlya)e"thHZE%(l—e_j'zh)
Li__leC ( jkn -th) - ( jkn -th)ES’ (3.50)
e Myole™ +e 1 )+ kT e’ —e
Lo € —n,ya)ej'zhHZ(_:%(l—eth)
2 =)= K, kN ), L~ [~jkh  .—jkn ) 3 (3.51)
KCqs n,ya)(e +e )+ kc66(e —-e )
and
el peikh _7
L, = g, — ——— — — E,. 3.52
: % nlya)(elk“ +e“k“)+ kE%(e‘k“ —e“k“) : 452

3.2.2.2. Electrical Boundary Conditions

In evaluating lateral-field excited BAW resonators with both electrodes on the
reference surface, (Figure 17), it is assumed that the driving electrical field, E;, is parallel to
the major surfaces of the AT-cut quartz plate [0, 27-29, 32-35, 61]. Thus, for analyzing the

electrical boundary conditions it is assumed that the effective geometry of the LFE sensor

element in Figure 17 is two electrodes on the side of the plate, separated by the gap width,
W (Figure 20). Itis assumed that the driving electric field, E;, is constant in the X,

direction and that the thickness of the plate is small compared with the other dimensions.
The assumptions that the driving electric field is parallel to the major surfaces of the plate

and that the thickness of the plate is small are contradictory. This is because fringing electric
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tields will arise if the thickness of the crystal is small [63]. However, this provides us with a
first-order approximation for the admittance of the LFE sensor element.

Sensing Surface

A
A\ 4

Figure 20. Configuration of LFE resonator for analysis of equivalent circuit with
shaded regions representing a virtual electrode through the thickness of the quartz
disc. The origin of the coordinate system is centered on the bottom surface of the
quartz plate.

Close examination of the equations characterizing the LFE thickness-shear mode

reveals that in addition to the applied electric field, E,, there is also an electric field

component in the thickness direction, E,, (equation (3.25)). Using the quasistatic
approximation and substituting equation ((2.23)) into equation (3.25), yields

& (]
$o+ Py =—""Uy,. (3.53)

22 27
Thus, the scalar potential, @, is cleatly a function of both X, and X;. Additionally, the

quasistatic approximation results in an irrotational electric field as given in equation (3.31).
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Qualitatively, this means that the applied electric field, E;, is constant in the X, direction and
does not vary along the X, axis, validating our eatlier assumption regarding the driving
electric field being parallel to the major plate surfaces. Thus, we may express E; asa
function of time only, where
E, =Ee'. (3.54)
In order to solve the partial differential equation (3.53), a solution for the scalar

potential is assumed. Since the thickness shear mode is an acoustic standing wave that is

piezoelectrically coupled to the applied electric field the solution for the scalar potential must
contain a sinusoidal term, proportional to the particle displacement, U,. Furthermore, the
scalar potential is a function of both X, and X;, yet must satisfy equation (3.31). Given

these constraints the scalar potential is expressed as

e
¢ =-"2u +L,X +LX,, (3.55)

&2

where L, and L are constants of integration. Substituting equation (3.54) into equation
((2.23)) yields

¢y = Ee. (3.56)
Taking the derivative of equation (3.55) with respect to X, and substituting into equation
(3.56), one obtains

L, =E.e!. (3.57)
Next, substituting equation (3.57) into equation (3.55) and then into equation (3.53) yields

€2 S jor _ €26
By, + L, + "B Ee ="2y,. (3.58)

&2 &2 &2
Equation (3.58) is rearranged to solve for L, as follows,
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L, =— B E el (3.59)
€2

Substituting equations (3.57) and (3.59) into equation (3.55) gives the scalar potential as

€2 S jat jot
¢:g—ul—g—E0e “X, + Epe'X;. (3.60)
22 22

The fourth boundaty condition is that the scalar potential at the liquid/air interface
vanishes. This boundary condition holds as long as the liquid layer thickness, h', is greater
than the decay length of the potential. Mathematically, this boundary condition is expressed
#(n+h")=0.

In order to evaluate the fourth boundary condition, further information about
electric charges in the liquid is necessary. When the sensing surface of the LFE sensor is
loaded with an electrolyte solution, the electric field of the thickness shear mode interacts
with ions and dipoles in solution [72, 73]. This interaction results in the reorientation of ions
and dipoles in solution and determines the electric potential in the liquid.

In general, the electric potential at a point in an electrolyte solution can be found
using Poisson’s equation,

Vg =4np, /¢, (3.61)
where p, is the net electric charge density and &, is the permittivity of the solution. Using
the approach of Josse, e al. [73], Poisson’s equation can be modified using the Debye-
Hickel theory [74] such that

Vi =9, (3.62)
where 1/k is commonly referred to as the ion atmosphere radius.

The Debye-Hiickel theory accounts for the strength and long range of the coulombic

interactions between ions in solution [75]. Poisson’s equation assumes that the electric
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charge is uniformly distributed in the solution. However, due to the attraction between
opposite charges, anions are surrounded by a sphere of cations, and cations are surrounded
by a sphere of anions. When averaged over time, more oppositely charged ions pass by a
given ion than like charged ions. This results in a spherical ionic atmosphere, with a radius
1/« , of oppositely charged ions around the central ion, that is equal in magnitude but
opposite in charge [75].

For the geometry shown in Figure 20 the potential in the solution will only vary from
a distance normal to the charge at a point on the sensor surface [74]. Thus, the solution to
equation (3.62) is

¢ = plhye . (3.63)
A linear approximation for the exponential decay in equation (3.63) specific to the thickness-

shear mode in an AT-cut quartz plate [73] is

& =X+, (3.64)
where @ and ¢, will be determined by applying the boundaty conditions for the LFE
sensor element.

When the ions in solution reorient with the time-varying electric field, an electric
double layer occurs in the solution, where there is a layer of charge localized at the surface of
the LFE sensor element and a second diffuse layer of charge extending into the bulk of the
solution. The thickness of the double layer is 1/, which is on the order of um [74]. In the

absence of electric charge, it is assumed that the surface potential decays into the liquid with

2z

an attenuation factor of € * - Thus, the decay length of the surface potential into the
liquid is A/27, which is about 0.1 mm for LFE sensor elements operating at ~5 MHz.

Since the thickness of the double layer is much less than the decay length of the surface
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potential in the absence of electrical charge, the redistribution of charge in the double layer
blocks the electric field from penetrating the bulk liquid [72, 73].

However, if the radial frequency, @, of the LFE sensor element exceeds the
dielectric relaxation frequency of the solution, @, , then the electric charge at the interface
can not redistribute quickly enough and the electric field penetrates into the bulk of the
liquid. The redistribution of ions in solution occurs at @, and is mathematically defined as
[72, 73]

o =—2 (3.65)
€|+€23

where 0, and &, are the bulk conductivity and bulk permittivity, respectively, of the solution

and &,, is from the permittivity, [¢], of the AT-quartz (Table 3). Thus, when @ > @, , the
electric field will interact with the bulk electrical properties of the liquid with a decay length
of A12r.

Evaluating equation (3.64) for the fourth boundary condition, which states that the
sutface potential vanishes at the air/liquid interface, results in

g(h+h')+¢,=0. (3.66)
Next, solving for @,

¢, =—¢,(h+h). (3.67)
Substituting equation (3.67) into (3.64) gives us

# = h(x, —h—h). (3.68)

The fifth boundary condition is the continuity of potential at the liquid/quartz

interface, ¢ (h) = ¢(h) When operating an LFE resonator in air, the assumption is that the

electric field normal to the X;-X; plane, E,, does not extend beyond the boundaries of the

72



crystal because the electric displacement normal to the surface, D,, is zero. Mindlin [67]

and Lee [61] have shown that in air there is a small amount of electromagnetic radiation

outside of the crystal. However, when the LFE sensor element is exposed to an electrolyte
solution, the electric field, E,, interacts both with any ions in solution and capacitively
couples with the dielectric liquid. This coupling of the thickness-shear mode with the liquid

results in a surface charge at the interface and a potential that varies in both the X, and X,

directions [72], since E, and E; for the thickness shear mode are finite.

Expressions have been derived for both the electric potential in the quartz substrate,

(equation (3.60)), and in the liquid, (equation (3.68)). Since the surface potential decays only
in the X, direction, we are only concerned with the electric displacement normal to the
quartz/liquid interface, D,, and can ignore the X, term in equation (3.60). The fifth
boundary condition is written by substituting equation (3.33) into (3.60), substituting the

resulting equation into (3.68) and evaluating at X, =h, as follows

—gh' = ei(LieiEh + e )e"‘”‘ _En g gy, (3.69)
&

22 €9

Solving for @, results in

¢ = _—1{6& (Lie ik )—@ th}ej“’t . (3.70)
h'| & &

The sixth boundaty condition is Dgl)(h)— D, (h) = p,, whete p, is the surface

charge density on the quartz/liquid interface. Already knowing that D, =0 in the quartz

crystal, the boundary condition becomes DS)(W ): Ps -
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In the liquid the electrical displacement, D{" | is [73]

DY =5 2%, (3.71)
X,
where
g =t (3.72)
Jo

Substituting equation (3.70) into equation (3.68) and then substituting equation (3.68) into
(3.71) yields

Dy’ = %{eﬂ (Le™ + Le #)-2z th}e‘“ =P (373)

2 &y

3.2.2.3. Summary of Boundary Conditions

Six boundary conditions have been applied to solve for the thickness shear mode in
an LFE sensor element. Three of the boundary conditions are applied to the mechanical
properties of the system and three of the boundary conditions are applied to the electrical

properties of the system. The six unknowns that were solved as a result of the boundary

conditions are, Ly, L,, Ly, ¢, ¢,,and p,.

3.2.3. Admittance of the LFE Sensor Element

Admittance, Y, is simply the ratio of current, |, to the voltage, V . Thus, the first
step in determining the admittance of the LFE sensor element is to calculate the current
between the plates (Figure 20). The surface charge on the electrode of a thickness-field
excited resonator is [65]

Q=] Dy, ,,dA (3.74)

X3=—W/2 >
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where A is the surface area of the electrode in the X, - X, plane (Figure 20). Substituting

equations (3.33) and (3.54) into equation (3.27), one obtains

D, = (536 a%(Llejkxz +Le )+ 2, ]ej“" . (3.75)

2

Substituting equation (3.75) into (3.74) yields an expression for Q,

LY G iix T
Q = de“”‘J'0 {esa OT(LleJk e+ Le " 2)+ g33Eonx2
2
h i,
+Le J

—a T h _ h
:delaﬁ(e%(Lielkz 0)+533E0x2|0j , (3.76)

=d [€36 (Li(ejlzh —l)+ L, (e—th —1))+ EngOh}ej”)t

where d is the width of the electrode (Figure 20).
Now an expression for the current in the quartz plate can be found by taking the

derivative of equation (3.76) with respect to time,

l, = % = jod[e (L™ —1)+ L, e 1)+ 2, E 0 (3.77)

The interaction of the LFE thickness-shear mode with the contacting liquid will
result in both conduction current due to the drift of ions in the solution and a displacement
current due to the dipolar response of the solution. Finding the total charge on the sensing

surface from equation (3.73)

Q, = pwd = m[%(m’*“ NRSUR th}e"”‘, (.78
h" | &y &
and
1, = % _ Jowds, {%(Liejkh FLe ) En th}e"‘”‘. (3.79)
ot h &y Eyp
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The two currents are shown in Figure 21. Qualitatively, one can see that the total

current between the electrodes is the parallel combination of the current in the quartz plate,

l,, and the current in the liquid, 1,. The applied voltage, V , between the plates is E,e''w,

thus Y = (I, +1,)/V and

y - Jed
E,w
gL 1)+ L (e -1))+2,Eh ], (3.80)
X * . _
L (eﬁ(ge“” + LZeW)—@EOh]
h" &y 22
where
w =kh. (3.81)
%, A
Liquid :
I
|
T
I
Quartz : I
x, (in) ! o

X3
Figure 21. The total current between the electrodes is the parallel combination of the
current in the quartz plate, |,, and the current in the contacting liquid, |,

3.3. Equivalent circuit model

Examination of equation (3.80) reveals that the admittance of the liquid-loaded LFE
sensor element contains six terms. The admittance is expressed as the sum of the six terms

where

Y=>Y, (3.82)
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Substituting equations (3.50) and (3.51) into equation (3.80) the admittance terms Y, -Y, can

be expressed by

and

and

v - wdes, n,ya)(l—e_j"’)+ IZESG(QW Lo v _2) .
' leaee 77|7’a)(ew+e_”/)+|2566(ej"’—e‘j'/’) > .
ode? [~ yoll-e )+ k(e +ev —2)
Y. = “Fe nyox e .+ Ceie -.|-e . 55
i WKCeq 77|7/a)(ew+9_W)+k§66(e”’—e‘”’) ’ .
n=iof, (3.85)
w
_ 05 Bt o ke 1) (3.86)
) h’822k666 _77|7/a)(e”/ +eiwl)+ kEGG(eWI —eiwl)_ i
Y. = wdgl*éseeze —nym+ Eﬁee(e‘j'/’ _1) -
° h’ ke v ~jy L~ jw —jv 5 ( . )
£5)KCs _77|7/0)(e +e )+ kC66(e —e )_
n=—ﬁﬁﬂﬁ%a (3.88)
E»

Now it is useful to introduce two piezoelectric coupling terms K % and K2, where

§2

K?=_—"¢ (3.89)
33066

o, B,E

K? = 286736 (3.90)
€23Ce6

The term K? is the coupling factor of the thickness-shear mode to the applied electric field,

E,, (see appendix A), and the term K? is defined as the coupling factor of the thickness-

shear mode to the induced electric field, E,. Energy losses in the quartz caused by the
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quartz viscosity, 77, are introduced to the LFE sensor element admittance through a complex
quartz elasticity term, Cgy [59], where
Coo = (_:66(1+ Jf)’ (3.91)

and

g (3.92)

This energy storage term in the quartz elasticity results in changes to the variables w, K?

b

and K?2. Thus, new complex variables are introduced

2

12 l//
= 3.93
Vo e (3.93)
2
K2 = K_ , (3.94)
1+ )&
and
W 2
K'2 = K_ , (3.95)
1+ )&

Close examination of the admittance term Y, reveals that it is simply the capacitance

between the virtual electrodes along the X;-axis. Thus the static capacitance, C, is defined
as

_Enth

C, w

(3.96)

When equations (3.93) and (3.94) are substituted into equations (3.83)-(3.85), and the three

terms are combined, the admittance is
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Y, =Y, +Y,+Y; = joCy| 1- ]

Using Euler’s equation, dividing the numerator and denominator of equation (3.97) by

JKC¢ , and using trigonometric relations the admittance may be rewritten

Thye +2tan(‘// j

12
Y, = jaC,| 1+ iKCes 2 (3.98)
Vol T2 oty 41
J C66

Note that the properties of the liquid influencing the admittance of the LFE sensor element

are contained in a single complex factor. This factor is defined [43] as
A= |OPq_j), (3.99)
Now the admittance Y,, in simplified form, is

!

, | A+ 2tan[l/;j

!

w' | Acoty'+1

Y, = joC,| 1+ (3.100)

where it can be seen that Y, is the static capacitance in parallel with a complex admittance

Y,,where Y, = ]/ Z, . The equivalent circuit for Y, is shown in Figure 22.
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Figure 22. Equivalent circuit for admittance Y,

Examination of equation (3.88) is simplified if we expand the complex permittivity

&, using equation (3.72). Doing so reveals that the admittance Y is a resistance, R;, in

parallel with a capacitance, C,

Ye =—(i+ ijzl, (3.101)
R3
where
R =zl (3.102)
&,3dho,
and
c, = &t (3.103)
&,N

Inspection of the circuit parameters R; and C, reveal that they contain the quartz
permittivity ratio, £,;/&,, . This ratio relates the thickness-directed electric field E, to the

applied electric field E; in equation (3.23). Thus, the circuit parameters R, and C,
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represent the interaction of the thickness-directed electric field E,with the conductivity and
permittivity of the contacting liquid at the sensing surface. The negative sign on the
admittance Y, indicates that the cutrent is flowing in the opposite direction of this branch
with reference to the other branches of the equivalent circuit.

Substituting equations (3.93) and (3.95) into equations (3.86)-(3.88) and adding yields

Y, =Y, +Y. +Y,

][_ K" KCy(e” +e7¥ —2) - (3.104)

1 .
‘(—““’Cz v male” +e 7 Jrkegle” —e )

R,
The admittance is simplified using Eulet’s equations, some trigonometric identities and

substitution of equation (3.99)

2 i
Y, =| 2+ jec, | tan("’{z) =i (3.105)
R, y' Acoty’+1

The impedance, Z,, can be found by separating the real and imaginary components

of equation (3.105), and taking the inverse of the resulting terms as follows,

2,=2,+2, = i) (3.106)
where
Z,= RyfAcoty’+1) (3.107)
(K"/y"Jtan(y'/2)
and
; ] (Acoty' +1) (3108

" aC, (K?/y'Jtan(y'/2)’
The entire equivalent circuit for the LFE sensor element is shown in Figure 23 with
block elements. This configuration is more complex than the standard Butterworth-Van

Dyke equivalent circuit in that there are six parallel branches as opposed to two.
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l

Figure 23. Equivalent circuit of LFE sensor element under liquid load. The arrows
indicate the direction of electrical current through each branch.

When the LFE sensor element is at resonance, the magnitude of the admittance, Y ,

of the LFE sensor element is at its maximum value. The admittance, Y , is the sum of Y,,
(equation (3.100)), and Y, , (equation (3.105)). Since both Y, and Y, have the term
tan(z,//’ / 2) in the numerator, resonance will occur when ¥’ is about N7z, where

Nn=135,---. The trigonometric functions in equations (3.100) and (3.105) are expanded

about the poles as [6, 43]

, 4y’
tan(y /2)z(m)2+l//2 (3.109)
and
’ -2y’

The impedances Z,, Z;, and Z, are approximated by substituting equations (3.109) and
(3.110) into equations (3.100), (3.107), and (3.108) and ignoring any terms above the first

order of the small quantities A and (n 7z)2 —y”
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] 2w'A- (n;z)2 +y'?

Z, = : 3.111
“ T aC, 8K 2 G
2 12 ’
nz) —y'==2¢'A
zﬂ:R3( ) 4‘/%,2 A (3.112)
and
H 2 12 ’
Zy:wcj (nz) 4‘%2 A (3.113)
2

The maximum electrical admittance occurs at the series resonance of the LFE sensor

element, where the phase shift i across the LFE sensor element is Nzz. Knowing that y is

proportional to @, the frequency-dependent form of y is

V/Z(a)s):(ﬂnﬁj , (3.114)

where @; is the radial frequency at series resonance of the unperturbed LFE sensor element.

Substituting equation (3.114) into equation (3.93) returns the phase shift ' for a lossy

QCM near resonance

o (nz) (@ ’
v ridle ) (3.115)

The final step to developing an equivalent circuit for an LFE sensor element under

liquid load is to substitute equation (3.115) into equations (3.111)-(3.113). When performing
this substitution the expression (1+ j& )1/2 is approximately 1 due to the small quantity &.
Recall that the factor A is complex and is here rewritten A, — JA; where A, = A, and

given in equation (3.99). Equations (3.111)-(3.113) are thus approximated to be
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zaz[ nzA, +(n”)Z§J+ja)[ nah, , _(naf j

4K2wSCO 8K2a)CO 4Kza)sa)C0 8K2a)52C0

; (3.116)
L1 (nz)
jo 8K?C,
7 =~ R3(n7[)2_R3(n7[)2 2 Z_M
B — —— 7
4K 4K o, 2K 0,
: (3.117)

2
tjw Rs(n_f) £, Rnah,
4K ‘o 2K %o,

and

(nﬂ)zé‘ nzA, ] (n”)z nA,
Z}/ ~ 2 + —2 + Ja) — + —
4KaC, 2K wC, 4K’0lC,  2K’w.aC,

(3.118)
1 (nz)
jo 4K*C,
Equations (3.116)-(3.118) are rewritten
Z,=(R+R,)+ jo(lL, +L; )+~ L (3.119)
Jak,
Z =R,+jo(L+L,), (3.120)
and
_ - 1
Z, _(R5+R6)+ Ja)(l-s"'l-e)"' - (3.121)
3
The lumped circuit elements are thus defined for the equivalent circuit in Figure 24,
where
8K*C,
C="—% (3.122)
(n7)
1
= 2r 3.123
= (3123)
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and

R,(nz) L
ERTE
4K*C,
C, = :
3 (n”)z
L 1
i a’szcs,
My
Re=—"—,
° C66C3
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(3.125)

(3.126)

(3.127)

(3.128)

(3.129)

(3.130)

(3.131)

(3.132)

(3.133)

(3.134)



A T (O TR TR
-/ -) -/
L, g L, g L. g
=~ Ré R, RS ¢~ R-é
- -
L, @ L P L P
- -
R2§ R,

Figure 24. Equivalent circuit with lumped circuit elements for an LFE sensor
element under liquid loading. The arrows indicate the direction of electrical current
flow through each branch.
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A careful examination of the equivalent circuit in Figure 24 and equations (3.122)-
(3.134) reveals some similarities with the equivalent circuit for a QCM under liquid and mass
loading proposed by Martin, e a/. [43]. The physical significance of the lumped circuit
elements with regard to the mechanical and electrical property changes of the loading liquid
is contained in the equivalent circuit.

Examination of the two leftmost branches of the equivalent circuit model for the
LFE sensor element (Figure 24) reveals similarity to the model developed by Martin, e a/.
[43]. Indeed, equations (3.96) and (3.122)-(3.126) bear a striking similarity to equations 25 in

[43]. The primary differences between the leftmost branches of the circuit model developed
here and that in [43] are the LFE coupling constant, K?, the static capacitance, C,, and the
motional resistance, R, . Intuitively, it makes sense that the coupling constant and static
capacitance are different, in that for the LFE sensor element the thickness shear mode of the

resonator is due to an applied electric field, E,, directed laterally along the piezoelectric
plate, rather than E,, directed through the thickness of the piezoelectric plate. The only

difference in the motional resistance, R, between the model developed in this work and

2
that in [43] is that their motional resistance includes a factor (—J . However, as was noted
Q)

S

in [43] the error in the admittance magnitude introduced in their model by letting @ = @, is
less than 0.25% over a 1% bandwidth. Thus, the motional resistances are very nearly the
same. The circuit model for the LFE sensor does not contain an inductance for energy

storage losses caused by mass loading at the surface, as the LFE sensor element does not

have electrodes on the sensing surface, and thus, no mass loading.
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The rest of the lumped circuit elements for the equivalent circuit model (Figure 24)
are due to the coupling of the thickness shear mode to the induced electric field, E,. The
physical significance of R, and C, were discussed eatlier in this chapter. The inductances in
the fourth branch of the circuit represent energy storage losses due to the viscosity of the

quartz, Ly, and the viscoelastic propetties of the contacting liquid, L,, caused by the

interaction of the induced electric field, E,, with conducting ions in the contacting solution.
The resistance in the fourth branch of the circuit is complex relating losses due to
conductivity in the contacting liquid, changes in the coupling constant, K? | as the
frequency moves from the unperturbed resonance frequency, f,, and losses due to
viscoelastic properties of the contacting liquid.

Interestingly, the rightmost branch of the model can be thought of as the motional
branch caused by the coupling of the induced electric field to the thickness shear mode.
Close examination of equations (3.130)-(3.134) to equations (3.122)-(3.120) reveals that they
have similar form with the circuit elements in the rightmost branch containing the coupling
term K7 and the elements in the second branch from the left containing the coupling term
KZ.

The equivalent circuit in Figure 24 is modeled using the electrode configuration in
Figure 20. However, the electrodes are on the reference face of the quartz plate as shown in
Figure 17. Thus, the driving electric field, penetrates into the contacting liquid as shown in

Figure 25. This interaction of the thickness shear mode with the contacting liquid leads to
two additional elements in the equivalent circuit branch, Z,. The elements are a

capacitance, C,, and a resistance, R,, expressed as follows,
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=y (3.135)
'

R=—" 3.136

= o d (3.136)

The variable h is the effective penetration depth of the electric field into the bulk liquid.

This effective depth arises because the electrodes are physically on the reference surface

(Figure 17) of the LFE sensor element and not on the sides of the quartz plate (Figure 20) as
was approximated in the model. The modified equivalent circuit incorporating C, and R, is

given in Figure 26.
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Figure 25. An LFE sensor element showing the interaction of the driving electric
field, E, with contacting liquid

89



l q7<l I l I q7<l
) ) O
L, g L, g L, 8
o< R R, R, c. < R5§
- -) O
L © L, © L P
- ) O
R, R,
T~ R
G

Figure 26. Equivalent circuit including the elements Cy and Ry, for an LFE sensor

element under liquid loading. The arrows indicate the direction of electrical current
flow through each branch.

90



An expression for the admittance of the LFE sensor element at or near resonance
can be obtained from the circuit in Figure 27. This circuit is simply the two leftmost
branches of the circuit given in Figure 26. The admittance of this simplified equivalent
circuit (Figure 27) very closely approximates the admittance of the of the more complex
circuit model (Figure 26), as shown in Figure 28. The admittance of the circuit shown in
Figure 27 is the sum of the admittances of the two branches and is expressed as

1

R

Y = joC, + (3.137)
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Figure 27. Simplified equivalent circuit model for the LFE sensor element
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—— full circuit
— simplified circuit

[Y] (mS)

01 | | | | | | | | |
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frequency (MHz)
100

full circuit
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phase of Y (degrees)

1 1 1 1 1 1
4.92 4.93 4.94 4.95 4.96 4.97 4.98 4.99 5 5.01 5.02
frequency (MHz)

-20

Figure 28. Admittance for the equivalent circuits in Figure 26 (solid line) and Figure
27 (dashed line)
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It is clear that the equivalent circuit model for the LFE sensor element presented in
this chapter has similarities with the existing model for the QCM under simultaneous mass
and liquid loading. Indeed, if one electrically shielded the LFE sensor element from the

contacting liquid, the resulting equivalent circuit would be reduced to the circuit in Figure 27

without the parallel combination of C, and R, .

3.3.1. Change in Resonant Frequency

One method of characterizing the response of an LFE sensor element is to measure
the change in series resonant frequency, f, due to perturbations of the liquid at the sensing

surface. When examining the change in series resonant frequency it is useful to consider
changes to the kinematic viscosity (density-viscosity product), permittivity, and conductivity
of the liquid separately.

The admittance of the equivalent circuit shown in Figure 27 and given by equation
(3.137) is simplified as follows,

Y = jwco+zi, (3.138)

m

where Z,, is the impedance of the equivalent circuit’s motional branch and expressed as

m

Z =R+ jolL+- 1 7 ! , (3.139)
L+ jaC
R,
and the resistance and inductance are combined into single terms, defined as
R=R +R,, (3.140)
and
L=L+L,. (3.141)
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3.3.1.1. Frequency Changes due to Liquid Kinematic Viscosity

Examination of equations (3.96), (3.122), (3.135) and (3.130), reveal that neither C,,
C,, nor R, are affected by changes in the kinematic viscosity of the liquid. Thus, it is
convenient to treat the parallel combination of C, and R, as a single capacitance, C/, with

complex permittivity, defined as

C, =C, +- L (3.142)
JoR,
Substitution of equation (3.142) into (3.139) yields
. 1
Z =R+ joL+——, (3.143)
JaC
where
C-= € - (3.144)
C,+C

Resonance occurs at the frequency where Z is at its minimum value. The

m
minimum of Z is where the derivative of equation (3.143) with respect to @ is equal to

zero, as follows

2 :i R+ ja)L-i-_L =jL—- 12 =0. (3.145)
ow Ow jaC joC
Solving equation (3.145) for @, yields
@ = (3.146)
© e '
Equivalently,
f -1 (3.147)
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The change in resonant frequency is defined to be
Af, =/~ 2, (3.148)
where the primed quantities are perturbed by changes to the liquid from deionized water and

f” is the series resonant frequency of the LFE sensor element in deionized water. The

capacitance, C, is the series combination of C; and C, and thus, does not vary with

changes to the kinematic viscosity of the liquid. Substituting equation (3.147) into (3.148)

yields

1 1 1 L L
Af, = — = 1[— ~-1|=f, 1/— -1]. 3.149
274 /L'C  274JLC 274LC [ L' ] ( L' J ( )

An examination of equations (3.96) and (3.122)-(3.1306) reveals that only the inductance, L,,

is affected by the kinematic viscosity of the contacting liquid.
Changes to the inductance, L, are defined as
AL=L"-L. (3.150)

Solving equation (3.150) for L and substituting into equation (3.149) yields

Af, = fs"[ = _L,AL —1] = fs‘)(‘/l—% —1}. (3.151)

The term under the radical in equation (3.151) can be estimated by taking the first two terms

of the binomial series [76] as follows,

0
Af, = LA ) _foab (3.152)
2 L 2 LU
Substituting equations (3.141) and (3.150) into (3.152) returns the expression
0 ' [
Af :_f_5L1+L2 L-L =_f_5ﬁ. (3.153)
2 L+L, 2 L+1L,
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Again, since only small changes to the kinematic viscosity of the contacting liquid are

considered, Ly >>L,, and equation (3.153) can be approximated as follows,

0 o
Af, = —f—sﬁ (3.154)
2 L

Since relative frequency shifts are considered, and the unperturbed inductance, L,, is the

reference value, we can arbitrarily let L, =0. Simplifying equation (3.154) in this way and

substituting equation (3.125) results in the expression

0)3/2
Af, = (8 ApAT (3.155)
n Cos P

Equation (3.155) reveals that the LFE sensor element exhibits a similar frequency
shift to changes in kinematic viscosity as predicted by Kanazawa and Gordon in [14] and

Martin, ¢t al. in [43]. Specifically, the frequency shift, Af, varies proportionally to both
JApAn, and (fso)zlz.

3.3.1.2. Frequency Changes due to Liquid Permittivity

The impedance of the motional branch, Z , can be expressed in its simplest form as

follows,
Z =R, +JX,, (3.150)

where R, and X are the resistance and reactance, respectively, of the motional branch of

m
the equivalent circuit. Resonance is entirely determined by the motional branch and occurs
at the frequency for which the magnitude of the impedance is at its minimum or when the

reactance disappears [0].
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The impedance of the motional branch is given by equation (3.139) and can be

rewritten as follows,

Z —R+job——d 1 (3.157)
oC; G+ jaC,
where
1
G =—. 3.158
=R (3.158)

Equation (3.157) is rewritten by multiplying the last term by its complex conjugate, yielding

Z —Rejol-—d 41 Gzl
oC; G+ JaC, G, — jaC,
SR+ joL - &G . (3.159)
oC, G +wC,

G,

. 1 jeC
=Rt gt
G +w°C, oC, G +w°C,

The reactance of the motional branch, X, from equations (3.156) and (3.159) is

1 jaG
oC, G!+w°C}’

X, =ol- (3.160)

At resonance, the reactance of the motional branch, X, is zero. Thus, equation

(3.160) is rewritten

1 jaC,

ol — -
@C, Gf + a)ZC,2

=0. (3.161)

Multiplying both sides of equation (3.161) by Cla)(G,2 +Cla’ ), yields
C.ClLo' +(CG’L-C? -C,C, o> -G? =0. (3.162)
Equation (3.162) is further modified by dividing both sides by C,C/L , as follows

i, CEIL-CI-CC, . G
C,C2L C,C2L

=o' +bo’-c=0, (3.163)
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where

_CGL-C7-CC,

b 3.164
C,C/L ( )
and
2
C=- G'2 (3.165)
CCrL
One can solve for @° in equation (3.163) using the quadratic equation as follows
~b++b*-4c
o= (3.166)

2
The resonant radial frequency, @, is found by taking the square root of equation (3.166),

where

o, =%

(3.167)

[mmf

2

Since the resonant radial frequency must be both real and positive, equation (3.167) is

rewritten as follows

2
2
o, - (—be— v2b—40 J (3168

The resonant frequency, f, is then expressed as

S:Z 2 :2\/§7z

1.2 Y2
f 1(M] 1 (—b+«/b2—4c). (3.169)

When investigating the resonant frequency change, Af,, due to liquid permittivity
changes, only the changes in the capacitance, C,, are considered as the other circuit elements

do not vary with liquid permittivity. In other words, the values for the circuit elements L,,
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R,,and R, are fixed for their value in deionized water. Primed quantities indicate the

perturbed value due to the liquid, while unprimed values are for deionized water, as in

section 3.3.1.1. The change in resonant frequency is expressed as follows

Af = f —f0 = 2\/157[ ((—b'+\/b'2 “ac)” (b b2 -4c)v2j, (3.170)

where the variables with the subscript di are the reference values in deionized water. The

relative frequency shift can be found using equation (3.170) as follows

A_&:(_b,+myz_(_b+m)l/2
3 (—b+my2
(b’+ﬂ}ﬂ2 1_{—b’—b’ 1-4c¢'/b’” J]/zl.

—b+~/b? - 4c | —b-by1-4c/b?

(3.171)

For the range of liquid permittivity examined, the value (4C/ bz)2 <1, thus the terms

under the radical in equation (3.171) can be approximated using the first two terms of a

binomial series as follows,

' i 1/ l'2 y2 ' 1/ |n!2 y2
AfSN(—b —bL-2¢/b )j _1_(—2b 1-¢//b J 9

£ { ~b-b1—2¢/b ~2b 1-c/b
: : v2 /o) / (3.172)
~ b! _ C!/b! _1
b-c/b
Further, the variable b is approximated as follows,
bt b (3.173)
CL CL

because ‘G,Z /Cr?

<«<[yc,L+1C/L

for the range of permittivities examined.

The resonant frequency can be found by substituting equations (3.165) and (3.173)

into (3.172), which yields
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G/
1 1 CcC’lL
cL CL (1+1j
Afjg— ClLGIZC'L -1. (3.174)
1 1 ccl
CL CL (1+1j
CL CL

After some algebraic manipulation, equation (3.174) is rearranged and expressed in terms of

the equivalent circuit elements as follows,

. [(c/+C ) +CG’L Cl+CC ~
f0 (C,+C,V+CG:LC?*+CC/

(3.175)

The frequency shift due to liquid permittivity changes in terms of the quartz
constants and liquid properties is obtained by substituting equations (3.122)-(3.136) into

equation (3.175) as follows

2
R 8KCo| L [aR |, & 2P| o 8K2C05,R
At U (na)? Nz \ Sy nx)
0 20\ , 8KZC &R, (3.176)
glR+8K C2° + ok 1+& &'R*+=— =
(nz) n a)c66 nz)
-1
where
R=h,d/w. (3.177)

If one were to examine the case of a purely dielectric liquid, then the term containing
0, in equation (3.176) can be neglected, due to the assumption that o, — 0. The variable
A is introduced, where it is defined as follows,

8K°C,

(nz)*

A= (3.178)
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An expression for the normalized frequency shift in dielectric liquids is found by substituting

equation (3.178) into (3.176) and multiplying the numerator and denominator of the

resulting equation by W/hyd , as follows

_ (& + Aw/h,d f + 5 A

Afy
f0 (gl + Aw/hyg d)2 +eA

(3.179)

3.3.1.3. Frequency Changes due to Liquid Conductivity
The expression for the change in frequency due to liquid conductivity is, from

equation (3.171),

2
' 12 i
Afs _(—b +\/b —4c ] 1 (3180)

fo | —b++b2-4c
The variable b is approximated as follows,

12
b zG—'Z—i, (3.181)
C2 cL

because |1/ C L| << ‘Gl'z /C} —1/ ClL‘ for the range of conductivities investigated.

When calculating the change in frequency, only the circuit element, R,, varies with

liquid conductivity. The notation is that primed quantites are the values that are perturbed
due to the contacting liquid, whereas unprimed quantities are unvaried from the deionized

water values. Thus, substituting equations (3.165) and (3.181) into (3.180), yields
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12

C’-CG/L \/CG’ZL C? +4C,C7GL

A, | CClL CCL 9
f7 | ci-CGIL  CGIL-Cl+4CCIGIL
CCL CCL . (3.182)

12
[ CZ-CG’L+,/C,GIL-C? +4C,CIGL 9
CZ—C,GEL +,/CGL—-C? +4C,CIGL

The frequency change due to liquid conductivity changes in terms of the quartz constants

and liquid properties is found by substituting equations (3.122)-(3.136) into (3.182), as

follows
1
i _5
\/ ( + O |20 J1+ 4¢,R’
12 n aC,
5|2 _ O'|2 1+& 2/?|77| ;
AfoS _ Qs N7\ @Ceqp . (3.183)
fs
2 \/ [ s |26 J1+ 4,R?)-
&2 _ o 1_’_& 2p1, w N7\ e
' w? Nz '\ alsp R
-1

Looking at the case of a conductive liquid, it is assumed that o/@ >> & [77]

Equation (3.183) can then be written as follows,
, 2 , 2 vz
[G.heﬁdj (1+1 (20,01 J_\/[mheﬂdj (1+1 Zwsp.mJ
Af OW nz\ Cep OW nz\ Cep
s - - = . (3.184)
fs ohyd i 1 2w0,01n o hyd i 1 [20,pn
B I e e ‘ 142 il
OW nz\ Cxp OW nz\ Cxp

-1

Introducing the variable B, which is defined as follows,
2
h,..d
B =( o J £1+i |20, J (3.185)
oW nz\ Cypo
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An expression for the normalized frequency shift of an LFE sensor element in

conductive loads is obtained by substituting equation (3.185) into (3.184) as follows,

12
12 12
Af, _ _{UIB‘ voi B J 1. (3.186)

o/B—4o/B

3.3.1.4. Frequency Changes due to an Arbitrary Liquid

The frequency change due to an arbitrary liquid with varying kinematic viscosity,
permittivity, and conductivity is then the sum of equations (3.154), (3.175), and (3.182).
These equations are in terms of the equivalent circuit elements. To obtain the general
frequency change in terms of the liquid properties, one would simply need to find the sum

of equations (3.155), (3.176), and (3.183) as follows,

Af, _ |1 [fApAn,
f N Cos0

S

2 2 2 )
gl’R+8K Ci_o + oR 1+— 2’?'77' &2R? +M
+ (n”) @, N7\ &Ceqp (n 7[)2
2 2 2 '
S,R+8K2CZ° [oR (1, @ 2,f|77, g,’2R2+w
(nz) o, N\ @y p (n7)
1
i 12 2 _E
2 \/0'2 [1+S P j(1+4g|R2) &
! , nz\ ac
g2 - 0'2 149 2/_0|77| N 66/
+ @; N7z \ aCesp R
2
X \/;{ns 2011 J(1+45|R2) &
o’|” nz\ et
glz _0]2(1+0)5 2/_0|77| j+ 66
@s N7z \ e R

(3.187)

An expression for the frequency change can also be obtained for the special case of a

purely dielectric liquid by finding the sum of equations (3.155) and (3.179) as follows,
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Af, 1\/fs°Ap.A77| +\/(5|'+Aw/heﬁd)2+5IA (3.188)

0 NV Cup, (6, +AW/hdf +5A "
The frequency change can also be found for the special case of a conductive liquid

by finding the sum of equations (3.155) and (3.186) as follows,

12
0 12 12

AfOs _ 1 fs%PlAﬂu _|oB-yor'B| (3.189)

fs N Cery olB—+/o2B

In the next chapter, I will present the experimental methods used to test the LFE

sensor under liquid loads.
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Chapter 4

EXPERIMENTAL METHODS

Chapter 3 contains the derivation of the equivalent circuit model for a lateral-field
excited (LFE) sensor under liquid load. In this chapter the procedure for fabricating the
LFE sensor elements is presented. The procedure is followed by a discussion of the
methods for characterizing the LFE sensor elements to changes in the physical properties of
liquids. In the next chapter I will present the theoretical and experimental results of LFE
sensors under various liquid loads. This is followed by a discussion of the results and a

comparison of the theoretical and experimental data.

4.1. Lateral-Field Excited Sensors

The LFE sensors were fabricated on AT-cut quartz discs with a diameter of 25.4 mm
and thickness of 0.33 mm. The discs are plano-plano, (each of the major surfaces are flat),
and optically polished. There are two sources for the quartz discs, the first is Sawyer
Technical Materials, LL.C, Eastlake, OH and the second is Lap-Tech Inc., Bowmanville, ON,
Canada.

The electrodes were deposited on AT-cut quartz substrates at the Laboratory for
Surface Science and Technology (LASST), at the University of Maine, Orono, ME. A 50-nm
adhesion layer of chromium was deposited on one major surface of the quartz disc in a
vacuum deposition chamber using radio frequency magnetron sputtering. The chromium
layer is required because the lattice spacing between chromium and quartz is closer than that
of quartz and gold. A 250-nm layer of gold is sputtered onto the chromium. If gold were to

be deposited directly on the quartz substrate, the gold would delaminate from the surface.
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The electrodes were patterned on the surface using standard photolithographic
techniques (Figure 29). The first step of the photolithographic process is to apply
photoresist to the gold-coated surface of the quartz disc. Photoresist is a liquid polymer that
is sensitive to ultraviolet light. The photoresist is a physical barrier to the removal of the
gold in the region of the electrodes. A photomask, a clear overlay with an opaque electrode
pattern, is aligned in the proper position on a Quintal mask aligner. The mask aligner has a
vacuum chuck bringing the photomask into physical contact with the quartz wafer. The
photoresist is exposed to ultraviolet light where the photomask has no pattern. The
photoresist that was exposed to the ultraviolet is removed in developer solution. The gold
film in the regions not protected by the photoresist is then removed using a chemical
etchant. The final step in the photolithography process is the removal of the photoresist

from the electrodes.

JUV bLigh|

. Apply Photomask
F1L[|:|\ Photoresist Thotoresist |_ _L + |
| —— ﬁ

Substrate - —>
Remove EtchFilm l]’ Develop
Photoresist
—_— = = =l ll
< |

Figure 29. The photolithography process [78]

4.2. Lateral-Field Excited Sensor Element Characterization

The first step in preparing the LFE sensor elements is cleaning. The cleaning

process removes any chemical residue that may still be on the sensor elements from the
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electrode deposition process. Up to four sensor elements are placed in a Teflon® holder
designed for this purpose. The cleaning procedure is as follows:

e Immerse the sensor elements in acetone for about ten minutes.

e Remove the sensor elements from the acetone and immerse in isopropyl
alcohol for about ten minutes.

e Remove the sensor elements from the isopropyl alcohol and immerse in
deionized water for about ten minutes.

e Remove the sensor elements from the deionized water.

e Remove the LFE sensor elements from the deionized water and the holder.

e Dry the sensor elements individually with pressurized nitrogen. Nitrogen is
used rather than compressed air, as compressed air can oxidize the gold
electrodes.

e Place the sensor elements, bare side up, in a Boekel UV Clean for 20
minutes. The ultraviolet light removes any organic residue that is on the
sensing surface of the LFE sensor elements from the prior cleaning steps.

Each LFE sensor element is placed in a holder prior to testing. The two purposes of
the device holder are, first, to make an electrical contact between the LFE sensor element
and the measurement instrumentation, and second, to prevent the liquid from contacting the
sensor element anywhere but on the sensing surface. If the liquid were to contact the
reference surface, the electrical measurements would be compromised as the liquid may have
a finite conductivity. Additionally, many solutions, especially the sodium chloride solutions
used in these experiments, are highly corrosive and will damage the electrical contacts in the
holder. The holder is then connected, by coaxial cable, to a Hewlett-Packard HP4795a

network analyzer. A network analyzer is an instrument that measures high frequency
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electrical networks, (up to 500 MHz for the HP4795a). The network analyzer was set to
record 801 points for every sweep to obtain the best resolution of the device admittance.
The network analyzer has the capabilities of converting the measured signal to the equivalent
admittance for the LFE sensor element. The admittance of each sensor element was
recorded in air before it was exposed to liquid.

The admittance of the LFE sensor element under liquid-loading was measured by
lowering the holder containing the sensor element in a 400-ml beaker of the solution to be
measured so that the sensor element was completely immersed. The admittance of the
sensor element was measured on the network analyzer. Once the measured admittance was
stable, with a frequency variation in peak admittance of no more than * 2 Hz, the
admittance was saved.

Three different solutions were chosen to characterize the LFE sensor elements to
physical property changes of liquids. The three physical properties of the solutions that are
being varied are viscosity, permittivity, and conductivity. Viscosity is a mechanical property
and is defined as the resistance of a liquid to flow. Thus, molasses is an example of a liquid
with a high viscosity as it has a high resistance to flow, whereas water at 20°C is an example
of a liquid with a low viscosity as it flows easily. Permittivity is an electrical property and is
the ability of a material to store a charge. Liquids with a higher permittivity will store an
electrical charge with a smaller electric field. Conductivity is also an electrical property and is
the ability of a material to conduct electrical current. Liquids with high conductivity will
conduct electricity more readily than liquids, such as deionized water, that have very low
conductivity.

The solutions were chosen so that varying the concentration of the solution changes

one of the physical properties with minimal changes to the other two physical properties.
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The solution chosen to measure the LFE sensor elements’ responses to changes in liquid
viscosity is glycerol. Glycerol solutions have been used in other studies to examine the
frequency responses of acoustic wave sensors to changes in liquid viscosity. For the
experiments presented here, the glycerol concentration was varied from 0% to 20% glycerol
by weight. The solution chosen to measure the LFEs’ behavior to changes in liquid
permittivity is isopropyl alcohol. The concentration of the isopropyl alcohol solution was
varied from 0% to 100% by weight. In order to measure the LFE sensor elements’
responses to changes in conductivity a sodium chloride solution was chosen. The
concentration of sodium chloride was varied from 0% to 0.15% by weight.

The data was exported to MATLAB, a mathematics software package. The data was
plotted and several features of the LFE sensor elements’ admittances were characterized as
the physical properties of the solutions were varied. The features of the admittance that
were characterized are:

e resonant frequency

e antiresonant frequency

e the magnitude of the admittance at the resonant frequency

e the magnitude of the admittance at the antiresonant frequency
e the phase of the admittance at the resonant frequency

e the phase of the admittance at the antiresonant frequency

the frequency difference between the antiresonant and resonant frequency
The fact that the admittance of the LFE sensor elements is a complex value,

containing both a real part and imaginary part, both the magnitude and phase at the resonant

and antiresonant frequencies must be evaluated to fully characterize the admittances of the

LFE sensor elements.
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Chapter 5

RESULTS AND DISCUSSION

In chapter 3 a model for the liquid-loaded lateral-field excited (LFE) sensor element
was derived. This was followed, in chapter 4, by the experimental methods used in
measuring the response of the LFE sensor element to liquid loads with different mechanical
and electrical properties. What follows in this chapter is an analysis of the theoretical model
for the LFE sensor element. This analysis will examine the response of the model to
changes in the kinematic viscosity, electrical conductivity, and permittivity of the contacting
liquid. The conclusions of the research and directions for future work are presented in

chapter 6.

5.1. Experimentally Determined Parameters for LFE Sensor Elements

The equivalent circuit model for the LFE sensor element considered the device
response due only to changes in the crystal and the contacting liquid. Practically, the LFE
sensor element is measured in a holder. The holder is not electrically isolated from the

sensor and has a parasitic capacitance, C , and a parasitic resistance, Rp due to electrical

p 5
interactions between the holder, the LFE sensor element, and the measurement system. The
values for C; and R, were experimentally determined (Table 5) and depends not only on

the holder but on the electrode configuration of the LFE sensor element. The equivalent

circuit model modified with the parasitic elements is shown in Figure 30.
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Table 5. Experimentally determined parameters for LFE sensor elements

electrode f,(MHz) | C, (pF) R, (Q) C, (pF) R, () h 4 (mm)
gap (mm)
0.5 4.966811 6.7 145 5.0 650 0.86
1.0 4.964884 5.8 145 5.1 650 1.55
2.0 4.964891 4.6 175 5.0 750 3.36
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Figure 30. Equivalent circuit for LFE sensor element incorporating the electrical
influence of the sensor holder
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The circuit in Figure 30 contains all the circuit elements derived from the analysis in
chapter 3. However, the equivalent circuit can be estimated using the simplified circuit,
which is inside the dashed square of Figure 30. The admittance curves near resonance for
both circuits under deionized water loading are shown in Figure 28. The resonant and
antiresonant frequencies between the two models differ by no more than 0.02% for the full
range of liquid loads tested. The error in the peak magnitude of the admittance between the
two models is greater, reaching about 4.4% for the most conductive liquids tested.
However, this is, well within the experimental error, which is estimated to be greater than
5%. The simplified circuit model provides ease of analysis without greatly sacrificing
accuracy.

Following the approach used by Martin, e a/. [43] the seties resonant frequency, f

>
and static capacitance, C;, were experimentally determined for each device (Table 5). The
static capacitance is dependent only on the electrode configuration and the thickness of the
quartz plate, thus finding C, experimentally does not impact the model with regard to
perturbations in the contacting liquid.

The effective penetration depth, hy , was also determined expetimentally. The

effective penetration depth, hy , is proportional to the electrode gap width, W.

5.2. Admittance in Deionized Water

The plots of the theoretical admittance obtained with the lumped element equivalent
circuit model were compared to measured data for LFE sensor elements in deionized water
(Figure 31 - Figure 33). The plots show very good agreement between the measured and

model data, with the model having about a 5% error compared with the experimental data.
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The one feature of the measured data that does not occur in the model data is the ripple that
occurs out of the resonance band on the high frequency side. This ripple may be due to

another acoustic mode or the thickness shear mode reflected at the edge of the plate.
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Figure 31. Theoretical and measured admittance for an LFE sensor element with a
0.5-mm electrode gap under a deionized water load
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Figure 32. Theoretical and measured admittance for
1.0-mm electrode gap under a deionized water load
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Figure 33. Theoretical and measured admittance for an LFE sensor element with a
2.0-mm electrode gap under a deionized water load

118



5.3. LFE Sensor Element Response to Kinematic Viscosity

The data, both measured and from the model, for the LFE sensors exposed to the
tull range of glycerol solutions are given in Appendix D. The data for the frequency shift,
normalized to the series resonant frequency in deionized water as a function of kinematic
viscosity are given in Figure 34 - Figure 36. In all cases the magnitude of the frequency shift
predicted by the model, (the squares in figures 33 — 35), is less than was measured (the
diamonds in figures 33 -35). However, if the frequency shift due to the permittivity is
neglected, the model, (the triangles in figures 33 — 35) matches the measured frequency shift
within the experimental error. The primary sources of experimental error for these data are
the resolution of the network analyzer (* 25 ppm), the temperature variations in the
laboratory (£5 °C), and errors in the concentration of the solutions (£0.5 %).

The normalized frequency shift was calculated to be 5 ppm using the generalized
frequency-temperature curves in [79]. The error also considered possible misalignment of

the AT-cut quartz plate to be £8.
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Figure 34. Normalized frequency shift of an LFE sensor element with a 0.5-mm
electrode gap as a function of kinematic viscosity
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Figure 35. Normalized frequency shift of an LFE sensor element with a 1.0-mm
electrode gap as a function of kinematic viscosity
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Figure 36. Normalized frequency shift of an LFE sensor element with a 2.0-mm
electrode gap as a function of kinematic viscosity

The magnitude of the peak admittance for LFE sensor elements with different
electrode gaps, normalized to the value in deionized water, is shown in Figure 37 - Figure 39.
The decrease in the peak admittance due to kinematic viscosity predicted by the model
follows the same trends as the measured data. However, the model consistently predicts a

smaller change in peak admittance than was found in the measured data.
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Figure 37. Normalized peak admittance of an LFE sensor element with a 0.5-mm
electrode gap as a function of kinematic viscosity
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Figure 38. Normalized peak admittance of an LFE sensor element with a 1.0-mm
electrode gap as a function of kinematic viscosity
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Figure 39. Normalized peak admittance of an LFE sensor element with a 2.0-mm
electrode gap as a function of kinematic viscosity

The phase of the admittance of the LFE sensor element at its resonant frequency as
a function of kinematic viscosity is shown in Figure 40 - Figure 42. The phase predicted by

the model is within the experimental error of the measured data.
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Figure 40. Phase at resonance of an LFE sensor element with a 0.5-mm electrode
gap as a function of kinematic viscosity
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Figure 41. Phase at resonance of an LFE sensor element with a 1.0-mm electrode
gap as a function of kinematic viscosity
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Figure 42. Phase at resonance of an LFE sensor element with a 2.0-mm electrode
gap as a function of kinematic viscosity

Opverall, the model predicts the admittance trends of the LFE sensor elements due to
changes in the kinematic viscosity of the liquid load. The precision of the model is affected
by several factors, including the material properties of the quartz and liquid load as well as

the influence of temperature on the quartz and liquid load.

5.4. LFE Sensor Element Response to Relative Permittivity

The data for the frequency shift, normalized to the series resonant frequency in
deionized water as a function of relative permittivity are given in Figure 43 - Figure 45. The
curves show that the model predicts, within experimental error, the frequency shift due to
liquid permittivity changes at the surface of the LFE sensor element. The primary sources

of experimental error for these data are the resolution of the network analyzer (£ 25 ppm),
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the temperature variations in the laboratory (5 °C), and errors in the concentration of the

solutions (+0.5 %).
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Figure 43. Normalized frequency shift of an LFE sensor element with a 0.5-mm
electrode gap as a function of isopropyl alcohol concentration
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Figure 44. Normalized frequency shift of an LFE sensor element with a 1.0-mm
electrode gap as a function of isopropyl alcohol concentration
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Figure 45. Normalized frequency shift of an LFE sensor element with a 2.0-mm
electrode gap as a function of isopropyl alcohol concentration

The magnitude of the peak admittance for LFE sensor elements with different
electrode gaps, normalized to the value in deionized water, is shown in Figure 46 - Figure 48.
The decrease in the peak admittance due to relative permittivity predicted by the model is

much less than was found in the measured data.

131



12

o] o
T foro)
——
——
—p—

Normalized | Y|

(=)
I
——
[
B

0.2

O T T T T T T T
10 20 30 40 50 60 70 80 20

Relative Permittivity

® DMMeasured =——Iviodel

Figure 46. Normalized peak admittance of an LFE sensor element with a 0.5-mm
electrode gap as a function of relative permittivity
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Figure 47. Normalized peak admittance of an LFE sensor element with a 1.0-mm
electrode gap as a function of relative permittivity
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Figure 48. Normalized peak admittance of an LFE sensor element with a 2.0-mm
electrode gap as a function of relative permittivity

The phase of the admittance of the LFE sensor element at its resonant frequency as
a function of relative permittivity is shown in Figure 49 - Figure 51. The phase at resonance

predicted by the model is much less than was determined experimentally.
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Figure 49. Phase at resonance of an LFE sensor element with a 0.5-mm electrode
gap as a function of relative permittivity
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Figure 50. Phase at resonance of an LFE sensor element with a 1.0-mm electrode
gap as a function of relative permittivity
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Figure 51. Phase at resonance of an LFE sensor element with a 2.0-mm electrode
gap as a function of relative permittivity

The model gives a prediction, within experimental error, of the frequency shift due
to loading by a dielectric liquid. However, the magnitude and phase of the admittance at the
resonant frequency predicted by the model differs substantially from the measured data on
the devices. There are two reasons that are believed to be the cause of the error.

The first reason is that the model was developed under the assumption that the
driving electric field, E;, is uniform between the electrodes, which were modeled on the

sides of the quartz plate. However, the LFE sensor element has electrodes mounted on the

reference surface of the quartz plate. This will, in practice, lead to a driving electric field that

has electric field components, E, and Ej;, both in the quartz plate and in the region below

the quartz plate. While the static capacitance, C,, was experimentally determined, the
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assumptions about the quartz plate, while sufficient for determing the admittance of the
LFE sensor element in a static environment, such as deionized water, lead to errors in the
model when exposed to a dielectric load. One option is to calculate C; using elliptic
integrals [80].

The second error may be due to changes in the parasitic capacitance of the holder
due to the dielectric load. If one examines Figure 49 - Figure 51, it can be noted that even
for small permittvity changes from deionized water, the phase of the admittance is almost
purely capacitive. This leads to the conclusion that the admittance at resonance is strongly
influenced by an interaction between the LFE sensor element holder and the contacting
liquid.

5.5. LFE Sensor Element Response to Conductivity

The data for the frequency shift, normalized to the series resonant frequency in
deionized water as a function of liquid conductivity are given in Figure 52 - Figure 54. The
curves show that the the frequency shift predicted by the model due to liquid conductivity
changes at the surface of the LFE sensor element converges to the measured values for the
solutions having higher conductivity. The primary sources of experimental error for these
data are the resolution of the network analyzer (£ 25 ppm), the temperature variations in the

laboratory (£5 °C), and errors in the concentration of the solutions (+5 pg/ml).

138



0 10 20 30 40 50 60 70 &0 20
Conductivity (m$/m)

& Measured =——Iviodel

Figure 52. Normalized frequency shift of an LFE sensor element with a 0.5-mm
electrode gap as a function of sodium chloride concentration
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Figure 53. Normalized frequency shift of an LFE sensor element with a 1.0-mm
electrode gap as a function of sodium chloride concentration
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Figure 54. Normalized frequency shift of an LFE sensor element with a 2.0-mm
electrode gap as a function of sodium chloride concentration

The magnitude of the peak admittance for LFE sensor elements with different
electrode gaps, normalized to the value in deionized water, is shown in Figure 55 - Figure 57.
The trend of the peak admittance due to liquid conductivity predicted by the model is similar
to that of the measured data. However, the peak admittance predicted by the model does

not reliably agree with the measured data.
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Figure 55. Normalized peak admittance of an LFE sensor element with a 0.5-mm
electrode gap as a function of conductivity
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Figure 56. Normalized peak admittance of an LFE sensor element with a 1.0-mm
electrode gap as a function of conductivity
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Figure 57. Normalized peak admittance of an LFE sensor element with a 2.0-mm
electrode gap as a function of conductivity

The phase of the admittance of the LFE sensor element at its resonant frequency as
a function of liquid conductivity is shown in Figure 58 - Figure 60. The phase of the LFE
sensor element at resonance predicted by the model is substantially greater than the

measured data.
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Figure 58. Phase at resonance of an LFE sensor element with a 0.5-mm electrode
gap as a function of conductivity
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Figure 59. Phase at resonance of an LFE sensor element with a 1.0-mm electrode
gap as a function of conductivity
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Figure 60. Phase at resonance of an LFE sensor element with a 2.0-mm electrode
gap as a function of conductivity

The model gives a prediction, within experimental error, of the frequency shift due
to loading by a conductive liquid. However, the magnitude and phase of the admittance at
the resonant frequency predicted by the model differs substantially from the measured data
on the devices. The errors are believed to be due to the driving electric field having
perpendicular components in addition to the lateral components and to the parasitics of the
holder. The frequency change data also leads to the conclusion that the effective

penetration, hy , into the liquid is a function of conductivity.

5.6. Discussion

The model developed here predicts, within experimental error, the frequency shift

due to changes in kinematic viscosity, permittivity, and conductivity of the contacting liquid.
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However, frequency change is only one parameter of the admittance at or near resonance
that changes due to changes in the contacting liquid. Some of the other parameters that can

be examined are:
e the magnitude of the admittance at the resonant frequency
e antiresonant frequency
e the magnitude of the admittance at the antiresonant frequency
e the phase of the admittance at the resonant frequency

e the phase of the admittance at the antiresonant frequency

the frequency difference between the antiresonant and resonant frequency.
The measured and model data for these parameters are given in Appendix D.

It is useful to examine the influence of viscoelastic and dielectric effects on the
frequency of the LFE sensor element separately for liquids that exhibit changes in both. The
glycerol and isopropanol solutions used in these experiments vary in density, viscosity, and
permittivity for the ranges used. The influence of kinematic viscosity and permittivity are
separated out for an LFE sensor element with an electrode gap of 0.5 mm and is shown in
Figure 61 and Figure 62. The plot in Figure 61 shows that the normalized frequency shift of
the LFE sensor is the sum of the normalized frequency shift due to kinematic viscosity and
permittivity, within 40 ppm of experimental error. When the LFE sensor element is exposed
to a dielectric liquid, (Figure 62), with small changes in kinematic viscosity, the normalized
frequency shift of the sensor element is better predicted by treating the liquid as a purely
dielectric liquid. Examining the curves in Figure 62 the normalized frequency shift due to
permittivity changes in the liquid has an average deviation from experimental error of 70
ppm. The normalized frequency shift due to the sum of permittivity and kinematic viscosity

in the liquid has an average deviation from experimental error of 151 ppm. This leads to the
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conclusion that the dielectric effects of the liquid on the LFE sensor element dominate the

frequency response. The plots for the devices having electrode gaps of 1.0 mm and 2.0 mm

exhibited similar behavior.
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Figure 61. Normalized frequency shift of an LFE sensor element with a 0.5-mm
electrode gap as a function of kinematic viscosity with the frequency shift due to
kinematic viscosity and permittivity separated
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Figure 62. Normalized frequency shift of an LFE sensor element with a 0.5-mm
electrode gap as a function of relative permittivity with the frequency shift due to
kinematic viscosity and permittivity separated

The model is less successful at predicting the peak magnitude of the admittance.
This is most likely due to modeling the electrodes on the side faces of the crystal, rather than
where they exist physically, on the reference surface of the quartz disc. The model follows
similar trends to the measured data for changes in kinematic viscosity, permittivity, and
conductivity. There are considerable discrepancies of the peak magnitude due to electrical
property changes. The errors in the model due to electrode geometry will be most evident in

the response of the model to liquid permittivity. This is because the static capacitance, C,

is more complex for the electrodes on the reference face, than for the geometry assumed in
the model. The static capacitance can be more accurately modeled using elliptic integrals for

the electrodes on the reference surface of the LFE sensor element [80].
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The use of electrodes on the edge of the plate, rather than on the reference surface
to calculate the impedance is, most likely, the primary source of error in the equivalent

circuit model. The placement of the electrodes on the edge of the plate, allowed for the

assumption that the driving electric field, E;, does not vary in the X, direction. In reality,
the driving electric field contains a lateral component, E;, and a perpendicular component,

E, and the electric field will not uniform between the electrodes. In developing the
expression for the admittance of the LFE sensor element it was assumed that the driving
electric field was contained entirely within the quartz plate. With the electrodes on the
reference surface of the quartz plate, there will be an electric field in the air between the two
electrodes. The strength of the electric field in the air will decrease as the gap width
increases.

It is also interesting to note that the value for the effective penetration of the electric

field associated with the thickness shear mode, hy , decreases as the liquid conductivity
increases. The values for hy for the sodium chloride solutions are given in Table 6. The

effective penetration depth is roughly proportional to the electrode gap. The change in hy

is due to the fact that as the conductivity increases, so does the relaxation frequency. As the
relaxation frequency approaches the series resonant frequency of the LFE sensor element,
electric field probes the bulk liquid less efficiently due to the realignment of the charges in

the double layer at the sensor surface.
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Table 6. Effective penetration of the electric field in sodium chloride solutions

electrode gap (mm) h,; (mm)
0.5 0.146
1.0 0.340
2.0 0.537

The analysis used to develop the equivalent circuit model is for the thickness shear
mode in AT-cut quartz. Quartz is a piezoelectric crystal with symmetry class, trigonal 32

[81]. The equivalent circuit will apply to any crystal with symmetry class, trigonal 32, 3, and

3m, for the thickness shear mode. The circuit itself can be used for crystals of any
orientation. However, the expressions for the circuit elements will be different for crystals
with different symmetry classes. The same analysis that was used in this work can be applied
to crystals with other symmetry classes to derive expressions for the circuit elements.

Overall, the model presents a good first-order approximation of the admittance in
deionized water, while also predicting the frequency shift due to changes in liquid kinematic
viscosity, permittivity, and conductivity at the surface of the LFE sensor element.

The major weakness of the model presented here is the lack of an analytical
determination of the effective penetration depth of the electric field into the liquid. The

values for hy were determined empirically from the data collected. More work can be done

to find an analytic expression for hy and how it varies as a function of the liquid

conductivity.
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Chapter 6

SUMMARY, CONCLUSIONS, AND FUTURE WORK

6.1. Summary

An equivalent circuit model for a lateral-field excited (LFE) sensor element under
liquid loads has been developed to describe the admittance of the sensor element at or near
resonance. Expressions for the admittance at or near resonance and the frequency shift of
the LFE sensor element due to changes in kinematic viscosity, permittivity, and conductivity
have been developed.

This work has presented the background on bulk acoustic wave (BAW) sensors and
LFE resonators and sensors. The theory on elastic waves in non-piezoelectric and
piezoelectric solids has been discussed. Qualitative and analytic descriptions of BAW
resonators were presented. Three models for BAW resonators were discussed, the Mason
model, the Martic model, and the transmission line model for both thickness- and lateral-
field excitation. The LFE models were all presented for the air-loaded case. The thickness-
tield excited resonators were all presented for the air-loaded case and the Martin model and
the transmission line model were also discussed under liquid loading.

An analysis of the LFE sensor element under liquid loading was presented. Six
boundary conditions, three mechanical and three electrical, were applied to the analysis.
From this an expression for the admittance of the LFE sensor element was derived. The
analysis was approximated for operation at or near the resonant frequency of the LFE
sensor element. An equivalent circuit model was extracted from the admittance.
Expressions for the frequency shift of the LFE sensor element due to changes in the

kinematic viscosity, permittivity, and conductivity have been derived.
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The experimental methods for fabricating, cleaning, and testing the LFE sensor
elements was discussed. Finally, the data generated from the equivalent circuit model was
compared with measured data under liquid loads with varying kinematic viscosity,

permittivity, and conductivity.

6.2. Conclusions

An equivalent circuit model has been developed that reproduces the admittance of
an LFE sensor element under deionized water load within £5%. An expression for the
admittance based on the model at or near resonance has been derived. Additionally,
expressions for the frequency shift of an LFE sensor element due to simultaneous viscous,
dielectric and conductive loading has been developed.

The equivalent circuit model predicts the frequency shift, within experimental error
due to changes in kinematic viscosity, permittivity, and conductivity of a liquid at the sensor
surface. Additionally, the model predicts the trend of the peak admittance of the LFE
sensor element due to liquid loading.

The advantages of the model are:

e asimple equivalent circuit similar to the Martin and Butterworth-Van Dyke
equivalent circuits

e accurate, (£5% from measured), prediction of the admittance at or near
resonance for the LFE sensor element under deionized water loads

e prediction of the frequency shift due to changes in kinematic viscosity,
permittivity, and conductivity within experimental error

The primary limitations of the model are:
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e the expressions for the frequency shift due to liquid permittivity and
conductivity changes are complex
e the model does not precisely give the peak admittance of the LFE sensor

element under liquid loads

e the effective penetration of the electric field associated with the thickness

shear mode is not analytically determined

6.3. Future Work

While the equivalent circuit model presented in this work is the first analytic
approach to modeling the LFE sensor element under liquid loads, there are significant
limitations that require additional work.

The first suggested direction for future research is to apply the analysis to electrodes
on the reference face of the LFE sensor element. While the model provides a good
approximation of the measured data, there are errors that are most likely due to modeling
the electrodes on the side faces of the resonator. This is most apparent in the discrepancies
between measured and model data for the peak admittance under dielectric loading. The
analysis may result in a complex circuit that is cumbersome, but may provide insight to the
existing circuit and suggest modifications to the existing circuit elements.

The second suggested direction is to describe, more thoroughly, the electrical
interaction between the electric field associated with the thickness shear mode and the
double layer at the surface of the LFE sensor element. The purpose of this work is to obtain

an expression for the effective penetration depth, hy, .

The third suggested direction is to apply the analytic equations in section 3.2. to a

finite element analysis using commercially available software packages, such as COMSOL, or
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a user-developed finite element analysis routine. The complexity of the system, may be
more efficiently modeled using the equations presented here in finite element analysis, rather
than an equivalent circuit, which has inherent limitations if it is to be easily implemented.
The final suggested direction is to perform the analysis for other crystals with
different symmetry classes. The analysis used here can be applied to other crystals and

expressions for the circuit elements derived based in this analysis.
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Appendix A
PIEZOELECTRIC COUPLING FACTOR FOR LATERAL-FIELD EXCITED
ACOUSTIC MODES IN AT-CUT QUARTZ

This appendix contains the method for finding the piezoelectric coupling factor,

k& of lateral-field excited (LFE) acoustic modes in quartz. The steps follow those detailed

by Ballato, ez a/. in [35].

Step 1. Rotate coordinates (¢, 0,w )
The material constants for quartz, Cy,, € ,and &;, must be transformed from the

crystallographic to plate coordinates. When calculating the coupling coefficients in quartz it

is unnecessary to consider the viscosity, 77, due to it being small. For AT-cut quartz

$=0.00" and 6=35.25",

Step 2. Stiffen elastic constants
Once the material constants have been rotated, the piezoelectrically stiffened elastic

constant, C,j,, can be calculated as follows,

— €22i€x2
Coike =Coja t . (A1)
22

Step 3. Solve eigenvalue problem

In order to solve the eigenvalue problem, it is necessary to solve the following
eigenequation,

[c, 18V =cVB, (A.2)
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where B is the eigenvector of [C; ], defined in equation (2.77) and c® is the eigenvalue

for each of the acoustic modes, where i1 =a,b,cC.

Step 4. Order roots and eigenvectors

The acoustic modes are the longitudinal, @, the fast shear, b, and the slow shear, C,

modes. The roots ate ordered as described in Table A.1, where X, are the plate

coordinates.

Table A.1. The relationship between the acoustic modes and the eigenvalues for an

LFE resonator on quartz

mode

eigenvalue (C(i))

eigenvector (")

longitudinal mode (a)
=2

the largest root

the largest component is
along X,

fast shear mode ()
i=3

the median root

the largest component is
along X,

thickness shear mode ()

=1

the smallest root

the largest component is
along X,

Step 5. Transform €y; and €,; to normal coordinates

The transformation of the piezoelectric stress constants is done using equation

(2.78), yielding
egzp = ﬂj(p)eZZj >
and

0 _ p(a)
equ —ﬁk €10k -
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Step 6. Modify the lateral e® values

This step is similar to the transformation using equation (2.69) and is modified as

follows,

0 _ .0 €1 0
€12q = Cioq = €2 (A.5)
22

Step 7. Modify the lateral permittivity
The equation used for this modification is similar to equation (3.29), yielding
&

En =&y _8_~ (A.6)
22

Step 8. Determine piezoelectric coupling factors

The lateral-field excited coupling factor is
(A7)

Inspection of equation (A.7) reveals that it is similar in form to equation (2.97). Once the
piezoelectric coupling factors have been calculated for each of the acoustic modes, they can

be plotted as a function of the direction of the applied electric field, (Figure 3).
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Appendix B

BULK ACOUSTIC WAVE RESONATOR MODELS

B.1. Mason Circuit Model

B.1.1. Thickness-Field Excitation

The Mason model for a thickness-field excited BAW resonator is shown in Figure
11. Expressions for the forces, F and F,, can be found by examination of Figure 11 as

follows,

= 4
F1 = JZc tan(kth/Z)vl - JW&th)(Vl _V2)+Vcd
1 Z B
= jZ | tan(k.h/2)- j—2—V, +V
J c( an( t / ) Sin(kth)jvl+JSin(kth)V2+ cd

and

F,= —jZ_C tan(kth/Z)vz - j-i(vl _V2)+Vcd
sin(k.h)
7 ) . (B.2)
=—] ¢ __jZ|tan(kh/2)-——— v, +V
: sin(k,h) : ( (kn/2) sin(kth)] 2o

The voltage, V4, is expressed as

Vcd :Vab NtCO . <B3)
The voltage, V,, , is from inspection of Figure 11

I
V=V +—2—, (B.4)
i JaCy

where |, is the current through the transformer, which can be expressed as follows,

I,=1-jawC\V . (B.5)

Substituting equation (B.5) into (B.4) yields
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Ll (C.S7\ /AR VP SR VI B (B.6)
JjaC, JaC, jaC,

V,=V+

An expression for V, is obtained by substituting equation (B.6) into (B.3) as follows,

Vo, =—t1. B.7)

Using the following trigonometric identity

1
tan(k.h) sin(kth)_tan(kth/ 2) B9

and substituting equation (B.7) into (B.1) and (B.2) yields expressions for F and F,,

— V. V. N
=2 (kn)” Tsin( ! 9
1 C(J’tan(kth) jsin(kth)}r (B.9)

jo
and
- V. vV N
F=Z 1 - 2 +—L1. 10
2 {wmmm nm«mjjw (B0
Since both surfaces are stress free,
F=F,=0. ®B.11)

Thus, both mechanical ports of the model are “short-circuited”.

The final equation that is neccessary to calculate the impedance of the Mason model
is an expression for the voltage. First, an expression for the electric field, E,, is found by
substituting equation (2.23) into (2.32) and rearranging as follows,

D
E,=—2- 8y (B.12)
€ Ex

Next, the voltage is found by integrating E, through the thickness of the quartz, yielding

V= [ i, = 2202 4, ()-u,(0)) ®.13)

Eyp &y
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From Maxwell’s equations the current density, J,, through the crystal is given by the

expression
ob, .
= = JwD,, 14
2= 5 Job, (B.14)
and thus,
I =J,A= ja)DZA, (B.15)

where A is the cross-sectional area of the quartz resonator. Finally, solving for D, in
equation (B.15) and substituting into (B.13) while substituting equations (2.112), (2.109), and
the relation V=0U/dt into (B.13) yields

| N
= s +j—at)(v2—v1). (B.16)
0

\

Using the same approach as Rosenbaum [42], equations (B.9) and (B.10) are

simplified as follows,

Z Z
X — ¢ +c=0 17
jtan(kh)" jsin(kh)’ B17
and
Z Z
£ X— £ +c=0 18
jsin(kh) " jan(kh)’ o B19)
where
x=¥, (B.19)
y="1, (B.20)
and
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Subtracting equation (B.18) from (B.17) yields

(Jtanz h) Js.n(c )) (Jtan(c ) JSI§° )]yzo,

where it is clear that

X=-Y.

Substituting equation (B.23) into (B.17) yields

Z

Jta”E ) JSln(C )X+C=[Jtan(c h) Jsm(C )}HC:O-

Using the trigonometric identity

1 1 1
tan(kh/2)  tan(kh) *sin(k.h)

and solving for X in equation (B.24) results in the following expression,

:J—tan(k h/2).

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

The impedance of the resonator can be expressed by dividing equation (B.16) by |

and substituting equations (B.19), (B.20), and (B.23) as follows,

y 1 2N,
I ja)Co jo ja)co jo

Substituting equations (B.21) and (B.26) into (B.27) yields

2
L 2NCnkh/2)=— — 2N an(kh/2).

joCy L, JaC, ja)ZC

Z =

163

(B.27)

(B.28)



The final expression for the impedance is found by substituting equations (2.44),

(2.111), (2.113), and (2.115) into (B.28) as follows,

7 :L[l_kz MJ

jaC, kih/2

B.1.2. Lateral-Field Excitation

(B.29)

The Mason model for a lateral-field excited BAW resonator is shown in Figure 12.

Similar to the process that was used for the case of thickness-field excited resonators,

expressions for the forces, K and F,, can be found by inspection of Figure 12 as follows,

= jZ_ tan(k,h/2)v, + s ( )(v —V,)+V,,

1

:jzc(tan(k,h/Z) ik j Smizh)VﬁV

and

_ _jZ tan(kh/2)v, - ﬁ%(kh)( v,)+V,
. Z, 1 '
= —jm - jZ, (tan(k h/2)- m]vz +V,,

The voltage, V

o » 15 expressed as

Vcd =VabNIC0‘

The voltage, V,

b > 18, from inspection of Figure 12

V, =V.

(B.30)

(B.31)

(B.32)

(B.33)

An expression for V, is obtained by substituting equations (2.116), (2.118), and (B.33) into

(B.32), as follows

v, - dhe, V.
w
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Using the trigonometric identity in equation (B.8) and substituting equation (B.34) into

(B.30) and (B.31) yields

Fl = Z_c[ . % - .V2 j+ dhesev <B35)

jtan(kh) jsin(kh)) w
and
7 v v dhe
R =2 (b Jeanl =V 36
’ C(jsin(kth) jtan(kth)}r w (B.36)

An expression for the current, |, is necessary to calculate the admittance for the

Mason model. If the current is assumed to vary harmonically in time, €, then

Q.
] (B.37)

where Q is the charge between the electrodes. Assuming the current, | , is uniform along

the X, direction (Figure 10), the current is expressed by substituting equation (3.74) into

(B.37) as follows
) h
| = jod [ Dydx,. (B.38)

Substituting equation (2.20) into (B.38) yields

| = ja;dj [533E +e aulde (B.39)

2

The applied electric field is assumed to be uniform, thus
\%
E,=—. 40
Il (B.40)

Substituting equation (B.40) into (B.39) yields

ja)d533

1ol Mo, + joe, j 6ulol —J“’dv‘gvs?’Vh

+ Jodes (s (h)-u,(0)). (B.41)
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The final expression for the current, |, is obtained by substituting equation (2.118) into
(B.41) and recognizing the jau =V as follows,
| = joC\V +dey (v, -V, ). (B.42)
The admittance for the Mason model is calculated by dividing equation (B.42) by V
as follows,

I . vV, V.
Y =y ijO+de36(V2—v1j. (B.43)

Next, substituting equation (B.11) into (B.35) and (B.306) are divided by V, yields,

Z
Z, y=—C 44
jtan(k, ) jSII‘l( ) (B.49
and
Z Z
¢ X— £ =—C, 45
jsin(kh)” jtan(kh) y B4)
where
Vl
X=— .46
E (B.46)
VZ
=_2 47
y v (B.47)
and
dhe,,
48
W (B.43)

Subtracting equation (B.45) from (B.44) yields

(Jtanf h) JSln(C )) (]tanf h) JS.:_° )]VZO- (B.49)

Inspection of equation (B.49) reveals that
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X=-Y. (B.50)

Susbstituting equation (B.50) into (B.44) results in

7 z N
(jtan(kth)+ jsin(kth)jx - (B.51)

Solving equation (B.51) for X and substituting equation (B.25) yields
X= _—_tan(—j . (BSZ)

The final form of X is obtained by substituting equation (B.48) into (B.52) as follows

X = qh—;%tan(kt—;) . (B.53)
Jwz,

Finally, the admittance can be found by substituting equations (B.50) and (B.53) into (B.43)

as follows

2.2 2.2
Y = jwco—Mtan(@j: joC, 1+2d—e3ﬁ_htan[m] . (B.54)
wZz 2 oWZ 2

c c

Substituting equations (2.111) and (2.118) into (B.54) yields

2
Y = jwco[1+¢tan(kt—;n. (B.55)

a)gaah\/ PCes

The final form of the admittance for the Mason model applied to a lateral-field excited BAW

is found by substituting equations (2.44) and (2.119) into (B.55) as follows

: tan(k,h/2)
Y = joC,| 1+ K ——+—=2 . 56
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B.2. Transmission Line Model

B.2.1. Thickness-Field Excitation

The impedance at AB, Z g, is found, by examining Figure 15, to be

+ JX, +LZCD. (B.57)

A
TojeC, TN

The reactance, X, , and the turns ratio, N, , are defined by equations (2.129) and (2.130),

x>
respectively.
The reactance term can be rearranged by substituting equations (2.109), (2.113), and

(2.115) into (2.130) as follows,

1 k2 .
X, = m sin(k.h). .58
Tl adp it (k:h) (B.58)

Substituting equation (2.44) into (B.58), yields

—iﬁsin(k h) (B.59)
¥ eCy kh '
Thus,
H 2 21,2 2
i, =Ko ginch) = —L 3K gin(kh) = —L Kn sin(k ). (B.60)

oC, kh jwC, kh joC, kh

The turns ratio, N, , can be expressed by substituting equations (2.44), (2.109),

x>
(2.113), and (2.115) into (2.129) and rearranged for the form given in equation (B.1), such

that

1 4k’2

1
—Z sin“(k.h/2 .61
Nti CD (()C k hZ ( / ) CD * (B )
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The impedance at CD is the parallel combination of the impedance looking to the

left of the transmission line, Z,, and the impedance looking to the right of the transmission

line, Z, , where

— (B.62)
The impedance, Z,, is
Z =27, tanh(thhj = JZ, tan(%j. (B.63)

Expressing the liquid load with a single impedance term, Z, , the impedance, Z,, is

Z, +Z tanh(jkh/2) _ Z +jz, tan(kh/2)

Z =7 = . .64

" °Z +Z tanh(jkh/2) ¢ Z +jz tan(kh/2) B9
Substituting equations (B.63) and (B.64) into equation (B.62) yields

— ZC(JZL tan(kth/z)_ Zc tanz(kth/z)) (B.65)

® "z [t-tan?*(kh/2))+ j2Z, tan(k,h/2)°
An expression for the impedance, Z,g, is obtained by substituting equation (B.65)

into (B.61) and substituting the resulting equation and (B.60) into equation (B.1), yielding

: asin’ (o 2) 2, tan(kh 2)-Z, tan’(kf 2))J

14 Kn. —sin(k,h)+

k.h t 27, tan(kh/2)- jz, [1—tan?(k.h/2))
Z,, = _ . (B.66)
JaC,

The term in parenthesis of equation (B.66) is rewritten as follows,

sin(k.h)(2Z, tan(k,h/2)- jZ, (L—tan?(k.h/2)))
jz, (1-tan?(k,h/2))-2Z, tan(k.h/2)
asin(k.h/2)(jz, tan(k.h/2)-Z, tan?(k.h/2))
~jz,(i-tan?(kh/2))-2Z, tan(k.h/2)

(B.67)
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The numerator of equation (B.67) is next separated into its real and imaginary components.

First the real part of the numerator is, after much algebraic manipulation,

sin(k,h)(2Z, tan(k,h/2))+4sin?(k,h/2)Z, tan®(k,h/2)

. .68
=27, tan(k,h/2)sin(k h)+ 2sin?(k h/2)tan(k h/2))= 4Z, tan?(k.h/2) (69

The imaginary part of the numerator is
sin(kh)—Z, )L tan?(k.h/2))-4sin?(kh/2)(Z, )tan(k.h/2) B9

=-47, tan(kh/2)
The impedance for the transmission line model is further modified by substituting equations

(B.68) and (B.69) into (B.67), which is then inserted into (B.60), yielding

ZAB

2 2 i
1 (1 k2 4Z_tan (kth/2)—J4ZLtan(kth/2)j‘ (B.70)

= + —
joC, | kh jz [1—tan?(kh/2))-2Z, tan(kh/2)
Dividing the numerator and denominator of equation (B.70) by 2Z_ tan(k,h/2)

results in the final form of the admittance, Z .5, as follows

1 k> tan(ktzhj_j?
=1 e | (B.71)
jaCy|  kh/2y_ i cot(kh)

c

B.2.2. Lateral-Field Excitation
The admittance of the LFE resonator in air is found by inspection of the circuit in

Figure 16 and is expressed as

Y = JoCy+ lex cD > (B.72)

where C, is the static capacitance, defined in equation (2.105), and N, is the transformer

turns ratio, defined in equation (2.135), for the LFE resonator. Substituting equation (2.135)

into (B.72) yields
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m m

. ar C.cPA . e ca
YAB = Ja)CO+(k( )) OTYCD = Ja)CO[1+(k )) j—a)hYCD 5 <B73)

(c)

where C is the eigenvalue of the thickness shear mode and krgf) is the lateral coupling
factor, defined in equation (2.97) for the LFE resonator.

The admittance at CD can be found by first recognizing that the model is

considered to be air loaded at both surfaces,

Y, =Y,. (B.74)
Thus, the admittance, Yy, is expressed as follows

Yoo =Y, +Y, =2Y,. (B.75)

The admittance, Y, , is [206]

(c)
Y, = Y, tan(klzh]. (B.76)
Substituting equation (2.136) into (B.76) and the resulting expression into (B.75), yields

.2 k®h
Yoo = 5 tan( '2 j (B.77)
A pe

The admittance can be found by substituting equation (B.77) into (B.73) as follows

© ©
. )R C 2 k,“’h
Y,y = Ja)CO[1+(km)) oh T tan[ 2 j] (B.78)

The final expression for the admittance is obtained by substituting equation (2.87) into

equation (B.78) as follows

Yo = ja>Co(1+(km°))2 tankhn/2) j (B.79)

k'h/2
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Appendix C

MATERIAL PROPERTIES OF LIQUIDS

Table C.1. Material properties of glycerol solutions [82, 83]

0 ] 1
/o glycerol by P (kg/m?’) n (kg/s*m) oy c (S/m)

volume
0 998.2  0.001002 79.2 5.56E-06
2 1000.3 0.001057 77.5 5.58E-06
4 1009.7 0.001133 75.9 5.60E-06
6 1010.7 0.001214 74.3 5.62E-06
8 1015.9 0.001300 72.8 5.64E-06
10 1021.1  0.001391 71.3 5.66E-06
12 1026.3 0.001488 69.9 5.68E-06
14 1031.5 0.001590 68.5 5.70E-06
16 1036.7 0.001698 67.2 5.72E-06
18 1041.9 0.001812 65.9 5.74E-06
20 1056.1 0.001988 64.7 5.76E-06

Table C.2. Material properties of isopropyl alcohol solutions [82, 84, 85]

% isopropyl alcohol

p (kg/m™3) M (kg/s*m) &, o (S/m)
by volume

0 998.2  0.001002 79.2 5.56E-06
10 985.9 0.000943 77.7 5.56E-06
20 968.3 0.001587 68.2 5.56E-06
30 949.9 0.001959 59.5 5.56E-06
40 930.6  0.002262 51.6 5.56E-06
50 910.4 0.002483 44.5 5.56E-06
60 889.2 0.002648 38.0 5.56E-06
70 866.9 0.002792 32.3 5.56E-06
80 843.5 0.002940 27.1 5.56E-06
90 818.8 0.003113 22.6 5.56E-06
100 784.8 0.003417 18.3 5.56E-06
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Table C.3. Material properties of sodium chloride solutions [82, 86]

% sodium chloride
by mass p (kg/m’) n (kg/(m*s)) g, o (S/m)
0.0077 998.4  0.001000 79.9 0.02589
0.01 998.4  0.001000 79.9 0.02956
0.012 998.4  0.001000 79.9 0.03276
0.016 998.4  0.001000 79.9 0.03914
0.02 998.4  0.001001 79.9 0.04553
0.023 998.5  0.001001 79.9 0.05032
0.0277 998.5  0.001001 79.9 0.05782
0.032 998.5  0.001001 79.9 0.06468
0.036 998.6  0.001001 79.9 0.07107
0.04 998.6  0.001001 79.9 0.07746

2l
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Appendix D
MEASURED AND THEORETICAL DATA FOR LIQUID-LOADED LATERAL

FIELD EXCITED SENSOR ELEMENTS

Table D.1. Measured data for LFE sensor elements with a 0.5-mm electrode gap
under glycerol solution loads

% Phase(Ymax) Phase(Ymin)  fmin-fmax
Glycerol fuo (Hz) Af/fo (ppm) | Yme | (S) (degtees) fmin (HZ) | Yumin| (S)  (degrees) (Hz)
0 4966875 0 0.0009993  81.00848 4970875 0.0001800  87.01247 4000
2 4966750 -25 0.0009333  38.79191 4970875 0.0001658  36.16166 4125
4 4966500 -76 0.0008316  43.71858 4970750 0.0001870  43.60579 4250
6 4966500 -76 0.0008161  44.65299 4970750 0.0001885  43.57077 4250
8 4966625 -50 0.0008300  41.04924 4970875 0.0001814  39.82089 4250
10 4966500 -76 0.0008584  42.28613 4970875 0.0001857  40.52129 4375
12 4966375 -101 0.0008147  45.62357 4970875 0.0001988  43.51174 4500
14 4966375 -101 0.0008415  44.48505 4970875 0.0001991  42.33946 4500
16 4966500 -76 0.0007825  44.79383 4971000 0.0001700  41.73351 4500
18 4966500 -76 0.0007773  44.33924 4971125 0.0001747  43.92573 4625
20 4966000 -176 0.0008033  42.05938 4970500 0.0001552  38.58411 4500

Table D.2. Model data for LFE sensor elements with a 0.5-mm electrode gap under
glycerol solution loads

% Phase(Y max) Phase(Ymin)  fmin-fmax
Glycerol f,,« (Hz) Af/fy(ppm) |Yma| (S)  (degrees) fmin (Hz) | Yimin| (S) (degrees) (Hz)

0 4966875 0 0.0009694 42.8942 4971484 0.0001472 42.0054 4609

2 4966875 0 0.0009599 43.0549 4971516 0.0001484 42.5162 4641

4 4966859 -3 0.0009468 43.4310 4971531 0.0001502 42.8315 4672

6 4966844 -6 0.0009344 43.8136 4971563 0.0001520 43.5107 4719

8 4966813 -13 0.0009218 44.5725 4971578 0.0001538 43.8339 4766

10 4966797 -16 0.0009094 44.8823 4971594 0.0001556 44.1673 4797

12 4966781 -19  0.0008972 45.1684 4971625 0.0001575 44.8651 4844

14 4966750 -25  0.0008852 45.8234 4971641 0.0001594 45.2131 4891

16 4966734 -28  0.0008734 46.0607 4971672 0.0001613 45.9090 4938

18 4966703 -35  0.0008618 46.6468 4971688 0.0001632 46.2737 4984
20 4966656 -44  0.0008458 47.2285 4971703 0.0001659 46.9347 5047
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Table D.3. Measured data for LFE sensor elements with a 0.5-mm electrode gap
under isopropyl alcohol solution loads

% Isopropyl Phase(Y max) Phase(Ymin)  fmin-fmax
Alcohol £ (Hz) AF/fy (ppm) Y| (8) (degrees)  fn (H2) | Youa| (5) (degrees)  (Hy)

0 4966875 0 0.0009993 81.0085 4970875 0.0001800 87.0125 4000

10 4966875 0 0.0009199 81.8370 4971125 0.0001991 86.9651 4250

20 4966875 0 0.0008293 82.6338 4971125 0.0002119 86.8609 4250

30 4966875 0 0.0007172 83.7700 4971375 0.0002063 87.0666 4500

40 4967000 25 0.0006496 84.5269 4971500 0.0002141 87.0616 4500

50 4967500 126 0.0005693 85.2401 4971875 0.0002201 87.0771 4375

60 4968000 227 0.0005043 85.8242 4972750 0.0002167 87.3389 4750

70 4967625 151 0.0004650 86.5770 4971875 0.0002475 87.4344 4250

80 4969500 529 0.0003814 86.8968 4973625 0.0002054 87.6371 4125

90 4969875 604 0.0003575 67.2273 4973875 0.0002145 65.5116 4000

100 4970500 730 0.0003386 66.9946 4974250 0.0002125 67.2310 3750

Table D.4. Model data for LFE sensor elements with a 0.5-mm electrode gap under
isopropyl alcohol solution loads

% Isopropyl Phase (Y max) Phase(Ymin)  fmin-fmax
Alcohol  f,. (Hz) Af/fy (ppm) | Ymax| (S) (degrees) fmin (Hz) | Ymin| (S) (degrees) (Hz)

0 4966875 0 0.0009694 42.8942 4971484 0.0001472 42.0054 4609

10 4966938 13 0.0009830 42.4763 4971516 0.0001454 41.4129 4578

20 4966813 -13 0.0008979 45.2337 4971656 0.0001574 44.6755 4844

30 4966875 0 0.0008679 46.5998 4971875 0.0001621 46.1611 5000

40 4967031 31 0.0008491 47.4208 4972125 0.0001652 46.7470 5094

50 4967281 82 0.0008382 47.9870 4972453 0.0001670 47.2642 5172

60 4967641 154 0.0008317 48.1476 4972859 0.0001678 47.6043 5219

70 4968109 249 0.0008269 48.1960 4973359 0.0001684 47.8240 5250

80 4968703 368 0.0008224 48.2387 4973969 0.0001689 47.8272 5266

90 4969453 519 0.0008173 48.3464 4974750 0.0001697 48.1187 5297

100 4970516 733 0.0008084 48.4302 4975844 0.0001712 48.4675 5328
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Table D.5. Measured data for LFE sensor elements with a 0.5-mm electrode gap
under sodium chloride solution loads

Phase(Y max) Phase(Ymin)  fmin-fmax

% NaCl fax (Hz) Af/fy (ppm) | | Ymax | (S) (degrees) fnin (H2) | Yimin| (S) (degrees) (Hz)
0 4966875 0 0.0009993 81.0085 4970875 0.0001800 87.0125 4000
0.0077 4963375 -705 0.0006006 44.0706 4970500 0.0001497 41.1015 7125
0.01 4962875 -805 0.0005878 47.1937 4970625 0.0001793 44.0853 7750
0.012 4962375 -906 0.0006100 44.3998 4970500 0.0001803 44.3076 8125
0.016 4961125 -1158 0.0006262 45.8611 4970125 0.0001871 43.2895 9000
0.02 4960750 -1233  0.0006822 43.0024 4969750 0.0001860 39.6747 9000
0.023 4960125 -1359 0.0006989 38.2450 4969750 0.0001610 38.0868 9625
0.0277 4960375 -1309 0.0007976 39.6342 4969375 0.0002213 37.7291 9000
0.032 4960375 -1309 0.0008617 36.1800 4969125 0.0002434 34.3738 8750
0.036 4959375 -1510 0.0009022 34.0013 4969000 0.0001697 33.3248 9625
0.04 4959500 -1485 0.0011743 27.8304 4969125 0.0004301 24.1188 9625

Table D.6. Model data for LFE sensor elements with a 0.5-mm electrode gap under
sodium chloride solution loads

Phase(Y ) Phase(Yomie) fmin-fones

% NaCl  fa (Hz) Af/fo (ppm) | Yimax | (S) (degrees) fnin (Hz) | Ymin| (S) (degrees) (Hz)
0 4966875 0 0.0009694 42.8942 4971484 0.0001472 42.0054 4609
0.0077 4959094 -1567 0.0005036 71.0565 4970375 0.0002674 71.0603 11281
0.01 4958719 -1642 0.0005069 70.6728 4969781 0.0002657 70.7070 11063
0.012 4958469 -1692 0.0005108 70.3015 4969313 0.0002637 70.3117 10844
0.016 4958172 -1752 0.0005202 69.3353 4968500 0.0002591 69.3357 10328
0.02 4958031 -1781 0.0005308 68.2512 4967844 0.0002540 68.2603 9813
0.023 4957984 -1790 0.0005392 67.4215 4967438 0.0002502 67.4356 9453
0.0277 4957953 -1796 0.0005523 66.2184 4966922 0.0002445 66.1825 8969
0.032 4957969 -1793 0.0005643 65.1141 4966547 0.0002395 65.0845 8578
0.036 4958000 -1787 0.0005751 64.1242 4966266 0.0002351 64.1465 8266
0.04 4958031 -1781 0.0005856 63.2357 4966016 0.0002311 63.1593 7984
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Table D.7. Measured data for LFE sensor elements with a 1.0-mm electrode gap
under glycerol solution loads

% Phase(Y max) Phase(Ymin) | fmin-fmax
Glycerol f,. (Hz) Af/fy (ppm) | Yma| (S) (degrees) fmin (Hz) | Yumin| (S) (degrees) (Hz)

0 4965125 0 0.0009955 80.8271 4969250 0.0001584 87.0690 4125

2 4965125 0 0.0009098 37.4766 4969375 0.0001472 34.9902 4250

4 4964875 -50 0.0008632 39.9100 4969125 0.0001541 38.6048 4250

6 4964875 -50 0.0008364 41.0778 4969250 0.0001570 41.3294 4375

8 4964875 -50 0.0007661 42.8415 4969375 0.0001518 41.5340 4500

10 4964625 -101 0.0007807 46.2011 4969500 0.0001756 43.2747 4875
12 4964750 -76 0.0007920 44.9995 4969500 0.0001831 43.6688 4750
14 4964625 -101 0.0007535 46.8990 4969500 0.0001833 45.3275 4875

16 4964500 -126 0.0007565 45.2656 4969375 0.0001622 43.2308 4875
18 4964750 -760.0007202 46.1023 4969500 0.0001630 42.6790 4750
20 4964625 -101 0.0007152 47.8430 4969500 0.0001551 43.6297 4875

Table D.8. Model data for LFE sensor elements with a 1.0-mm electrode gap under
glycerol solution loads

% Phase(Y max) Phase(Ymin)  fmin-fmax
Glycerol f,,.« (Hz) Af/fo (ppm) | Yuma| (S) (degrees) fonin (Hz) | Ymin| (S) | (degrees) (Hz)
0 4965125 0 0.000961 41.2385 4970016 0.000129 39.7521 4891
2 4965125 0 0.000952 41.5173 4970047 0.00013 40.1772 4922
4 4965125 0 0.000938 41.5603 4970078 0.000131 40.8046 4953
6 4965109 -3 0.000926 42.0624 4970094 0.000133 41.0125 4984
8 4965094 -6 0.000913 42.5158 4970125 0.000134 41.6379 5031
10 4965078 -9 0.0009 42.9443 4970156 0.000136 42.2586 5078
12 4965063 -13 0.000888 43.3430 4970172 0.000138 42.5183 5109
14 4965047 -16  0.000876 43.7207 4970203 0.00014 43.1441 5156
16 4965016 -22 0.000864 44.4472 4970234 0.000141 43.7744 5219
18 4965000 -25 0.000852 44.7655 4970250 0.000143 44.0643 5250
20 4964953 -35  0.000835 45.4515 4970281 0.000146 44.9908 5328
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Table D.9. Measured data for LFE sensor elements with a 1.0-mm electrode gap
under isopropyl alcohol solution loads

Yo
Isopropanol
0
10
20
30
40
50
60
70
80
90
100

fmax (HZ) Af/fo (ppm)

4965125
4964750
4964750
4965250
4965500
4965750
4965875
4967125
4967875
4968000
4969000

0
-76
-76

25

76
126
151
403
554
579
780

| Yonas | (S)
0.0009955
0.0010210
0.0008808
0.0006767
0.0006318
0.0005325
0.0004942
0.0004006
0.0003646
0.0003384
0.0003172

Phase(Y max)

(degrees)
80.8271
80.5176
81.8740
84.0549
84.3717
85.2402
85.5891
86.6241
86.8957
65.8117
66.3608

Phase(Ymin)  fmin-fmax
fmin (H2) | | Ymin| (S)  (degrees) (Hz)
4969250 0.0001584 87.0690 4125
4969250 0.0001410 87.2979 4500
4969250 0.0001520 87.2265 4500
4969875 0.0001923 87.1455 4625
4969875 0.0001901 87.1405 4375
4970250 0.0001783 87.3686 4500
4969875 0.0001696 87.3526 4000
4971125 0.0001825 87.5299 4000
4971875 0.0001889 87.6254 4000
4972125 0.0001857 63.3576 4125
4972625 0.0001951 65.3684 3625

Table D.10. Model data for LFE sensor elements with a 1.0-mm electrode gap under
isopropyl alcohol solution loads

Yo
Isopropanol
0
10
20
30
40
50
60
70
80
90
100

fmax (Hz) Af/fy (ppm)

4965125
4965188
4965094
4965203
4965391
4965703
4966125
4966656
4967328
4968188
4969391

0
13
-6
16
53
116
201
308
444
617
859

[ Yomax | ()
0.0009614
0.0009747
0.0008883
0.0008571
0.0008372
0.0008256
0.0008187
0.0008137
0.0008090
0.0008038
0.0007947

Phase(Y max)

(degrees)
41.2385
40.9303
43.5378
44.5320
45.5058
45.7107
45.7191
45.8664
46.0031
45.9941
46.1853
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Phase(Yomin)  fmin-fmax
foin (H2)  [Yain| (S) (degrees)  (Hz)

4970016 0.0001285  39.7521 4891
4970063 0.0001269  39.4692 4875
4970219 0.0001378  42.5685 5125
4970453 0.0001421  43.7873 5250
4970750 0.0001450  44.6249 5359
4971125 0.0001466 452243 5422
4971578 0.0001474 454502 5453
4972141 0.0001479  45.6179 5484
4972828 0.0001484 455562 5500
4973719 0.0001491  45.9948 5531
4974953 0.0001505  46.2743 5563



Table D.11. Measured data for LFE sensor elements with a 1.0-mm electrode gap
under sodium chloride solution loads

Phase(Ymax) Phase(Ymin)  fmin-fmax

% NaCl i (Hz) Af/fy (ppm) | Ymax| (S) (degrees) finin (HZ) | Yin| (S)  (degrees) (Hz)
0 4965125 0 0.0009955 80.8271 4969250 0.0001584 87.0690 4125
0.0077 4962000 -629 0.0005919 39.9086 4968875 0.0001334 38.5077 6875
0.01 4961375 -755 0.0005781 44.2441 4969000 0.0001603 42.0684 7625
0.012 4960375 -957 0.0005845 43.6082 4968875 0.0001620 41.7330 8500
0.016 4958750 -1284 0.0010928 35.2511 4968375 0.0006786 34.5150 9625
0.02 4959000 -1234 0.0006528 41.8224 4968250 0.0001724 36.7957 9250
0.023 4959125 -1208 0.0007104 38.6981 4968000 0.0001830 37.8555 8875
0.0277 4958875 -1259 0.0007761 36.5337 4967750 0.0002088 34.3707 8875
0.032 4958625 -1309 0.0007736 37.0943 4967750 0.0001737 34.1644 9125
0.036 4958625 -1309 0.0009621 31.2304 4967375 0.0002799 28.2289 8750
0.04 4958625 -1309 0.0008940 32.8051 4967500 0.0001619 29.1705 8875

Table D.12. Model data for LFE sensor elements with a 1.0-mm electrode gap under
sodium chloride solution loads

Phase(Y ) Phase(Yomin)  Fmin-Fin
% NaCl finx (Hz) Af/fy (ppm) | | Ymax | (S) (degrees) finin (HZ) | Yomin| (S) (degrees) (Hz)
0 4965125 0 0.0009614 41.2385 4970016 0.0001285 39.7521 4891
0.0077 4958375 -1359 0.0004977 68.0421 4968922 0.0002347 68.0655 10547
0.01 4958031 -1429 0.0005013 67.6761 4968391 0.0002330 67.6272 10359
0.012 4957828 -1470 0.0005056 67.1882 4967984 0.0002311 67.2068 10156
0.016 4957563 -1523 0.0005160 66.1365 4967281 0.0002265 66.1656 9719
0.02 4957422 -1551 0.0005277 65.0333 4966703 0.0002216 64.9624 9281
0.023 4957375 -1561 0.0005368 64.1616 4966359 0.0002180 64.1264 8984
0.0277 4957359 -1564 0.0005510 62.7785 4965906 0.0002125 62.7526 8547
0.032 4957359 -1564 0.0005639 61.6825 4965594 0.0002078 61.6766 8234
0.036 4957391 -1558 0.0005755 60.5923 4965344 0.0002038 60.6451 7953
0.04 49574006 -1555 0.0005866 59.7439 4965141 0.0002000 59.7221 7734
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Table D.13. Measured data for LFE sensor elements with a 2.0-mm electrode gap
under glycerol solution loads

% Phase(Yma Phase(Ymin fmin-fmax
Glycerol fmax (Hz) Af/fy (ppm) |Ymax| (S) x) (degrees) fmin (Hz) |Ymin| (S) ) (degrees) (Hz)

0 4965000 0 0.0008850 81.6481 4969875 0.0001450 87.2723 4875

2 4965000 0 0.0008628 36.6934 4969625 0.0001430 37.4982 4625

4 4964625 -76  0.0007758 42.6707 4969375 0.0001550 43.5740 4750

6 4964750 -50  0.0007632 40.8405 4969375 0.0001516 42.8886 4625

8 4964750 -50  0.0007136 41.5198 4969500 0.0001355 44.7729 4750

10 4964500 -101  0.0007414 44.4646 4969375 0.0001635 42.7620 4875
12 4964500 -101  0.0007161 45.1472 4969500 0.0001661 44.0768 5000
14 4964500 -101  0.0007324 45.6634 4969500 0.0001687 44.7923 5000
16 4964625 76 0.0006873 44.4678 4969500 0.0001421 43.1280 4875
18 4964625 -76  0.0006770 45.0432 4969625 0.0001484 45.6623 5000
20 4964625 =76 0.0006903 45.6110 4969750 0.0001482 45.2232 5125

Table D.14. Model data for LFE sensor elements with a 2.0-mm electrode gap under
glycerol solution loads

% Phase(Y max) Phase(Ymin)  fmin-fmax
Glycerol f,,.« (Hz) Af/fo (ppm) | Ymax| (S)  (degrees) fnin (H2) | Yomin| (S) (degrees) (Hz)

0 4965000 0 0.0008684 39.7466 4970328 0.00011 39.0945 5328

2 4965000 0 0.0008602 39.9165 4970344 0.000111 39.1725 5344

4 4964984 -3 0.0008488 40.2973 4970375 0.000112 39.8393 5391

6 4964969 -6 0.0008380 40.6844 4970391 0.000113 40.1043 5422

8 4964953 -9 0.0008270 41.0298 4970406 0.000115 40.4002 5453

10 4964922 -16  0.0008161 41.7573 4970438 0.0001160 41.0648 5516

12 4964906 -19  0.0008053 42.0491 4970453 0.000117 41.3806 5547

14 4964891 -220.0007947 42.3255 4970484 0.000119 42.0460 5594

16 4964859 -28  0.0007842 42.9484 4970500 0.00012 42.3824 5641

18 4964844 -31  0.0007739 43.1770 4970516 0.000122 42.7276 5672
20 4964797 -41  0.0007596 43.7724 4970547 0.000124 43.6867 5750
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Table D.15. Measured data for LFE sensor elements

under isopropyl alcohol solution loads

Yo
Isopropanol
0
10
20
30
40
50
60
70
80
90
100

fmax (HZ) Af/fo (ppm)

4965000
4964875
4965000
4965000
4965375
4965750
4965875
4966875
4967625
4968250
4968750

0
-25
0

0
76
151
176
378
529
655
755

| Yonas | (S)
0.0008850
0.0008181
0.0007256
0.0006354
0.0005745
0.0004898
0.0004626
0.0003803
0.0003452
0.0003195
0.0003059

Phase(Y max)

(degrees)
81.6481
82.6564
83.35306
84.3007
84.7497
85.6744
85.7693
86.6380
86.9215
63.4445
64.8671

Finin (Hz)
4969875
4969625
4969625
4969625
4969875
4970875
4970250
4971125
4971750
4972125
4972375

with a 2.0-mm electrode gap

Phase(Ymin)  fmin-fmax
[ Yomin| (S) (degrees) (Hz)
0.0001450 87.2723 4875
0.0001741 87.1293 4750
0.0001777 87.1449 4625
0.0001772 87.1912 4625
0.0001795 87.2336 4500
0.0001886 87.4405 5125
0.0001695 87.4145 4375
0.0001689 87.6212 4250
0.0001661 87.7172 4125
0.0001735 63.6127 3875
0.0001712 63.3388 3625

Table D.16. Model data for LFE sensor elements with a 2.0-mm electrode gap under
isopropyl alcohol solution loads

Yo
Isopropanol
0
10
20
30
40
50
60
70
80
90
100

fmax (HZ) Af/ fO (ppm)

4965000
4965063
4964938
4965016
4965172
4965438
4965813
4966297
4966906
4967672
4968750

0
13
-13
3
35
88
164
261
384
538
755

[ Yomax | ()
0.0008684
0.0008804
0.0008060
0.0007796
0.0007629
0.0007533
0.0007475
0.0007432
0.0007392
0.0007346
0.0007265

Phase(Y max)

(degrees)
39.7466
39.3468
42.1288
43.2054
44.1457
44.5324
44.5643
44.5378
44.5692
44.7458
45.0513
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fimin (H2)
4970328
4970359
4970500
4970703
4970969
4971313
4971719
4972234
4972859
4973656
4974781

Phase(Yomin)  Fmin-fomas
[ Yumin| (S) (degrees)  (Hz)
0.00011  39.0945 5328
0.000109  38.4898 5297
0.000117  41.5086 5563
0.000121  42.4860 5688
0.000123  43.2174 5797
0.000124  43.8467 5875
0.000125  43.9620 5906
0.000125  44.2181 5938
0.000126  44.2000 5953
0.000126  44.4055 5984
0.000128  44.8143 6031



Table D.17. Measured data for LFE sensor elements with a 2.0-mm electrode gap
under sodium chloride solution loads

Phase(Ymax) Phase(Ymin)  fmin-fmax

% NaCl i (Hz) Af/fy (ppm) | Ymax| (S) (degrees) finin (HZ) | Yin| (S)  (degrees) (Hz)
0 4965000 0 0.0008850 81.6481 4969875 0.0001450 87.2723 4875
0.0077 4962375 -529 0.0005193 44.4124 4969500 0.0001364 43.9771 7125
0.01 4960750 -856 0.0005198 46.8252 4969250 0.0001470 45.6266 8500
0.012 4960250 -957 0.0005374 43.7442 4969000 0.0001487 43.0920 8750
0.016 4959625 -1083 0.0005760 42.2497 4968500 0.0001588 38.7471 8875
0.02 4958875 -1234 0.0006293 40.5545 4968625 0.0001577 39.5771 9750
0.023 4958875 -1234 0.0006698 38.4550 4968375 0.0001716 38.4559 9500
0.0277 4958000 -1410 0.0007251 35.2612 4967750 0.0001590 33.2511 9750
0.032 4958250 -1360 0.0008000 35.0509 4967500 0.0002213 35.4381 9250
0.036 4958125 -1385 0.0008625 33.6453 4967250 0.0002027 30.2812 9125
0.04 4957250 -1561 0.0008704 32.0718 4967250 0.0001741 32.0777 10000

Table D.18. Model data for LFE sensor elements with a 2.0-mm electrode gap under
sodium chloride solution loads

Phase(Y max) Phase(Ymin)  fmin-fmax

% NaCl  fia (Hz) Af/fo (ppm) | Ymas | (S) (degrees)  fin (H2)  |Ymin| (S) (degrees)  (Hz)
0 4965000 0 0.0009107 41.5271 4967250 0.0001264  39.3114 2250
0.0077 4956578 -1696  0.0004279 69.3531 4968984 0.0002112  69.3632 12406
0.01 4956156 -1781 0.0004310 68.9719 4968344 0.0002097  68.9942 12188
0.012 4955891 -1835 0.0004346 68.5357 4967828 0.0002080  68.5392 11938
0.016 4955563 -1901 0.0004435 67.4846 4966953 0.0002039  67.4953 11391
0.02 4955406 -1932 0.0004536 66.3016 4966234 0.0001995  66.2858 10828
0.023 4955344 -1945 0.0004614 65.4433 4965797 0.0001962  65.3930 10453
0.0277 4955328 -1948 0.0004738 64.0230 4965250 0.0001911 64.0805 9922
0.032 4955328 -1948 0.0004851 62.9058 4964844 0.0001868  62.8803 9516
0.036 4955359 -1942 0.0004953 61.8391 4964531 0.0001831 61.8046 9172
0.04 4955406 -1932 0.0005052 60.7755 4964281 0.0001796  60.8636 8875
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