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[1] Dike swarms consisting of tens to thousands of subparallel dikes are commonly
observed at Earth’s surface, raising the possibility of simultaneous propagation of two or
more dikes at various stages of a swarm’s development. The behavior of multiple
propagating dikes differs from that of a single dike owing to the interacting stress fields
associated with each dike. We analyze an array of parallel, periodically spaced dikes
that grow simultaneously from an overpressured source into a semi-infinite, linear elastic
host rock. To simplify the analysis, we assume steady state (constant velocity) magma
flow and dike propagation. We use a perturbation method to analyze the coupled,
nonlinear problem of multiple dike propagation and magma transport. The stress intensity
factor at the dike tips and the opening displacements of the dike surfaces are
calculated. The numerical results show that dike spacing has a profound effect on the
behavior of dike propagation. The stress intensity factors at the tips of parallel dikes
decrease with a decrease in dike spacing and are significantly smaller than that for a single
dike with the same length. The reduced stress intensity factor indicates that, compared
to a single dike, propagation of parallel dikes is more likely to be arrested under otherwise
the same conditions. It also implies that fracture toughness of the host rock in a high
confining pressure environment may not be as high as inferred from the propagation
of a single dike. Our numerical results suggest fracture toughness values on the order of
100 MPa

ffiffiffiffi
m

p
. The opening displacements for parallel dikes are smaller than that for a

single dike, which results in higher magma pressure gradients in parallel dikes and
lower flux of magma transport.

Citation: Jin, Z.-H., and S. E. Johnson (2008), Magma-driven multiple dike propagation and fracture toughness of crustal rocks,

J. Geophys. Res., 113, B03206, doi:10.1029/2006JB004761.

1. Introduction

[2] It is well-known that magma transport via dike
propagation is a principal mechanism for magma ascent,
significantly influencing the geological evolution of Earth’s
crust and volcanism on Earth’s surface [e.g., Halls and
Fahrig, 1987; Pollard, 1987; Spence et al., 1987; Clemens
and Mawer, 1992; Rubin, 1995a; Ernst et al., 2005;
Gudmundsson, 2006]. Dikes initiate from magma source
regions that can vary in size from a small magma chamber
feeding an overlying volcano [e.g., Segall et al., 2001;Wright
and Klein, 2006] to a broad zone of partial melting hundreds
of kilometers across [e.g., Kelemen et al., 1997; Nakajima et
al., 2001; Guernina and Sawyer, 2003; Unsworth et al.,
2005].
[3] Although the mechanisms of dike initiation are not

well understood, initiation sites are likely to be controlled
by small-scale mechanical or physical heterogeneities, such

as microstructural defects, local shear strain rate gradients,
melt pressure gradients generated by tectonic strains or
volume changes associated with melting reactions, to name
a few. Given the many different environments from which
magma can be sourced, and the large range in length scales
for source areas, we expect that multiple dike initiation and
propagation from single source regions will occur. We
offer several lines of support for this possibility. First,
simultaneous multiple cracking has a sound foundation
in the physics of materials. For example, ceramics and
glasses when subjected to thermal gradients commonly
undergo simultaneous, multiple cracking with both stable
and dynamic fracture propagation [Geyer and Nemat-
Nasser, 1982; Bahr et al., 1986; Wachtman, 1996]. Second,
dike-growth simulation experiments using gelatin and sili-
cone showed that simultaneous nucleation and growth of
dikes occurred around the margins of a pressured chamber
[Canon-Tapia and Merle, 2006]. Third, there is a large body
of literature documenting the occurrence of tens to
thousands of subparallel dikes and/or melt veins across
a wide range of environments and scales, including:
(a) individual volcano flanks [e.g., Walker, 1986];
(b) subvolcanic magma transport systems [e.g., Johnson et
al., 1999]; (c) large subcrustal magma reservoirs such as
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those in Iceland [e.g., Gudmundsson, 1990, 1995];
(d) ophiolites that formed at mid-ocean ridges [e.g., Nicolas
et al., 1994]; (e) dike swarms associated with large igneous
provinces like the Deccan Traps [e.g., Ray et al., 2007];
(f) arrays of giant mantle-sourced dikes [e.g., Ernst et al.,
2001]; and (g) vast exposed areas of once partially molten
lower to middle continental crust [e.g., Guernina and
Sawyer, 2003]. The occurrence of multiple, subparallel
dikes in these exposed environments is not necessarily
evidence for simultaneous multiple dike propagation. How-
ever, simultaneous initiation and propagation cannot be
ruled out, leading us to question how multiple dikes interact
with one another, how this interaction might affect magma
transport, and what the implications are for the material
properties, such as fracture toughness, of crustal rocks.
[4] Although progress has been made in understanding

magma transport via dike propagation, published investiga-
tions have been focused primarily on the propagation of a
single dike [Weertman, 1971; Secor and Pollard, 1975;
Spence and Sharp, 1985; Spence et al., 1987; Lister, 1990,
1991, 1994a, 1994b; Lister and Kerr, 1991; Rubin, 1993,
1995a, 1995b, 1998; Parfitt and Head, 1993; Bonafede
and Olivieri, 1995; Bonafede and Rivalta, 1999; Fialko and
Rubin, 1998; Meriaux and Jaupart, 1998; Bolchover and
Lister, 1999; Ida, 1999; McLeod and Tait, 1999; Meriaux et
al., 1999; Dahm, 2000a, 2000b; Menand and Tait, 2002;
Kuhn and Dahm, 2004; Roper and Lister, 2005; Rivalta and
Dahm, 2006; Chen et al., 2007]. In addition to these
investigations, a few analog and numerical studies have
explored the interaction of multiple dikes. Takada [1989]
considered the propagation of a system of parallel dikes using
a numerical model. He used both conventional tensile
strength and fracture mechanics criteria to determine dike
arrest near the level of neutral buoyancy. Magma flow was
apparently not considered in the model. Takada [1994] used
liquid-filled fractures in gelatin to investigate experimentally
the interactions of both collinear and parallel multiple dikes.
He observed that lower remote differential stresses promote
the coalescence of parallel dikes. Ito and Martel [2002]
attempted to identify the controlling parameters of dike
interaction using experiments with liquid-filled fractures in
gelatin, combined with numerical modeling. They found
that in a cluster of multiple parallel dikes with different
heights, individual dikes propagate following different
paths. The adjacent dikes merged or deviated from one
another depending on their interactions. The remote differ-
ential stress, dike driving pressure, dike spacing and the size
of dike head all influenced the dike interactions. Using a
numerical model, Kuhn and Dahm [2004] analyzed the
effect of dike interaction and differential stress on the
migration path and dike arrest.
[5] In this paper, we investigate the effects of dike

interactions on dike propagation behavior and associated
magma transport, and implications for the magnitude of
fracture toughness in crustal rocks. This problem involves
nonlinear coupling of solid mechanics, fracture mechanics
and fluid mechanics, necessitating a relatively simple geo-
metrical configuration in order to obtain a semi-analytical
solution. Using a perturbation method that we recently
developed [Chen et al., 2007] for the low velocity (e.g.,
less than 0.5 m/s) propagation of a single dike filled with

low viscosity magma (e.g., less than 100 Pa-s), we analyze
an array of parallel, periodically spaced dikes that grow
simultaneously from an overpressured source into a semi-
infinite host rock. Although the parallel dikes observed in
many localities on Earth and other planets may be injected
separately at different times, the possibility of simultaneous
injection cannot be excluded, as discussed above. Despite
the geometrical simplifications of our model, the solution
represents an important step in our understanding of mul-
tiple dike interaction and magma transport, and our pertur-
bation method provides a new pathway for semi-analytical
treatment of the problem. The present work assumes steady
state (constant velocity) magma flow and dike propagation,
which approximates some stages of the time-dependent
propagation process [Spence et al., 1987; Lister, 1991].
Moreover, the steady state solution is sufficient for the
purpose of estimating the upper limit of fracture toughness
[Anderson, 1991].
[6] The remainder of this paper is organized as follows.

Section 2 reviews the fluid mechanics equations for
magma flow within dikes. Section 3 describes the fracture
mechanics formulations for the periodic dikes and the
perturbation technique to solve the coupled nonlinear prob-
lem. In section 4, we present numerical examples to illustrate
the effects of different dike spacing on the dike-tip stress
intensity factors and dike surface profiles. Section 5 dis-
cusses the implications of the model solution for the mag-
nitude of fracture toughness in crustal rocks. Finally,
section 6 provides concluding remarks.

2. Fluid Mechanics Model of Magma Transport

[7] Consider an array of parallel dikes that propagate
vertically from a magma source into a semi-infinite host rock
(Figure 1). We assume that the dikes are periodically located
with a spacing of H and a length of a. The dikes are modeled
as magma filled, plane strain edge cracks in a half plane, as
shown in Figure 1. The lubrication theory of fluid mechanics
has been used to describe magma flow in a single dike
[Spence et al., 1987; Lister and Kerr, 1991; Rubin, 1995a].
For magma transport in parallel dikes, the lubrication theory
may still be applicable because the flow in individual dikes
does not interact directly. However, the magma flow behavior
in parallel dikes may differ from that for a single dike because
the dike surface openings are affected by the elastic deforma-
tion interactions among the dikes.
[8] In lubrication theory, the magma flux q and pressure p

follow the relationship of Poiseuille flow [Panton, 1984]

q ¼ � d3

12h
@

@Z
pþ rmgZð Þ ð1Þ

where h denotes the magma viscosity, rm the magma
density, d the opening displacement of the two dike
surfaces, g the gravitational acceleration, and Z the vertical
coordinate. The continuity equation is

@d
@t

¼ � @q

@Z
ð2Þ
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where t is time. Substituting equation (2) into equation (1)
yields

@d
@t

¼ 1

12h
@

@Z
d3

@

@Z
pþ rmgZð Þ

� �
ð3Þ

[9] Under steady state magma flow conditions, i.e.,

d

dt
¼ �V

@

@z
ð4Þ

where z = Z � a is the moving coordinate centered at the
moving dike tip and V is the dike propagation velocity,
equation (3) becomes

�V
@d
@z

¼ 1

12h
@

@z
d3

@

@z
pþ rmg zþ að Þð Þ

� �
ð5Þ

in the moving coordinate system. The pressure, pe, due to
the elastic deformation of the host rock can thus be obtained
as

pe ¼ pþ reff gZ ¼ DP þDrg zþ að Þ � 12hV
Zz
�a

d�2dz ð6Þ

whereDP is the overpressure at the dike base z = �a (Z = 0)
and Dr = reff � rm with reff being an effective (or
modified) rock density introduced by Roper and Lister
[2005]

reff g ¼ d

dZ
rsgZþDsð Þ ð7Þ

in which Ds is the tectonic stress perpendicular to the
dike plane [Rubin,1995a; Roper and Lister, 2005] and rs
the density of the host rock.
[10] Here we assume a constant overpressure at the base

of the dike [Rubin, 1995a], which may be approximately
applicable if the amount of magma transported by the dikes
represents a small fraction of magma in the overpressured
source region. The overpressure, however, decays with time
if a substantial portion of the magma in the overpressured

source region is evacuated [Parfitt and Head, 1993;
Yamaoka et al., 2005].

3. Fracture Mechanics Formulation of Parallel
Dikes

[11] Periodic edge cracking in an elastic half plane was
studied by Benthem and Koiter [1973] and Nied [1987].
Here we use a singular integral equation method that is
similar to the one employed by Nied [1987], which is
convenient for coupling the magma flow into the fracture
mechanics formulation. Because the dike propagation ve-
locity is much smaller than the wave speed of the host rock,
the inertia effect can be ignored and the problem becomes
quasi-static. The final singular integral equation for the
parallel, plane-strain edge-crack problem of a semi-infinite
space is derived as follows

Z0
�a

1

z0 � z
þ k1 z; z0ð Þ þ k2 z; z0ð Þ

� �
8 z0ð Þdz0 ¼ 2p 1� n2ð Þ

E
pe zð Þ;

� a � z � 0 ð8Þ

where E is Young’s modulus, n is Poisson’s ratio, 8(z) is the
dislocation density function defined by

8 zð Þ ¼ @ux
@z

jx¼0 ¼
1

2

@d
@z

ð9Þ

with ux(z, x) being the displacement perpendicular to the
crack, and k1(z, z

0) and k2(z, z
0) are known kernels given by

k1 z; z0ð Þ ¼ 1

zþ z0 þ 2a
� 2 z0 þ að Þ

zþ z0 þ 2að Þ2
þ 4 zþ að Þ z0 þ að Þ

zþ z0 þ 2að Þ3
ð10Þ

and

k2 z; z0ð Þ ¼
X1
k¼1

2 z0 � zð Þ
Hkð Þ2þ z� z0ð Þ2

þ 4 z0 � zð Þ Hkð Þ2

Hkð Þ2þ z� z0ð Þ2
h i2

8><
>:

9>=
>;

�
X1
k¼1

(
4 z0 þ zþ 2að Þ

Hkð Þ2þ zþ z0 þ 2að Þ2

þ
2 3z0 þ zþ 4að Þ zþ z0 þ 2að Þ2� Hkð Þ2

h i
Hkð Þ2þ zþ z0 þ 2að Þ2

h i2
)

þ
X1
k¼1

8 z0 þ að Þ zþ að Þ zþ z0 þ 2að Þ3�3 zþ z0 þ 2að Þ Hkð Þ2
h i
Hkð Þ2þ zþ z0 þ 2að Þ2

h i3
ð11Þ

respectively, where H is the dike spacing.
[12] We assume that a cohesive zone lies ahead of the

dike tip and that this zone is much smaller than the dike
length so that the classical linear elastic fracture mechanics
(stress intensity factor theory) can be used to study the dike
propagation. Under these conditions, the critical Griffith
energy release rate equals the intrinsic Griffith energy
release rate of the host rock plus the cohesive energy density
that describes the energy dissipation in the damage zone
around the dike tip. In the same spirit of the small damage

Figure 1. Propagation of an array of parallel dikes into a
semi-infinite space.
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zone, the crack tip cavity may also be ignored if the cavity
zone is much smaller than the dike length.
[13] Substituting the elastic pressure in equation (6) into

the integral equation (8), we obtain the nonlinear, singular
integral equation for the coupled magma flow/parallel dike
propagation problem

Z1
�1

1

s� r
þ a

2
K1 r; sð Þ þ a

2
K2 r; sð Þ

� �
8 sð Þds ¼ 2p 1� n2ð Þ

E

� DP þDrg
a

2
1þ rð Þ � 6ahV

Zr
�1

d�2ds

8<
:

9=
;; jrj � 1 ð12Þ

where r and s are related to z and z0 by

z ¼ a

2
�1þ rð Þ; z0 ¼ a

2
�1þ sð Þ ð13Þ

K1(r, s) = k1(z, z
0) and K2(r, s) = k2(z, z

0).
[14] In general, the density of the host rock gradually

increases with depth due to compositional changes and
pressure gradient. The density difference Dr thus decreases
from a value at the dike base (z = �a) with increasing
upward distance from the magma source. A power law
variation of density is adopted as follows

Dr ¼ Dr0 1� Z=Lð Þn¼ Dr0 1� zþ að Þ=Lð Þn ð14Þ

where Dr0 is the density difference at the dike base (Z = 0),
L denotes the distance between the dike base and the level
of neutral buoyancy and n is the exponent. With
appropriately selected L and n, equation (14) approximately
describes the density – depth relation reported by Ryan
[1994].
[15] Equation (12) is a nonlinear integral equation for the

dislocation density function 8(r). Here we employ a pertur-
bation method [Chen et al., 2007] to attack the nonlinear
problem. In the perturbation method, the nonlinear
equation (12) reduces to the following series of linear
integral equations

Z1
�1

1

s� r
þ a

2
K1 r; sð Þ þ a

2
K2 r; sð Þ

� �
~80 sð Þds ¼ � 2p

Dr0ga
DP

� p 1þ rð Þ 1� 1þ r

2

a

L

� �n

;

Z1
�1

1

s� r
þ a

2
K1 r; sð Þ þ a

2
K2 r; sð Þ

� �
~81 sð Þds ¼ pS2b

Zr
�1

D

~d0

� �2

ds

Z1
�1

1

s� r
þ a

2
K1 r; sð Þ þ a

2
K2 r; sð Þ

� �
~82 sð Þds

¼ pS2b

Zr
�1

�2
~d1
~d0

 !
D

~d0

� �2

ds

Z1
�1

1

s� r
þ a

2
K1 r; sð Þ þ a

2
K2 r; sð Þ

� �
~83 sð Þds

¼ pS2b

Zr
�1

3
~d21
~d20

� 2
~d2
~d0

 !
D

~d0

� �2

ds ð15Þ

with the density function 8(r) given by

8 rð Þ ¼ ~8 rð Þ 1� n2

E
Dr0ga

¼ 1� n2

E
Dr0ga ~80 rð Þ þ e~81 rð Þ þ e2~82 rð Þ þ e3~83 rð Þ

� �
ð16Þ

where e is a perturbation parameter defined as

e ¼ 12h~V
D2

1

Dr0g
ð17Þ

in which D is a parameter with an order of the dike base
thickness. In equation (15), the parameter Sb is

Sb ¼
E

1� n2ð ÞDr0ga

[16] The stress intensity factor, KI, at the dike tips can be
calculated from

KI ¼ �Dr0ga
ffiffiffiffiffiffi
pa

p

2
~y0 1ð Þ þ e~y1 1ð Þ þ e2 ~y2 1ð Þ þ e3 ~y3 1ð Þ
� �

ð18Þ

where ~y i (r) (i = 0, 1, 2, 3) are given by

~y i rð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� r

p
~8i rð Þ; i ¼ 0; 1; 2; 3 ð19Þ

Besides the stress intensity factor, the dike surface opening
displacement is also an important physical quantity, which
can be calculated from

d rð Þ ¼ ~d rð Þ 1� n2

E

¼ 1� n2

E
Dr0ga ~d0 rð Þ þ e~d1 rð Þ þ e2~d2 rð Þ þ e3~d3 rð Þ

� �
ð20Þ

with

~di rð Þ ¼ �a

Z1
r

~8i sð Þds; i ¼ 0; 1; 2; 3 ð21Þ

The convergence of the perturbation series (18) requires
that the perturbation parameter e in equation (17) be small.
For some magma flow and dike propagation problems, e is
small enough for convergence. For example, e = 0.02 for
mafic dike propagation with typical values of D = 1 m,
Dr0 = 300 kg/m3, g = 10 m/s2, h = 50 Pa-s, and V = 0.1 m/s.
Generally speaking, for basaltic magma with a viscosity
around 50 Pa-s, the perturbation series converges rapidly and
the first two or three terms provide satisfactory results when
the dike propagation velocity is lower than 0.1 m/s.
[17] In the present fracture mechanics analyses of multi-

ple dike propagation, we adopt the following three assump-
tions: (i) steady state dike propagation and magma flow
prevail, (ii) the propagation velocity is known a priori, and
(iii) dikes are parallel, equally spaced and of the same
length. Magma flow and dike propagation are generally
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transient processes during which the dike propagation
velocity is time-dependent and should be determined using
the dike propagation condition that KI = KIc, where KIc is
the fracture toughness of the host rock. Nevertheless, a
solution based on the first two assumptions may be approx-
imately applicable to specific stages of dike propagation
during which the effects of density gradation and over-
pressured source trade off and the calculated stress intensity
factor remains constant. Moreover, the steady state solution
may be employed to delineate the effect of dike spacing on
the dike propagation and magma transport behavior and
may also be used to estimate the order of magnitude of
fracture toughness of crustal rock in a confining pressure
environment. The third assumption is made for the conve-
nience of mathematical analysis, but is consistent with many
field observations [e.g., Nicolas et al., 1994; Ray et al.,
2007]. As discussed previously, parallel dikes that have
different lengths and uneven spacing may converge, diverge
or arrest owing to interaction with one another.

4. Numerical Results

[18] This section presents numerical examples to illustrate
the effect of dike spacing on the stress intensity factor and
dike surface profile. Because the main purposes of the
present study are to explore the dike interaction effects on
dike propagation and the implications for the fracture
toughness of crustal rocks, we perform parametric studies
based on realistic rock and magma properties and some
related field data. In all calculations, we use the following
typical properties for the host rock and basaltic magma
[Rubin, 1995a]: E = 50 GPa, n = 0.25, h = 50 Pa-s and g =
9.8 m/s2. The overpressure is taken asDP = 3.0 MPa, on the
lower end of calculated overpressures for dikes in Iceland
[Gudmundsson, 1983], Sudan [Babiker and Gudmundsson,
2004] and the Deccan Traps of India [Ray et al., 2007]. The
density gradation is included with n = 1 and L = 5 km in

equation (14). Ryan [1994] has reported the in situ density-
depth relations for the East Pacific Rise which may be
approximately described by equation (14) with the above n
and L. We assume that equation (14) with with n = 1 and L =
5 km may represent some typical density variations in
oceanic crust.
[19] Figure 2 shows the stress intensity factor, KI, versus

dike length in the range of 500 m to 2000 m for two values
of dike spacing: H = 2 km and 4 km and a dike propagation
velocity is taken as V = 0.01 m/s. The result for a single
dike is also included. The dike spacing of 2 km is based on
the measured dike patterns and trajectories in the Oman
ophiolite [Nicolas et al., 1994]. The 4 km spacing dikes and
the single dike are included for comparison. The magma
source region is assumed to be 2 km below the level of
neutral buoyancy (LNB) at which the magma density equals
that of the host rock. The density difference Dr0 at the dike
base is assumed as 120 kg/m3 and our assumed linear
density variation leads to a difference of 300 kg/m3 at a
distance of 5 km below the LNB. As no definite information
about the position of magma source region is available, a
parametric study method is employed. Figure 2 shows that
the stress intensity factors for parallel dikes at a given dike
length are significantly lower than that for a single dike.
For example, the peak values of KI are 92 MPa

ffiffiffiffi
m

p
and

148 MPa
ffiffiffiffi
m

p
for the parallel dikes with spacing of 2 km

and 4 km, respectively. In contrast, the peak KI for the
single dike is about 293 MPa

ffiffiffiffi
m

p
in the dike propagation

range considered.
[20] We note that the stress intensity factor remains

constant only at some stages of dike propagation. For
example, KI is nearly a constant of about 90 MPa

ffiffiffiffi
m

p
over

a range of dike length from 500 m to 1200 m for the parallel
dikes with a spacing of 2 km. For the case of an increased
dike spacing of 4 km, KI remains nearly constant but the
value is about 146 MPa

ffiffiffiffi
m

p
over a range of dike length

from 900 m to 1500 m. These results demonstrate that
steady state propagation may be achieved when the dike has
propagated into the vicinity of the LNB. We note that the
steady state solution would predict a different response from
that of a complete transient model when KI changes with
dike length, but would merge with the transient model when
KI enters a flat region. Furthermore, the steady state stress
intensity factor at a growing dike tip represents the maxi-
mum effective fracture toughness of the host rock, provid-
ing valuable information about the fracture strength of
crustal rocks.
[21] Figure 3 shows the dike surface profiles when the

dike has propagated 2 km. The physical parameters used in
the calculation are the same as those in Figure 2. Whereas
the dike surface opening displacement (dike thickness)
increases monotonically with the distance from the dike
tip for the single dike at the given dike length, the opening
for multiple dikes spaced 2 km apart first increases with the
distance from the tip, reaches a peak value, and then
decreases toward the dike base. In addition, multiple dikes
are significantly thinner than the single dike. For example,
the thickness at the base (z = �2 km) of the single dike is
about 0.74 m but the corresponding thicknesses for multiple
dikes are about 0.12 m and 0.28 m when the spacing is 2 km
and 4 km, respectively. Using the dike surface profile
results, the dike surface area (or volume per unit dike width)

Figure 2. The stress intensity factor versus dike length
when the magma source region is 2 km below the LNB (V =
0.01 m/s, Dr0 = 120 kg/m3).
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is approximately calculated as 1010 m2 for the single dike,
whereas the area reduces to 228 m2 for an individual dike in
the multiple dike system with 2 km spacing. While this
estimate does not consider the transient nature of dike
propagation, it indicates that multiple dike interactions
significantly reduce the flux of magma transport through
dikes.
[22] At the beginning of section 2, we mentioned that the

magma flow behavior in multiple dikes may be different
from that for a single dike due to the elastic deformation
interactions. The elastic interactions of multiple dikes result
in narrower dikes. This reduced dike thickness implies that
the magma pressure on the dike surfaces will decrease
according to equation (6) if the flow velocity remains the
same. This conversely will also affect the elastic pressure
and the stress intensity factor.
[23] Figures 4 and 5 show the stress intensity factor

versus dike length and the dike surface profiles, respectively,
for the dikes that have grown to the LNB. The magma
source region is now assumed to be 3.5 km below the LNB.
The density difference Dr0 at the dike base is 210 kg/m3. In
addition to the dike spacing of 2 km, we also include the
results for dike spacings of 3.5 km and 7 km, and a single
dike for illustration purposes. The other parameters remain
the same as those in Figures 2 and 3. The trends in stress
intensity factor and dike surface displacement are similar to
those shown in Figures 2 and 3, respectively. The stress
intensity factors become larger because of the longer dike
length and the higher buoyancy force. For example, the
peak KI value for the 2 km spacing multiple dikes is about
132 MPa

ffiffiffiffi
m

p
. The corresponding KI values for the 3.5 and

7 km spacing dikes, and the single dike are about 187, 266
and 470 MPa

ffiffiffiffi
m

p
, respectively. Figure 4 shows that the

stress intensity factor remains constant at some stages of
dike propagation, indicating steady state propagation. For
example, KI is nearly a constant of about 130 MPa

ffiffiffiffi
m

p
over

a range of dike length from 1300 m to 2200 m for the
parallel dikes with a spacing of 2 km. For the case of an
increased dike spacing of 3.5 km, KI remains nearly
constant but the value is about 185 MPa

ffiffiffiffi
m

p
over a range

of dike length from 1500 m to 2500 m. Using the dike
surface profile result, the dike surface area is approximately
calculated as 3845 m2 for the single dike. The area reduces
to 519 m2 for an individual dike in the multiple dike system
with 2 km spacing.
[24] Figures 6 and 7 show the stress intensity factor versus

dike length and the dike surface profiles, respectively, for
the dikes that have grown to a length of 5 km. The magma

Figure 3. The dike surface opening displacement when
the magma source region is 2 km below the LNB (V =
0.01 m/s, Dr0 = 120 kg/m3).

Figure 4. The stress intensity factor versus dike length
when the magma source region is 3.5 km below the LNB
(V = 0.01 m/s, Dr0 = 210 kg/m3).

Figure 5. The dike surface opening displacement when
the magma source region is 3.5 km below the LNB (V =
0.01 m/s, Dr0 = 210 kg/m3).
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source region is now assumed to be 5 km below the LNB.
The density difference Dr0 at the dike base is 300 kg/m3.
Dike spacing of 2 km, as well as illustrative spacings of 5 km
and 10 km are selected. The other parameters remain the
same as those in Figures 2 and 3. The trends in stress
intensity factor and dike surface displacement again are
similar to those shown in Figures 2 and 3, respectively.
The stress intensity factors become even larger because of
the longer dike length and the higher buoyancy force. The
peak KI value for the 2 km spacing multiple dikes is about
196MPa

ffiffiffiffi
m

p
. The corresponding peak KI values for the 5 km

and 10 km spacing dikes, and the single dike are about 320,
437, and 730 MPa

ffiffiffiffi
m

p
, respectively. Using the dike surface

profile result, the dike surface area is approximately calcu-
lated as 10224 m2 for the single dike. For an individual dike
in the multiple dike system with 2 km spacing, the area
reduces to 989 m2 which is less than 10% of that for the
single dike model.
[25] Figure 8 shows the stress intensity factor versus

propagation velocity at a dike length of a = 5 km for the
5 km spacing parallel dikes. It is observed that KI decreases
significantly with increasing propagation velocity. The
stress intensity factor is about 200 MPa

ffiffiffiffi
m

p
at a dike

propagation velocity of 0.01 m/s and reduces to about
92 MPa

ffiffiffiffi
m

p
when the dike propagation velocity increases

to 0.1 m/s.

5. Fracture Toughness of Crustal Rocks

[26] Fracture toughness represents a material’s resistance
to crack propagation. Fracture toughness is a constant for a
perfect brittle material, but a function of crack extension for
a material with some energy dissipation mechanisms (e.g.,
microcracking and plasticity). In the latter case, an effective
fracture toughness concept may be adopted [Rivalta and
Dahm, 2004, 2006]. When a crack propagates, the stress
intensity factor at the crack tip equals the fracture tough-

ness. It is well known that the measured fracture toughness
of rocks under atmospheric pressure is on the order of 1 MPaffiffiffiffi
m

p
[Scholz, 2002]. The existing solutions for the propaga-

tion of a single dike indicate that the stress intensity factor at
the dike tip may attain a value on the order of 1000 MPaffiffiffiffi
m

p
(cf. Figure 6). It has been suggested that these unusu-

ally high fracture toughness values result from the energy
dissipations (e.g., microcracking and plasticity) in the tip
region of long dikes [Heimpel and Olson, 1994]. However,
fracture toughness enhancements in brittle materials such as
ceramics and rocks due to the crack tip process zone under
atmospheric pressure are usually less than 10 MPa

ffiffiffiffi
m

p

[Wachtman, 1996]. High confining pressures at mantle and
crustal conditions are also believed to contribute to the high

Figure 6. The stress intensity factor versus dike length
when the magma source region is 5 km below the LNB (V =
0.01 m/s, Dr0 = 300 kg/m3).

Figure 7. The dike surface opening displacement when
the magma source region is 5 km below the LNB (V = 0.01
m/s, Dr0 = 300 kg/m3).

Figure 8. The stress intensity factor versus propagation
velocity when the magma source region is 5 km below the
LNB (a = 5 km, H = 5 km, Dr0 = 300 kg/m3).
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fracture toughness values. Some experimental investiga-
tions on the fracture toughness of sandstone under high
confining pressures show that the toughness increases to
10 MPa

ffiffiffiffi
m

p
when the confining pressure increases to

100 MPa [Winter, 1983; Terrien et al., 1983]. If the trend
of the fracture toughness versus confining pressure relation
persists to 1 GPa, which may typify lower crust/upper
mantle depths, extrapolation of the test data of Winter
[1983] would give an effective fracture toughness on the
order of 100 MPa

ffiffiffiffi
m

p
, which is one order of magnitude

smaller than the predictions from the propagation of a single
dike. For typical over pressure of 3 MPa and dike propa-
gation velocity of 0.01 m/s, the present analyses using the
parallel dike model with 2 km spacing (based on the dike
patterns in the Oman ophiolite, Nicolas et al. [1994]) yield
the peak stress intensity factors (steady state values) of
about 92, 132 and 196 MPa

ffiffiffiffi
m

p
for the magma source

located 2, 3.5 and 5 km below the LNB, respectively. These
stress intensity factors on the order of 100 MPa

ffiffiffiffi
m

p
are

much smaller than that inferred from the propagation of a
single dike. In other words, the parallel dikes modeled here
could not propagate simultaneously if host rock fracture
toughness values are on the order of 1000 MPa

ffiffiffiffi
m

p
. This

finding is further supported by a number of field-based
estimates of fracture toughness values of crustal rocks. For
example, Delaney and Pollard [1981] estimated fracture
toughness values in the range between 50 to 150 MPa

ffiffiffiffi
m

p

using the observed dike geometry. The estimates of Parfitt
[1991] fall in the range of 30–110 MPa

ffiffiffiffi
m

p
. Rivalta and

Dahm [2006] experimentally estimated the fracture tough-
ness of a rising dike from hypocenter migration and also
reached a value of about 100 MPa

ffiffiffiffi
m

p
. We note that the

precise determination of fracture toughness requires knowl-
edge of a number of physical parameters including over-
pressure, dike propagation velocity, modulus of rock,
densities of rock and magma, and magma viscosity. Tec-
tonic stress also plays a role as it influence the net pressure
on the dike surfaces. A higher overpressure increases dike
tip stress intensity factor, whereas a higher propagation
velocity results in a lower stress intensity factor.

6. Concluding Remarks

[27] We have obtained the solutions of stress intensity
factor and dike surface profile for the propagation of an
array of periodic dikes propagating from a magma chamber
or zone of partial melt into a semi-infinite elastic medium.
The stress intensity factor at the tips of the multiple dikes is
significantly smaller than that for a single dike propagation
under otherwise the same conditions. Using typical physical
parameters for mafic dike injection, the present analyses
using the parallel dike model with 2 km spacing yield the
peak stress intensity factors (steady state values) of about
92, 132 and 196 MPa

ffiffiffiffi
m

p
for the magma source located 2,

3.5 and 5 km below the LNB, respectively. These results
imply that the fracture toughness of host rocks at depths
approximately from the LNB to 5 km below the LNB may
be on the order of 100 MPa

ffiffiffiffi
m

p
instead of the 1000 MPaffiffiffiffi

m
p

inferred from the propagation of a single dike if it is
assumed that the stress intensity factor equals the fracture
toughness during dike propagation.

[28] The value of stress intensity factor at a propagating
dike tip may be regarded as an effective fracture toughness
of the host rock, which includes the effect of the cohesive
energy related to the damage in the dike tip region and thus
may vary with dike propagation. The stress intensity factor
values presented here are in agreement with some field-
based estimates [Delaney and Pollard, 1981; Parfitt, 1991;
Rivalta and Dahm, 2006]. In addition to the reduced stress
intensity factors for multiple dikes, the dike surface opening
displacement also decreases, which results in higher magma
pressure gradients in multiple dikes and smaller volume of
magma transport through dikes.
[29] The numerical results show that small dike spacing

may significantly reduce the propagation velocity for mul-
tiple dikes. Dikes traveling at very low velocity may be
arrested due to the solidification of magma [see, e.g., Lister,
1994a, 1994b; Rubin, 1995b; Bolchover and Lister, 1999],
which is not considered in the present study. Further
investigations require a coupling approach to take into
account both magma flow and solidification, and non-
periodic spacing of dikes with different lengths.
[30] The present solution of steady state propagation may

be approximately applicable to some stages of dike propa-
gation during which the effects of density gradation and
overpressured source trade off and the calculated stress
intensity factor remains constant. The steady state solution,
however, may be employed to delineate the effect of dike
spacing on the dike propagation and magma transport
behavior. Furthermore, the solution may also be used to
estimate the order of magnitude of fracture toughness of
crustal rocks in a confining pressure environment because
the steady state stress intensity factor corresponds to the
maximum fracture toughness of the material.
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